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PREFACE. 



The present work contains all the propositions which 
are usually included in treatises on Plane Trigonometry, 
together with about a thousand examples for exercise. 
The design has been to render the subject easily intel- 
ligible, and at the same time to afford the student the 
opportunity of obtaining all the information which he will 
require on this branch of Mathematics. The work is di- 
vided into a large number of chapters, each of which is in 
a great measure complete in itself. Thus it will be easy 
for teachers to select for pupils such portions as will be 
suitable for them in their first reading of the book. Each 
chapter is followed by a set of examples ; those which are 
entitled Miscellaneous ExampleSy together with a few in 
some of the other sets, may be advantageously reserved by 
the student for exercise after he has made some progress 
in the subject. 

As the text and the examples of the work have been 
tested by considerable experience in teaching, the hope may 
be entertained that they will be suitable for imparting a 
sound and comprehensive knowledge of Plane Trigonometry, 
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together with readiness in the application of this knowledge 
to the solution of problems. Any suggestions or correc- 
tions &om students and teachers will be most thankfully 
received. 

The Miscellaneous Examples at the end are arranged in 
sets, each set containing ten examples : the first hundred 
relate to the first eight Chapters of the book ; the second 
hundred extend to the end of the sixteenth Chapter; and 
the last hundred relate to the whole book. 

I. TODHUNTER. 

Cambbidox, 

Augiut, 1874. 
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PLANE TRIGONOMETKY. 



I. MEASUREMENT OF ANGLES BY DEGREES 

OR GRADES. 

1. The word Trigonometry is derived from two Greek words, 
one signifying a triangle and the other signifying / measure, and 
originallj denoted the science in which the i*elations subsisting 
between the sides and the angles of a triangle were investigated; the 
science was called plane trigonometry, or spherical trigonometry, 
according as the triangle was formed on a plane surface or on a 
spherical surface. Plane Trigonometry has now a wider meaning, 
and comprises all algebraical investigations with respect to plane 
angles, whether forming a triangle or not. 

2. "We have first to explain how angles are measured. Some 
angle is selected as the unit^ and the measure of any other angle 
is the numl^er of units which it contains. Any angle might be 
taken for the unit, as for example a right angle; but a smaller 
angle than a right angle is found more convenient. Accordingly 
a right angle is divided into 90 equal parts called degrees; and any 
angle may be estimated by ascertaining the number of degrees which 
it contains. If the angle does not contain an exact number of de- 
grees we can express it in degrees and a fraction of a degree. A 
degree is divided into 60 equal parts called minutes, and a minute 
into 60 equal parts called seconds; and thus a fraction of a degree 
may if we pleaae be converted into minutes and seconds. 

3. Thus, for example, half a right angle contains 45 degrees ; 
a quarter of a right angle contains 22^ degrees, which we may write 
in the decimal notation 22*5 degrees, or we may express it as 

T. T. ^ \ 
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22 degrees, 30 minutes. Similarly, if a right angle be divided into 
16 equal parts, each part contains 5§ degrees, that is, 5 degrees, 
37 minutes, 30 seconds. 

4. Symbols are used as abbreviations of the words degrees, 
mintUes, seconds. Thus 5° 37' 30" is used to denote 5 degrees, 
87 minutes, 30 seconds. 

5. The method of estimating angles by degrees, minutes, and 
seconds, is almost universally adopted in practical calculations. 
Another method was proposed in France in connexion with a 
uniform system of decimal tables of weights and measures. In 
this method a right angle is divided into 100 equal parts called 
grades, a grade is divided into 100 equal parts called minutes, and 
a minute is divided into 100 equal parts called seconds. On 
account of the occurrence of the number one hundred in formins: 
the subdivisions of a right angle, this method of estimating angles 
is called the centesimal method ; and the common method is called 
the sexagesimal method on account of the occurrence of the num- 
ber sixty in forming the subdivisions of a degrea The centesimal 
method is also called the Frervck method, and the common method 
is called the English method. 

6. Symbols are used as abbreviations of the words grades, 
minutes, and seconds, in the centesimal method. Thus 5' 37^ 30^^ 
is used to denote 5 grades, 37 minutes, 30 seconds in the 
centesimal method. A centesimal minute and second are not the 
same as a sexagesimal minute and second, and the accents which 
are used to denote centesimal minutes and seconds differ from 
those which are used to denote sexagesimal minutes and seconds. 

7. In the centesimal method any whole number of minutes 

and seconds may be expressed immediately as a decimal fraction of 

37 
a grade. Thus 37 minutes is ^jr^ of a grade, that is *37 of a 

30 
grade ; and 30 seconds is .,..^>, of a grade, that is *003 of a grade. 

Hence 5» 37' 30^^ may be written 3«-373; and since a grade is 
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one-hundredth of a right angle, 5«^-373 may be written aa '05373 
of a right angla Notwithstanding this great advantage of the 
centesimal method, the sexagesimal method has been retained in 
practical calculations, because the latter had become thoroughly 
established by long use in mathematical works, and especially in 
mathematical tables, before the former was proposed; and such 
works and tables would have been rendered almost useless by the 
change in the method of estimating angles. The centesimal method 
is not practically used even in France. Nevertheless it is cus- 
tomary to retain in works on Trigonometry the matter which .we 
shall give in the next two Articles. 

8. To compa/re the Tvamher of degrees in any angle witlh tlie 
number of grades in tlie same angle. 

Let D be the number of degrees contained in any angle, G the 
number of grades contained in the same angle. Then since there are 

90 degrees in a right angle, ^ expresses the ratio of the given angle 

to a right angle ; and since there are 100 grades in a right angle, 

Q 

.-^ also expresses the ratio of the given angle to a right angle. 

90"" 100-^ 



Hence 



90 9 1 

therefore I> = tttp: G = ^r?: G = G - tt. O, 

100 10 10 ' 

, ^ 100 ^ 10 « y, 1 y, 

«^^ ^ = W^ = "9^ = ^'*-9^- 

1 
The formula D^mG-^y^G gives the following rule : From the 

numher of grades contained in any angle subtract one-tenth of that 
number J the remainder is the number of degrees contained in the angle. 

1 

The formula G = J)'¥-^D gives the following rule : To tlie num- 

«/ 

ber qf degrees contained in any angle add one-ninth of that number^ 

the sum is the number of grades contained in the angle. 

\— ^ 
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9. Again, let m be the number of Engb'sh minutes contained 
in any angle, yi. the number of French minutes contained in the 
same angle. Then since there ai*e 90x60 English minutes in a 

right angle, ^^r — -^ expresses the ratio of the given angle to a right 

angle; and since there are 100 x 100 Fi^ench minutes in a right 

angle, also expresses the ratio of the given angle to a 



right angle. Hence 



ni 



90 X GO 100 X 100 



9x6 27 
therefoi-e ^=___^ = _^ 

.^O 
and f*- = 97 ^« 

Similarly, if « be the number of English seconds contained in 
any angle, and a the number of French seconds contained in the 
same angle, 

90 X (50 X GO ~ 100 X 100 X 100 ' 

therefore * a = ^r-- o-, 

, 250 

and o- = -TTTj- 8. 

10. The angles considered in Geometry are m general less 
than two right angles. "We say in general, because angles greater 
than two right angles are not altogether excluded. For we may 
refer to the proposition that in equal circles, angles, whether 
at the centi*es or at the circumferences, have the same ratio as 
the arcs on which they stand have to one another; hero there 
is* no limit to the magnitude of the arcs, and consequently no 
limit to the magnitude of the angles ; and in the course of the de- 
monstration given by Euclid, an angle occurs which may bo 
any multiple whatever of a given angle, and so may be as great 
as toe please. 
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11. It is however usual in works on Trigonometry expressly 
to state that there is to be no restriction with respect to the mag- 
nitude of the angles considered. Let BAB be any straight liiie, 




y 



CAE a straight line at right angles to the former. Suppose a 
straight line AP to revolvo round one end A^ starting from the 
fixed position AB, When AP coincides with AC, the angle which 
has been described is a right angle ; when AP coincides with AD, 
the angle which has been described is two right angles ; when AP 
coincides with AE, the angle which has been described is three 
right angles ; when AP coincides with AB, the angle which has 
been described is four right angles. Then as ^P proceeds through 
a second revolution, the angle described will be greater than four 
right angles. Thus if AP be situated midway between AB and 
AC, the angle between AB and AP will be half a right angle if 
AP be supposed in its first revolution; the angle will be four 
right angles and a half if ^P be supposed in its second i*e volution ; 
the angle will be eight right angles and a half if ^iP be supposed 
in its Mrd revolution ; and so on. 

12. The straight lines CAE and BAD form by their intersec- 
tion four right angles; these are called quotdraniA. BAC \& ^sa&tR^ 
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ike first quadrant, CAB the second qtuidrarU, DAE the third quad- 
ranty and JSAB the fomrth quadrant, Now suppose any angle 
foimed by the fixed straight line AB and the moYeable straight 
line AF \ if AF is situated in the first quadrant, the angle BAF 
is said to be in the first quadrant; if ^iP is situated in the 
second quadrant, the angle is said to be in the second quadrant ; 
and so on. 

EXAMPLES. 

1. The difference of two angles is 10 grades and their sum is 
45 degrees ; find each angle. 

2. Divide two-thirds of a right angle into two parts, such that ^ 
the number of degi'ees in one part may be to the number of grades 
in the other part as 3 is to 10. 

3. Divide half a right angle into two parts, such that the 
number of degi-ees in one part may be to the number of grades in 
the other pai-t as 9 is to 5. 

4. Find the measure of 1^ 5^^ in decimals of a degree. 

5. Divide an angle of n degrees into two parts, one of which 
contains as many EngUsh minutes as the other does French. 

6. If one-third of a right angle be assumed as the unit of 
angular measure, what number will represent 75° 1 

7. Determine the number of degrees in the unit of angular 
measm*e when an angle of 66| grades is represented by 20. 

8. The number of the sides of one equiangular polygon is 
two-thirds of the number of the sides of another ; and the number 
of gi*ades in an angle of the first equals the number of degrees in 
an angle of the second : find the angles. 

9. Shew that an angle expressed in centesimal seconds will 
be transfonned to sexagesimal by multiplying by the factor •324. 

10. Compare the angles which contain the same number of 
English seconds as of French minutes. 

11. Express in the French method 35^ 10' 3". 

12. Express in the English method 69« 22' 50 \ 
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11. CIRCULAR MEASURE OF AN ANGLE. 

13. We haye explained two methods of estimating angles, 
namely, that by means of degrees and subdivisions, and that by 
means of grades and subdivisions, and we have stated that the for- 
mer method is that which is most commonly used in practical cal- 
culations. There is, however, another method of estimating angles 
which is of great importance in the theory of mathematics, which 
we shall now explain. The object of the present Chapter is to es- 
tablish and apply the following proposition : If with the point of 
intersection of any two straight lines as centre a circle he described 
unth any radius, then the angle contained by the straight lines may 
be measured by the ratio of the length of the arc of the circle inter- 
cepted between the straigM lines to the length of the radius. We 
shall require some preliminary propositions; the proposition in 
Art. 14 is sometimes assumed, and the beginner may adopt this 
course and return to the point hereafter. 

14. The circumferences of circles vary as their radii. 

Let R denote the radius and G the circumference of one circle ; 
let r denote the radius and c the circumference of another drcle. 
In each circle let an equilateral polygon of n sides be inscribed, 
and in each circle draw two straight lines from the centre to the 
extremities of one of the sides of the inscribed polygon; thus 
we obtain two similar triangles. Let F denote the perimeter of 
the polygon inscribed in the fii*st circle, and p the perimeter of 
the polygon inscribed in the second circla By similar triangles 
a side of the first polygon is to a side of the second polygon as the 
radius of the first circle is to the radius of the second circle; 
therefore also 

p r ' 
Now let F=C — X and p = c — x; thus 

r(G-X) = E{c-x); 
« 

therefore rG — Ec = rX - Bx. 
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Now wo assume that by making n as large as we please, the 
perimeter of each polygon can be made to differ as little as we 
please from the circumference of the corresponding circle ; thus X 
and X can each be made as small as we please, and therefore 
rX-^Ex can be made as small as we please. Hence rC-^Rc must 
be zero; for if it had any value a then rX— Rx could not be made 
less than a, which is inconsistent with the fact that rX—Rx can 
be made as small as we please. Thus 

therefore " |=?. 

15. Thus the ratio of the circumference of a circle to its radius 
is comstamJb whatever be the magnitude of the circle ; therefore of 
course the ratio of the circumferefiMie to the dia/meter is also constant. 
The numerical value of the ratio of the circumference of a circle to 
its diameter cannot be stated exactly; but, as we shall shew here- 
after, this ratio may be calculated to any degree of approximation 

22 
that is required ; the value is approximately equal to -=- , and still 

355 
more nearly equal to yr^; the value correct to eight places of 

decimals is 3 '141 5 9 265... The symbol v is invariably used to denote 
the ratio of the circumference of a circle to its diaiheter ; hence, if 
r denote the radius of a circle, its circumference is 2iir : and 

IT =3-14159.... 

16. The angle subtended at the centre of a circle by an a/rc 
which is equal in length to the raditts is an invariable angle. 
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With centre and any radius OA describe a circle; let AB 
be an arc of this circle equal in length to the radius. Then, since 
angles at the centre of a circle are proportional to the arcs on 
which they stand, 

angle AOB _ arc AB r 1 

four right angles ~ circumference of the circle ~ 27rr ~ 27r ' 

therefore ande AOB= ^^ ^^ — a^ges ^ 



ZTT 



Thus the angle AOB is a certain fraction of four right angles 
which is constant, whatever may be the radius of the circle. 

17. Since the angle subtended at the centre of a circle by an 
arc which is equal to the radius is an inva/riahle angle^ it may be 
taken as the unit of angular measurement, and then any angle will 
be estimated by the ratio which it bears to this unit. 

Let AOO be any angle; with as centre and any radius OA 




describe a circle; let AB be an arc of this circle equal in length 
to the radius; let r denote the radius, and I the length of the arc 
AC. 

Then, since angles at the centre of a circle are proportional to 
the arcs on which they stand, 

zxiglQ AOG _AC I ^ 
angle AOB' AB^r' 

therefore angl^ AOC = - x angle AOB ; 

this result is true whatever the unit of angular measurement may 
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be, the same unit of course being used for the two angles. If we 
take the angle AOB itself for the unit, then this angle must be 
denoted by unity ; 

thus angle AOG = - . 

° r 

18. We have thus, proved that any angle maybe estimated by 
a fraction which has for its numerator the a/rc subtended by that 
angle at the centre of any circle, and for its denominator the radius 
of that circle. And in this mode of estimating angles the unit, 
that is the angle denoted by 1, is the angle in which the arc 
subtended is equal to the radius. We have shewn that this angle 

ig ^ — ; hence the number of degrees contained in this 

angle is -^ — , that is . If we use the approximate value of ir 

180 
given in Art. 15, we shall find that = 57*29577951...: this 

therefore is the number of degrees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the radius. 

19. Thus there are two methods of forming an idea of the 
magnitude of an angle which is estimated by the fraction arc 
divided by radius. Suppose, for example, we speak of the angle ^; 
we may refer to the unit of angular measurement, which is aii 
angle containing about 57 degrees, and imagine two-thirds of this 
unit to be taken ; or without thinking about the unit at all, we 
may suppose an angle is taken such that the arc subtending it is 
two-thirds of the corresponding radius. 

20. The fraction arc divided by radius is called the circular 
measure of a/n angle. Since, as we have already stated, this method 
of measuring angles is very much used in theoretical investigations, 
it is sometimes called the theoretical method. 

21. If r denote the radius of a circle, the circumference is 2irr; 

2'7lT 

hence the circular measure of four right angles is , that is 2ir. 

r 
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The circular measure of two right angles is ir; the circular measure 
of one right angle is ^ ; and the circular measure of n right angles 

is -^ , where n may be either integral or fractional 



22. We win now shew Jiaw to connect the circtdar measure 
o/fany am/gle toith the measu/re of the sa/me angle in degrees. 

Let X denote the nimiber of degrees in any given angle, 6 the 
circular measure of the same angle. Since there are 180 degrees 

X 

in two right angles, r^^ expresses the ratio of the given angle to 
two right angles. And since v is the circular measure of two right 

Q 

angles, - also expresses the ratio of the given angle to two right 

TT 



angles, 
thus 


Hence 


X 
180 ""tt' 

180^ 
x= , 

TT 


and 




fl-*" 



23. For example, the circular measure of an angle of one degree 
is =-^ ; the circular measure of an angle of ten degrees is -^ ; the 

TT 1 

circular measure of an angle of half a degree is ^^ . x ^ ; the cir- 

cular measure of an angle of one minute is =-^r^ — 777: : the circular 

° 180 X 60 

TT 

measure of an angle of one second is -=-^^ — ^tr — wk l an<l so on. 

° 180 X 60 X 60 

3 

Again ; if the circular measure of an angle is j , the number of 

3 180 3 

degi*eeB contained in the angle is j . — , that is j of 57*29577951...; 

if the circular measure of an angle is 10, the number of degrees 



12 .CIRCULAR MEASURE OF AN ANGLE. 

ISO 
contained in the angle is 10 . , tliat is 10 x 57*29577951...; and 

SO on. 

The student is recommended to pay particular attention to 
these points; especially he should accustom himself to express 
readily in circular measure an angle which is given in degrees. 

24. Similarly we rnay connect the circular measure of any 
angle with the measure of the same angle in grades. 

Let y denote the number of grades in any given angle, the 
circular measure of the same angle ; then the ratio of the given 

y ._j .,„ ,,„ ^ 

TT 

Hence 

200 " TT ^ 

200^ 
thus y — 



angle to two right angles is expressed by ^~. and also by ^ . 



and — 



TT 

Try 
200* 



The number of grades in the angle which is the unit of circular 
measure is - — , that is, 63-661977... 

TT 

25. In Art 17 we proved that 

angle AOC = - x angle AOB ; 
r 

where nothing is assumed respecting the unit of angular measure- 
ment, except that the sama unit is to be employed for both angles. 
Since AOB is an invariable angle, we see that the magnitude of 
any angle AOC varies as the subtending arc directly, and as the 
radius inversely. Thus we may say that 

angle AOC = — y — ; 
^ radius 

when k is some quantity which does not change with-40C, and the 
value of which depends upon the unit of angular measurement 
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which wo please to employ. Suppose, for example, that we wish 
to take the half of a right angle as our unit j then we require that 
AOC should be equal to 1 when the arc is the eighth part of the 
circumference ; thus 

X 4 

1 = ^— ^— ! therefore k = - , 

Thus the formula 

anffle AOG = - x 



* IT radius 

gives the correct estimate of the magnitude of an angle when the 
unit iii half a right angle. 

EXAMPLES. 

1. 11 Dy G, G he respectively the number of degrees, grades, 
and imits of cii-cular measure in an angle, shew that 

90 - 100 ~ IT • 

2. Find the number of degrees in the angle subtended at the 
centre of a circle whose radius is 10 feet by an arc 9 inches long. 

3. Find the circular measure of 5^ 37' 30". 

4. Find the circular measure of 1' 1\ 

5. There are three angles ; the circular measure of the first 

exceeds that of the second by ^p: > the sum of the second and the 

third is 30 grades, and the sum of the first and the second is 
36 degrees. Determine the three angles. 

6. Express five-sixteenths of a right angle in circular measure, 
in degrees and decimals of a degree, and in grades and decimals 
of a grade. 

7. The angles of a triangle are in arithmetical progression, 
and the greatest is double the least : express the angles in degrees, 
in grades, and in circular moasuro. 
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8. The angles of a triangle are in arithmetical progression, 
and the number of degrees in the least is to the circular measure 
of the greatest as 60 is to ?r : £bid the angles. 

9. Find the circular measure of an angle of an equiangular 
polygon of n sides. 

10. Express in each system of angular measurement the 
angle between the long hand and the short hand of a watch at a 
quarter past twelve. 



III. TRIGONOMETRICAL RATIOS. 

26. Let BAC be any angle ; take any point in either of the 
containing straight lines, and from it draw a perpendicular to the 




other straight line; let P be the point in the straight line AC 
and F3f perpendicular to AB. We shall use the letter A to 
denote the angle BAC, Then 

-77= , that is £^^£Zi_ is called the sine of the ancle A : 

AF hypotenuse ° ' 

•7-=7 , that is T -^ , is called the cosine of the ancfle .1 ; 

AF ' hypotembse ^ 
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FM ^- ^ . perpenflicvlmr .„,,,, - ., , , 

-T-^, that ZA- — ^—7- 9 IS called the Umgent of the angle A ; 

7j^, that is '^^~1 — > ^ called the cotcmgent of the angle A ; 

jl^, that is -^^ 9 is called the secant of the angle A ; 

-TT^-z.* that is — ,. — J — , is called the cosecant of the anjorle A, 
FM perpeimicuLar ° 

K the cosine of ^ be subtracted from unity, the remainder is called 

the versed sine of A, If the sine of A be subtracted from unity, 

the remainder is called the coversed sine of A ; the latter term 

however is rarely used in practice. 

27. The words sine, cosine, tangent, cotcmgent, secant, cosecant, 

versed sine, and coversed sine are usually abbreviated in writing 

and printing; thus the above definitions may be expressed as 

follows : 

FM 



sin-4 = 



cos^ = 



AF' 

AM 
AF' 



^^-AM^ 
cot^ = pj^, 

A ^^ 
A ^^ 

cosec A = -y7i> , 
FM 

vei-s-i = 1— cos-4, 

covers -4 = 1 — sin -4. 



28. The sine, cosine, tangent, cotangent, secant, cosecant, versed 
sine, and coversed sine are called trigonometrical ratios or trigo- 
nometrical functions; sometimes they have been called gcmiome^rtco^ 
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/unctions. A large part of Trigonometry consists in the invostigAr 
tion of the projyerties and tlie relations of these functions of an 
angle. These functions are, it will be observed, not lengtlis, but 
ratios of one length to another; that is, they are arithmetical 
whole numbers or fractions. 

29. The defect of any angle from a right angle is called the 
complement of that angle ; thus if A denote the number of degrees 
contained in any angle, 90 - ^i is the number of degrees contained 
in the complemerU of that angle. This affords another method of 
defining some of the Trigonometrical ratios ; after defining, as in 
Art. 26, the sine, tangent, and secant of an angle we may say 

the cosine of an angle is the sine of the complement of that 
angle ; 

the cotangent of an angle is the tangent of the complement of 
that angle ; 

the cosecant of an angle is the secant of the complement of 
that angle. 

For in the tiiangle FAM the angle AFM is the complement of 
the angle A ; and 

iT-*,^ perpendicular AM . 

sm AFM -^ - — : = -r^ = cos -d : 

hypotenuse Ar 

AT.-^M^ perpendicula/r AM ^ . 

tan AFM =~-^—^ = -yt^ = cot -4 ; 

base MF 

.„,, hypotenuse AF , 

sec AFM= -^ = -TTTT = cosec A. 

base MF 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of that 
angle; 

the tangent of an angle is the cotangent of the complement 
of that angle ; 

the secant of an angle is the cosecant of the complement of 
that angle. 
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30. The TrigonoTnetrical Eatios remain unchcmged so long as 
t/te angle remains unchanged. 

Let BAG be any angle ; uxAG take any point F and draw FM 

perpendicular to AB ; also take any other point F^ and draw F'M* 

FM F'M' 
perpendicular to AB, Then by similar triangles -j-p = —j-pr > that 

is, the sine of the angle A is the same whether it be formed from 




the triangle AFM or from the triangle AF'M', The same result 

holds for the other Trigonometrical Ratios. 

Or we may suppose a point F" taken in AB^ and F'^M" drawn 

pei-pendicular to AC \ then the triangles AFM and AF"M" are 

^FM F"M" 
surolar, and ^^ = -jpr . 

We now proceed to establish certain relations which hold 
among the Trigonometrical Ratios. 

31. We have immediately from the definitions 

tan A X cot -4 = 1; therefore tan A = — -r-: , cot A = r j : 

' cot .4 tan A 

sec il X cos -4 = 1: therefore sec -4 = 7 , cos A = ^ ; 

' cos -4 sec -4' 

cosec A X sin -4 = 1: therefore cosec A = —. — -. , sin A = ♦ 

Bin -4 cosec A 



Also 



tan -4 = 
cot-4 = 



FM FM , AM _ sinii 
AM" AF ' AF^cosA' 
AM_ AM , FM _ co&A 
FM~ AF ' AF^anA' 



T. T, 
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32. To prove that (sin -4)* + (cos -4)* = 1. 
In the right-angled triangle AFM we have 

FM' + AM* = AF" ', 

^, . FM' + AM' , 
therefore jp, = 1, 

therefore (^-j^j + (^_ j = 1 ; 

that is (sin ^)* + (cos A)' = 1 . 

33. With respect to the preceding proof it should bo re- 
marked that it is shewn in Euclid, i. 47, that the square described 
on the hypotenuse of a iight-angled triangle is equal to the sum 
of the s][uares described on the sides; and it is known that the 
geometrical square described on any straight line is measured by the 
arithmetical square of the number which measures the length of 
the straight line. Fi'om combining these two results we obtain 
the arithmetical equality 

FM' + Air^AF'. 

It must be observed that (sin Ay is often written for shortness 
thus, sin' -4; similarly (sin -4)^ is wiitten thus, sin'^. The same 
mode of abbreviation is used for the powers of the other Tii- 
gonometrical Ratios, and so the result obtaiued in Art. 32 is 
usually written thus, 

sin* A -h cos* -4 = 1. 

34. To prove that 

(see ^)* = 1 + (tan Ay, and (cosec -4)* = 1 + (cot Ay, 
In the right-angled triangle AFM we have 

AF'^AM^-hFM'; 

,, - AF' , FM' 

therefore —,= !+__, 

that is (sec il)*« 1 + (tan^l)*. 
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Again, since .IP* = Pif » + ^if , 

/APV_ fAMV 

\fm) '^^'^\fm) ' 

that is (cosec -4)' = 1 + (cot A)\ 

The results here obtained are usually written thus, 
sec* il = 1 + tan' A, cosec' -4 = 1+ cot' A, 

35. Bj means of the relations established in Arts. 31... 34 we 
are able to express all the other Trigonometrical Katios in terms 
of any one of them; thus, for example, we will express all the 
rest in terms of the sine ; 

cos^ = V(l - sinM) (Art. 32) ; 

^ sinil sin-4 ,. - «^v 

cot4=2?!4 , Va:'^'^) (Arts. 31, 32); 
smX sm-d. ^ ' 

secil= -=_--J_-^ (Ai-ts. 31, 32) j 

cos A ^(1 - sm* A) ^ ' / ' 

cosec 41 = -. — J (Art. 31); 

vers.4 = 1 - cos^ = 1 - V(l - sinM) (Art. 32). 
Again, we will express all the rest in terms of the tangent ; 
11 1 tajiA 



sin^ = 



cosec A" J{1+ cotM) // I \ V(l + ^^' ^) 

V \ tan' A J 

(Arts. 31, 34) ; 

cot^=r-^ (Art. 31); sec^= V(l +*^^'^) i^^^- ^4) ; 
tan ix 

cosec A = — — J = -^r 7 — ^ ; vers -4 = 1 -cos.4 = 1 — //t—v — a-rr* 

vmA tAixA ^ ^(l+tan*-4\ 
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"We shall now proceed to determine the values of the Trigono- 
metrical Ratios for some specific angles. 

36. To determine tlie vahies of tlie Trigonometrical BcUios for 
an angle of 4:6^, 

Let BAG be an angle of 45"; take any point F in AC and 




u4 M B 

draw PM perpendicular to AB» Since PAM is half a right 
angle APMi& also half a right angle; therefore PM=AM, 



Now 
thus 

therefore 
therefore 
Thus 



2PM^ = AP^', 

/PM\' _ 1 
\AP J " 2' 

PM_ 1 

AP^ jr 

tan 45® =.-,>= 1; oot45®= iTTf-^> 
AM PM 

sec 45« = 2 J= n/2 ; """"^ *5° = fJ" '^'^ ' 



vers 45'= 1 -cos 45»= 1 - 



J^' 
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37. To determine the valttea of the Trigonometrical Ratios for 
cm angle ofQO^ a/ndfor an angle of 30**. 

Let AFB be an equilateral triangle, so that the angle FAB 




contains 60 degrees ; draw PM perpendicular to AB, then 
AM^ MB ; therefore AM= ^AB = ^AF. 

AM 1 



Thus cos 60* = 



AF~'2' 



sin 60* = V(l - co8»60*) ==^(l - l) = ^ (|) = ^ ; 
. ^^- sin 60° ^3 1 ,« . ^^0 1 1 



COS 60' 
secGO* = — Lr5 = 2; cosec60*=-7 



2 



cos 60* 



sin 60* ^3 ' 



litiilwiidadia 
h. a. 



vers 60* = l-cos60* = 2. 

:cos60* = i; cos 30* = sin 60* = -^ ; 

1 
: cot 60* = -75 > cot 30* = tan 60* » 73 ; 

2 
osec 60* = -p. ; cosec 30* = sec 60* = 2 ; 

r8 30* = l-cos30* = l-^. 
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38. The student should render himself perfectly familiar with 
the values of the Trigononietrical Eatios for an angle of 30°, 45®, 
or 60*^ ; as they will be perpetually used in the subject. Thus, for 
example, if an angle of 60° occurs it may be necessary to have the 
cosine of tliis angle, which has been found to be ^. And con- 
versely, if the cosine of an angle is known to be ^, and the angle 
is less than a right angle, the student will immediately infer that 
the angle contains 60°. Should there be any difficulty in this in- 
ference it will be removed by the remarks made hereafter, in which 
it will appear why we introduce the restriction that the cmgle is 
less iJutn a right angle. See Art. 44. 

It" may bo observed that if an angle be less than 45° the 
cosine of the angle is greater than the sine, and if the angle be 
greater than 45° and less than 90° the cosine is less than the sine ; 
these results follow immediately from the triangle PAM (see figure 
in Art. 2G) since the greater side in a triangle is opposite to the 
greater angle. 



EXAMPLES. 

3 

1. The sine of a certain angle is - ; find the other Trigono- 
metrical Ratios of the angle. 

4 

2. Tlie tangent of a certain angle is ^; find the other Tri- 

gonometric2\l Eatios of the angle. 

3. The cosine of a cciiain angle is a/o j find the other Tri- 
gonometrical Ratios of the angle. 

4. Shew that sec* B cosec*^ = tan' 6 + cot*^ -f 2. 

5. Shew that sin*^ tan 6 -f cos"^ cot ^ + 2 sin ^ cos ^ 

B=tan^ + cot^. 

C. Shew that 2 (sin'' + cos° ^) - 3 (sin* + cos* 6?) + 1 = 0. 
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Obtain solutions of the following equations : 

7. 2sin*^ = 3cos^. 8. sin^ + cos^=l. 

9. cot^ = 2cos<9. 10. sin'^-2cos^ + T = 0. 

4 

11. 3sec*^ + 8=10sec"^. 12. tan^ + cot^=2. 

1 1 

13. Given sin (-4-^) = ^, and cos (^ + -5) = jr , find -4 and j5. 

14. Giventan(.4+^) = ^3, andtan(^-i?) = l, find A and ^. 



IV. APPLICATION OF ALGEBRAICAL SIGNS. 

39. In the preceding Chapter we defined the Trigonometrical 
Ratios, and established certain relations between them ; we con- 
fined om'selves to angles not exceeding a right angle. We shall 
now extend the definitions so as to render them applicable to an- 
gles of any magnitude ; the relations which were established will 
then also be found to be true for angles of any magnitude. 

40. Let (5 be a fixed point in a fixed straight line, and sup- 
pose we have to determine the positions of other points in this 

M' M 



straight lino with respect to 0, The position of any point in the 
straight line will be known if we know the distance of the point 
fi'om 0, and also know (m which side of tlie 2>oird lies. Now it 
is found convenient to adopt the following convention: distances 
measured in one direction from along the fixed sti'aight line will 
be denoted by positive numbers, and distances measured in the 
opposite direction from will be denoted by negative numbers. 
Thus, for example, suppose that distances measured from towards 
the riglU Iw/nd ai-e denoted by positive numbers, and let if be a 
point the distance of which from is denoted by 2 or + 2 ; then if 
Jf' be OS fur from as iLT is, and on the other side of 0, tlie dis- 
tance of J/ ' from will bo denoted by - 2. 
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41. "We have called this method of determining position by 
means of numbers affected with algebraical signs a convention; we 
mean by this word to* indicate that it is not absolutely necessary 
to adopt this method, but merely convenient. The symbols + and - 
are defined in the beginning of elementary works on Algebra as 
indicative of the operations of addition and subtraction respectively. 
As the student advances in Algebra he finds that the symbols + 
and — are also used as indicative of the qualities of quantities ; and 
that no contradiction or confusion idtimately arises from this double 
mode of considering the symbols, but that Algebra gains thereby 
considerably in power. (See Algebra^ Chaps. V. and XI Y.) 

It may be remarked, that we are at liberty to take either of the 
two directions from as that which will be indicated by positive 
numbers ; but when the selection has been made, we must adhere 
to it throughout the investigations on which we may be engaged. 

42. Let OB, 00 be two straight lines which meet at right 



N 


a 


p 






h^ 


^ 


I 



angles ; produce BO to any point B" and CO to any point C Let 
F be any point in the plane containing the two straight lines. The 
position of P will be known if we know the distance of F from 
each of the straight lines BB' and CC, and also know on which. 
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side of each of these straight lines it is situated Draw FM and 
PiV perpendicular to the straight lines ££' and CC^ respectively. 
We shall adopt the following conventions : the distance OiV or PJ/ 
will be denoted by a positive number when F is above the straight 
line ££'y and by a negative number when F is below the straight 
line ££^; the distance OM or PiVwill be denoted by a positive 
number when P is to the right of GC\ and by a negative number 
when P is to the left of CC\ 

43. A similar convention may conveniently be adopted with 
respect to a/rigvla/r magnitude. 

Let a straight line AF start from the position A£y and by re- 
volving in one direction round A trace out the angle FA£^ and 
let this angle be denoted by a positive number; then if the straight 
line AF start from the position AB and by revolving round A in 
the opposite direction trace out the angle F'AB, this angle may be 
denoted by a negative number. If, for example, each of the angles 
BAF and BAF' is one-third of a right angle, and we denote the 




former by the positive fraction ^, the latter may be denoted by 



the negative fraction—^* 
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44. Wo sliall now give our extended definitions of the Trigo- 
nometrical Ratios. 




M M 





Let AByAC he two straight lines at right angles; let a st might 
line revolve round the point A from AB towards AC and come 
into any position AF; draw FM perpendicular to AB or AB pro- 
duced. Then consider AF always as positive; consider AM as 
positive or negative according as Jf is on the same side of AG as 
B is, or on the opposite side; and consider FM as positive or 
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negative according as P is on the same side of AB as (7 is, or on 
the opposite sida Let the angle FAB be denoted by A, then 

. , PM ^ , PM , AP 

, AM ^ , AM , AP 

cos^ = -jp, cotul = ^^, cosec^ = jj^, 

vers^ = 1 - cos A^ covers -4 = 1 — sin -4. 

Thus the Trigonometrical Ratios are always whole numbers or 
1 ractions positive or negative. • 

We have therefore Trigonometrical Ratios , for any positive 
angle whatever may be its magnitude ; and we have also Trigono 
metrical Rtitios for any negative angle by adopting the convention 
that the Trigonometrical Ratios for any negative angle shall be the 
same as they would be for what we may call the corresponding posi- 
tive angle. Thus, for example, in the last figure we may consider 

BAP as a negative angle, the magnitude of which is — -^ ; then the 

o 

Trigonometrical Ratios will be the same as for the angle formed 
by revolving the moveable straight line AP in the positive direc- 
tion untU it reaches the position which it has in the figure ; so 

IT 

that the Trigonometrical Ratios for the angle — ^ will be the 

same as for the angle 2ir— -^ . 

45. It follows immediately from the definitions, that if two 
angles difier by four right angles or by any multiple of four right 
angles the Trigonometrical Ratios of the two angles are the same. 

46. The following relations which have been already esta- 
blished for angles not exceeding a right angle, will now be seen in 
like manner to hold universally whatever be the magnitude of an 
angle positive or negative. 

tan J[ X cot ^ s ly sec^ X cos-4 = 1, cosec-4 x sinil = 1, 

. emA , . cosA 

tan^= 7, cot^=-^ — 7, 

cos A HmA 

sin' A + cos* -4 = 1, sec' -4 = 1+ tan* A, cosec* A = l + cot* -4, 
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It must be observed that from such an equation as 

sin* -4 + cos* -4= 1, 

we can infer only that sin -4 = ± ^ (1 — cos* A), or that 
cos A=^ n/ (1 ~ ^" A); we shall have to determine in any parti- 
cular case whicli sign must he ascribed to the radicoL 

47. The supplement of an angle is its defect from two right 
angles. Thus if A denote the number of degrees in any angle, 
180 — -4 is the number of degrees in its supplement; if ^ be the 
circular measure of an angle, tt — ^ is the drcula/r measure of its 
supplement The verbal definition of the word supplement might 
appear to limit the word to the case in which the original angle 
is a positive angle less than two light angles ; but the word is 
used in a wider sense, so that if -4 be any number positive or 
negative, the angle denoted in degrees by 180 — -4 is called the 
supplement of that denoted in degrees by A. Similarly, whatever 
may be, the angle whose circular measure is tt — ^, is called the 
supplement of that whose cii^cular measm'e is 0, 

48. To compa/re the Trigonometrical Ratios of any a/ngle amd 
of its supplement. 

Let PAB be any angle, produce BA to B^ and make P'Aff—PAB', 




take AP'^APj and draw PM and P^M^ perpendicular to BB, 

The angle P" AB= ISO' -P" A B'^: ISO'' -- P AB ; thus P'AB ia 
the supplement of PAB. The triangles PAM and P'AM' are geo- 
metrically equal in all respects ; now 
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and since PM and FM' are equal in magnitude and of the same 
sigriy we liave 

Bin^=sin(180"-^). 
Also x5os-4 = -jp, cos(180®--4)=-jp?^ ; 

now ulJf and AM' are equal in magnitude, but since they are 
measured in opposite directions from A, they are of opposite sign ; 
thus 

cos^ = -cos(180'-^). 

The other Trigonometrical Ratios of the angle A may be com- 
pared with those of the supplement either by direct use of the 
figure, or by employing the two results already established ; thus, 
adopting the latter method, 

/-.OAO .N sinQSO'^-il) sin^ ... 

tan (180"-^)= /1QA0 / \= T=-tan^, 

^ ' cos (180 --d) —cos -4 

W1QA0 A\ COS(180^-^) -COSii . . 

cot(180^-ui)= ■ ;,Q^p — t(= . . =-cotul, 
^- ' sm(180" — -d) sm^ 

sec (180° ---4)= — ttqT^o— 7T= -.^-'&^A, 

^ ' cos (180 --d) —cos -4 

cosec(180°--4)=-7— TYoTTo — TV ^- — j = cosec^, 
^ ' sm(180'' — -d) smJ. 

vers (180* - ui) = 1 - cos (180'' - ^) = 1 + cos A, 

Thus the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle ; 
all the other Trigonometrical Eatios of any angle, except the 
versed sine, are nv/merically equal to the corresponding Ratios 
of the supplement of the angle, but are of opposite <igtu 
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49. To prove tliat sin (- -4) = - sin -4 arid cos (— A) = cos A. 




Let PAB bo any angle; draw PM perpendicular to BAB', 

and produce it to P' so that J/P' may be equal in length to MP^ 

and join AP", Then the angles P'AB and PAB which are measured 

in opposite directions from AB are numtJiically equal, and if 

PAB be denoted by A, then P'AB will be denoted by — A. And 

. , PM . , ,. FM 
smil = 2p, sm(-^) = -j-p; 

and P'M is numerically equal to PM, but of opposite sign ; thus 

sin (— -4) = — sin j1. 

, ,, AM AM 
cos (-^) =3p< =2p =cosil. 



Also 



Moreover, 



,. sm(--4) -sm^ 

tan(-^)= 7 — t; = 7- = -tan^ : 

^ ' cos (—-4) cosul ' 

J./ ^\ COS(-^) COSil . . 

cot (--4)=-;— 7 7(-= ; T = -COtil : 

^ ' sm (— il) — sin ^ ' 



sec (- il) = 



COS(-ul) OOSul 



= sec-4; 
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cosec (- A) = 



= - coscc A ; 



sin (— -4) — sin J. 
vers (- ^) = 1 - cos (- -4) = 1 - cos ^ = vei-s A. 
All those results may if we please be obtained by direct use of 
the figure. 

50. To prove that 

sin (ISC'* + il) = - sin ^ and cos (180" + J[) = - cos ^. 
Let FAB bo any angle, produce FA to P' so thlit AI^ may be 
equal in length to AF. Draw FM and JP'if' pei-pendicular to 




and 



BAB'. Then if FAB be denoted by A, the angle F'AB measui-cd 
in the same direction from AB will be denoted by 180° + A. 

The triangles FA2f and FAM' are geometrically equal in all 
respects; 

a^^ = jp, 8m(180° + ^) = ^^; 

. AM ,,^^, ,, AM' 

"^"^"AF' cos(180V^)=-jp. 

Now FM and F'M' are numerically equal but of opposite sign ; 

also AM and AM' are numerically equal but of opposite sign; thus 

Bin (180'^ + ^) = - sin ^, cos(180° + ^) = -cos^; 

moreover tan(180'> + ^) = 5^S='4N^^ 

^ ^ cos (180° +-4) -cos-4 ' 

^ Bm(180° + -4) -suiA ' 
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similarly sec (1 80° + ^) = - sec il, cosec (1 80° + il) = — cosec A. 

yers (180° + ^) = 1 - cos (180° + ^) = 1 + cos A. 

All these results may if we please be obtained by direct use of 
the figure. 

It is obviously only another mode of expressing the two funda- 
mental results if we write 

sin ^ = - sin (-4 - 180°), cos ul = - cos {A - 180°). 

51. The results of Arts. 48, 49, and 50, are true whatever 
be the magnitude of the angle A, and whether A be positive or 
negative This the student should carefully notice. First con- 
sider Art. 49; wJuUever tlie magnitude of A may be, positive or 
negative^ we shall always have PMP' forming a straight line, and 
the points P and P' equally distant from M and on opposite sides 
of it ; and the angles PAB and P'AB will be numerically equal 
but of opposite sign. Thus we become certain of the universal 
truth of Art. 49. Next consider Art. 50; the essential points of 
the demonstration are that M and M' should be equally distant 
from A and on opposite sides of it, and that P and P* should be 
equally distant from the straight line BAB and on opposite sides 
of it; and the figure assures us that these essential points are 
always secured. If PAB be any positive angle, then by adding 
to it an angle of 180° we obtain the angle formed by AB and AP'. 
If FAB be any negative angle, then by adding to it an angle of 
180° we obtain the angle formed \yj AP and AB. Thus we be- 
come certain of the universal truth of Art. 50. The tmiversal 
truth of Art. 48 may be made to depend on that of Art. 49 and 
that of Art. 50. For we have 

sin -4 = - sin (^ - 180°), tmiversally, by Art. 50, 

sin (A - 180°) = - sin (180° - A\ universally, by Art 49, 

therefore sin -4 = sin (180° — A) universally. 

A^fain cos -4 =,— cos {A - 180°), universally, by Art 50, 
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COS (-4 - 180*^) = COS (180*- il), universally, by Art 49, 
therefore cos -4 = - cos (180* - -4), universally. 

52. To ^(we tAo^sin (90*+^) =cos^, otic? cos (90*+-i)=-sin-4. 




Let FAB be any angle ; let AT^ be at right angles to AT and 
so situated that a moveable straight line can pass from the position 
AF to the position AF' by revolving round A in the posUvve 
direction through a right angle. Then if FAB be denoted by A 
we can denote F'AB by 90* + A. Take AF^^ AF and draw FM 
and F^M' perpendicular to BAB^. Then the angle FAM is 
geometrically equal to the angle AF'M\ and the triangles FAM 
and PAM' are geometrically equal in all respects. And 

• /oAo ^\ PM' . AM 

sm (90* + ^) = -jp- , cosul = -jp.; 

now PM' is numerically equal to AM and both are of the same 
sign (Art. 42) ; thus 

sin (90* + ^) = cos A. 



AgaiQ 



.^., .. AM' . , FM 
cos(90* + ^)=-jp, smA^-'jp; 



now AM' and FM are numerically equal but of opposite sign 

(Art 42) ; thus 

cos(90* + ul) = -sinX 

53. In order to prove that the proposition in the preceding 
Article is universally true, we must examine the different caaoa 
T. T, • ^ 
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that can occur ; the figure in the preceding Article supposes that 
^ is a positive angle terminated in the first quadrant. The an- 
nexed three figures shew AF in the second^ third, and fourth 
quadrants respectively. 

In every case it will be seen that the triangles PAM and 
F'AM' Bre geometrically equal in all respects ; also F^Jf and AJU 
are of the same sign, and AM' and FM are of opposite Biga. Thus 
the proposition may be seen to be true if il be any positive angle. 




B' M 
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The four figures of this and the preceding Article will also shew 
the truth of the proposition for any negative angle ; the last figui'e 
lor example appUes when A is between and — 90°, the third figure 
when A is between — QO'^ and — 180'*, the second figure when A is 
between — 180** and — 270°, and the first figure when A is between 
- 270' and - 360^ 

54. If ul be the number of degrees in anj/ angle, then the 
angle which is expressed in degrees by dO^A is called the coni- 

pUmerU of the angle ^ ; so -^ — ^ is the circular measure of the 

complement of the angle whose circular measure is $» The term 
complement of an angle has already been introduced (Art 29), but 
the angle contemplated then was a positive angle less than a right 
angla This restriction however will be no longer retained. We 
may now shew universally that the sine o/ cm jangle is eqtud to tfie 
cosine of its complement, and tlte cosine of an angle is etpwl to tlie 
sine of its complement. These propositions may be proved by 
examining different cases as in Arts. 52 and 53 ; or they may be 
deduced from results already established. Thus, for example, we 
have proved that 

sin (90* + il) = cos A, universally (Arts. 52, 53), 
also sin (9Q' + A) » sin (180'» - 90* - A), universally (Art 51), 

therefore sin (90* - i4) = cos A, universally. 
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Then if we suppose 90^-^1=^1' we liave A^dO'^-A'; thus 
sin A* = cos (90® — A'), universally. 

65. It will now be found that we are able to express any- 
Trigonometrical Hatio of any angle whatever in terms of the 
same Trigonometrical Eatio of some positive angle not exceeding 
a right angle. For in the first place by the formulae sin (— A) 
= — sin il and cos (— -4) = cos A, and those which follow from 
these (see Art. 49), we can make the Trigonometrical Ratios of 
any negative angle depend upon those of the corresponding posi- 
tive angle; and so we need only consider positive angles if we 
please. By Art 45 any multiple of four right angles may be 
rejected ; thus, so far as its Trigonometrical Katios are concerned, 
we may replace any angle whatever by an angle less than four 
right angles. Then by the formulsB sin (180° + A) = '-smA, and 
cos (180® + ul) = — cos-4, and those which follow from these (see 
Art 50), we may make the Trigonometrical Batios of any angle 
depend upon those of an angle not exceeding two right angles. 
Lastly, by the formulsB sin (180° — -4) = sin il and cos (180° — ^) 
= - cos -4, and those which follow from these (see Art. 48), we may 
make the Trigonometrical Batios of any angle depend upon those 
of an angle not exceeding a right angle. 

For example, 
sin 600° = sin (360° + 240°) = sin 240° = sin (180° + 60°) = - sin 60°, 

Tan (- 1000°) = - tan 1000° = - tan (720° + 280°) = - tan 2S(f 
= -tan (180° + 100°) = - tan 100° = - tan (180° - 80°) = tan 80°, 

56. To trace the cJianges in the sine of an angle as the 
angle voHes. 

Let BAB' and CAG' ,be two straight lines at right angles, and 
suppose a straight line AP of constant length to revolve round 
(me end A from the fixed position AB so that F traces out the 
circle BGB'C, From any position of P draw TM perpendicular 
to BAB' ; then 

. ^.^ BM 
sm FAB = -jp . 
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^•¥' 



When AP coincides with AB the perpendicular PM vanishes ; 
thus when the angle is zero so also is its sine. While AP moves 
through the first quadrant PM is positive, and continually in- 
creases until AP coincides with AG, and then PM is equal to AP; 
thus as the angle increases &om to 90^ the sine increases from 
to 1. While AP moves through the second quadrant PM is 
positive, and continually decreases until AP coiucides with AJB' 
and then PM vanishes; thus as the angle increases from 90^ to 
180® the sine diminishes from 1 to 0. While AP moves through 
the third quadrant PM is negative, and increases numerically 
until AP coincides with AG^; thus as the angle increases from 
180* to 270* the sine is negati've and increases numerically from 
to - 1. While AP moves through the fourth quadrant PM is 
negative, and decreases numerically until AP coincides with AB ; 
thus as the angle increases from 270® to 360® the sine is negati/oe 
and decreases numerically from — 1 to 0. 
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57. To trace the changes in the cosine of an angle as tlie angle 
varies. 

With the figure of the preceding Article we have 

AM 



cos PAB = 



AF' 



At first AP coincides with AJi and then AM=AP; thus when 
the angle 'is zero the cosine is 1. While AP moves through the 
first quadrant AM is positive and continually decreases until AP 
coincides with AC and then AM vanishes; thus as the angle in- 
creases from to 90" the cosine diminishes from 1 to 0. While AP 
moves through the second quadrant AM ia negative and increases 
numerically until AP coincides with AB"', thus as the angle increases 
from 90® to 180° the cosine is negative and increases numerically 
from to — 1. While AP moves through the third quadrant AM 
is negative and decreases numerically/ until AP coincides with AC; 
thus as the angle increases from 180° to 270° the cosine is negative 
and decreases numerically from - 1 to 0. While AP moves through 
the fourth quadrant AM \a positive and continually increases until 
i4/* coincides with AB; thus as the angle increases fixjm 270° to 360° 
the cosine is positive and increases from to 1, 

58. To trace tJts clianges in the tangent of an angle as the 
angle varies. 

With the figure of Art. 56 we have 

tsaiPAB = ~. T,^, 
AM 

At first AP coincides with AB and then PM vanislies and 
AM^AB; thus when the angle is zero so also is its tangent* 
While AP moves through the first quadrant PM and AM are 
positive ; PM continually increases and AM continually decreases 
until AP coincides with AC ; thus as the angle increases from to 
90° the tangent increases from without limit, so that by taking 
an angle sufficiently near to 90° we can make the tangent as great 
as we pleiise ; this is usually expressed for the sake of abbreviation 
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thus, the tcmgerU of 90® is infinite. While AP moyes through the 
second quadrant FM is positive and AM ia negative; PM con- 
tinually decreases and AM increases numericaUy until AP coincides 
with AE\ thus as the angle increases from 90*^ to 180® the tangent 
is negative and decreases numerically from an indefinitely large 
value to zero. While AP moves through the third quadrant PM 
and AM are negative; PM increases numericaUy and AM de- 
creases nvmericaUy until AP coincides with AC; thus as the angle 
increases from 180® to 270® the tangent is positive and increases 
from without limit, so that by taking an angle sufficiently near 
to 270® we can make the tangent as great as we please ; this as 
before is abbreviated into the tangent of 270® w infinite. While 
AP moves through the fourth quadrant PM is negative and AM 
is positive ; PM continually decreases numerically and AM in- 
creases until AP coincides with AB', thus as the angle increases 
from 270® to 360® the tangent is negative and decreases numeiically 
from an indefinitely large value to zero. 

Similarly the changes in the cotangent of an angle may be traced. 

59. To trace the changes in the secant of a/n angle as the a/ngle 
varies. 

The changes in the secant of an angle may be traced by means of 
the figure in the same way as those of the sine, cosine, and tangent; 

or we may use the formula sec PAB = Trrn » and infer tlie 

•^ cos PAB ' 

changes in the secant from thet known changes in the cosine ; we 
will adopt the latter method. As the angle increases from to 90® 
the cosine diminishes from 1 to ; thus the secant increases from 
1 without limit, so we may say the secant of 90® is infinite. As 
the angle increases from 90® to 180® the cosine is negative and in- 
creases numerically from to — 1 ; thus the secant is negative and 
decreases numericaUy from an indefinitely largo value to — 1. As 
the angle increases from 180® to 270® the cosine is Tiegative and 
decreases numerically from — 1 to ; thus the secant is negative 
and increases numerically from — 1 to infinity. As the aTigle 
increases from 270® to 360® the cosine is positive and continuuil^ 



40 



APPLICATION OF ALGEBRAICAL SIGNS. 



increases from to 1 ; thus the secant is positive and diminishes 
fit)m infinity to 1. 

Similarly the changes in the cosecant of an angle may be traced. 

60. Since vers -4 = 1 — cos A, as the angle increases frt>m to 
180° the versed sine increases from to 2, and as the angle in- 
creases from 180° to 360° the versed sine diminishes from 2 to 0. 

61. Thus we see that the sine and the cosine may have any 
value between — 1 and + 1 ; the tangent and the cotangent may 
have any value between — oo and + oo ; the secant and the cosecant 
may have any value between - oo and - 1 and between + 1 and + oo . 
And it will be found on examination that no Trigonometrical 
Batio changes its sign except when it passes through the value 
zero or the value infinity. The versed sine is always positive and 
may have any value between and 2. 

62. The following table of the values of the Trigonometrical 
Eatios of certain angles is formed from the results of the preceding 
Chapter and the present Chapter. 
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EXAMPLES. 

I. Determine the values of the Trigonometrical Batios for an 
angle of 585^ 

i/ 2. Also for an angle of 690®. 

\/ 3. Also for an angle of 930®. 

4. Also for an angle of 6420®. 

5. Find all the angles between and 900® which satisfy the 
relation tan = 1. 

6. Find all the angles between and 900® which satisfy the 
relation cos' = ^. 

7. Find all the values of versin -j- where n is any integer. 

8. Find all the values of sin < -^+ (-1)" - i where n is any 

integer. 

^ 9. Solve sin* tf + cos* = 0. 

10. Solve 2sin'tf-5costf-4 = 0. 

II. Trace the changes in the sign and value of cos — sin 
as 6 changes from to 27r. 

12. Alsoofcos"0-sin"ft 

13. Alsoof tan^ + cotd. 

14. Is sec'tf =- — TTg a possible equation if a and h are un- 
equal) 

15. Shew that tan (-i + 90®)=- cot ui, cot (il + 90®) = - tan ^ 
860 {A + 90®) = - cosec -4, cosec {A + 90®) = sec -4, 

ver« (ui + 90®) = 1 + sin^. 

16. Shew that sin (270® - ii) = - cos A, cos (270® - il) = - sin ^. 
^ 17. Shew that sin (270® + ui) = - cos il, cos (270® + ii) = sin A. 

18. Shew that sin (360® - il) = - sin ui, cos (360® - ui) = coa A. 
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V. ANGLES WITH GIYEN TRIOONOMETRICAL 

RATIOS. 

63. To constrtiet an angle with a given sine or cosine. 




Kequired an angle the sine of whicli is a given quantity a. 
Describe a circle with unity for its diameter, and take any diameter 
AB of this circle ; with centre B and radius a describe a circle ; let 
C be one of the points where this circle meets the former oirde ; 
join AG and BC, 

Then ACB is a right angle, by Euclid, iii. 31, and the sine of BAG 

BG 
is -j-ji , that is a; therefore BAG is such an angle as is required. 

K the cosine of the required angle is to be a, then the same 
constioiction may be made, and ABG will be such an angle as is 
required. 

64. To construct an angle with a given Umgent or coUmgent, 

Required an angle the tangent of which is a given quantity a. 

Take a straight line AB the length of which is unity ; draw 

BG at right angles to AB and equal in length to a, and join GA. 

BG 
Then the tangent of BAG is jrj , that is a ; therefore BAG is such 

an angle as is required. 
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If the cotangent of the required angle is to be a then the same 
construction may be made, and ACB will be such an angle as Is 
required. 




65. If an angle is required to have a given cosecant, then 
since the cosecant is the reciprocal of the sine, the angle must 
have a known sine; therefore the angle may be found by Art 63. 
Similarly if an angle is required to have a given secant, or a given 
versed sine, then the cosine of the angle is known and the angle 
may be found by Art. 63. 

We shall now proceed to find expressions which include all the 
angles which have a given Trigonometrical Batio. In the re- 
mainder of this Chapter we shall express all the angles that occur 
In circular measure, 

66. To find an expression for all the angles which have a 
given sine. 

Let BAG be the least positive angle which has the given sine ; 




denote this angle by a. Produce BA to any point Bf and make 
iheangle^^(7' = ^il(7; then ^^KT = ir - a. 

Now it is obvious from the figure that the only positive angles 
which have the same sine as a are ir — a, and the angles formed by 
adding any multiple of four right angles to a or to ir — a; that is, 
angles included in the formulss ^nv + a and 2nir + ir — a, where n is 



^ 



/ / 



-(/• 



( U^' J- A ) -. 






V 



\ 
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zero or any positive integer. Also the only negative angles which 
have the same sine as a are — (tt + a), and — (27r — a), and the angles 
formed by adding to these any multiple of four right angles taken 
negatively ; that is angles included in the formulae 2mr — (ir + o), 
and 2mr ~ {2ir — a), where n is zero or any negative integer. All 
the angles which have been indicated will be found on trial to 
be included in the formula rnr^i^Y a, where n is zero, or any 
integer positive or negative. Also all the angles included in this 
formula will be found among the angles which have been indi- 
cated. 

Thus the formula rnr + (— l)"a includes all the angles which 
have the same sine as a, and all the angles which it includes have 
the same sine as a. 

This formula also determines all the angles which have the same 
cosecant as a, 

67. To find an expression for all the angles which have a given 
cosine. 

Let BAG be the least positive angle which has the given cosine; 
denote this angle by a. Make the angle BAG' — BAG. 




Now it is obvious from the figure, that the only positive angles 
which have the same cosine as a are 2-nr — a, and the angles formed 
by adding any multiple of four right angles to a or to 2ir— a; 
that is, angles included in the formulae 2,mr + a and ^mr+^ir-- a, 
where n is zero or any positive integer. Also the only negatiTe 
angles which have the same cosine as a are — a, and — {2v — a), and 
the angles formed by adding to these any multiple of four riglxt 
angles taken negatively ; that is, angles included in the formulas 
2nv — a and 2mr — (2ir — a), where n is zero or any negative integer. 
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All the angles whicli have been indicated will be found on trial to 
be included in. the formula 2mr ^t a, where n is zero or any integer 
positive or negative. Also all the angles included in this formula 
will be found among the angles which have been indicated. 

Thus the formula 2mr ^h a includes all the angles which have 
the same cosine as a, and all the angles which it includes have the 
same cosine as a. 

This formula also determines all the angles which have the 



same secant or the same versed sine as a. 



9 UT t 4. 



68. Tojlnd an exipressionfor all the amglea which liave a given 
tangeni. 

Let BAO be the least positive angle which has the given tan- 
gent; denote this angle by a. Produce BA to any point B^ and 
CA to any point C\ 




Now it is obvious from the figure that the only positive angles 
which have the same tangent as a are v + a, and the angles formed 
by adding any multiple of four right angles toaortov + a; that 
is, angles included in the formulse 2n?r + a and 2mr + ir + a, where 
n is zero or any positive integer. Also the only negative angles 
which have the same tangent as a are — (jr — a), and — (27r — a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively; that is, angles included in the formulae 
2nir— (ir— o) and 2nir — (Stt— a), where n is zero or any negative 
integer. All the angles which have been indicated will be found 
on trial to be included in the formula mr-^-Oy where n is zero, or 
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any integer positive or negativa Also all the angles included in 
this formula will be found among the angles which hare been 
indicated. 

Thus the formula nir + a includes all the angles which haye 
the same tangent as a^ and all the angles which it includes have 
the same tangent as a. 

This formula also determines all the angles which have the 
same cotangent as cu 

60. In Art. 66 we shewed that if a be. the least positive angle 
which has a given sine, the formula wtt + ( - 1)" a includes without 
excess or defect aU the angles which have the same sine as a ; it 
was convenient for distinctness in the demonstration to suppose a 
the UcLSt positive angle which has the given sine. But this restric- 
tion can be removed, for we can shew that if /3 be ani/ angle, the 
formula wtt + ( - 1)" j8 will include without excess or defect all the 
angles which have the same sine as /3. For suppose a to be. the 
least positive angle which has its sine equal to sin fi ; then, from 
what has been proved, we know that fi must be one of the angles 
included in the formula mir + ( - 1)"* a where m is zero, or any in- 
teger positive or negativa Suppose then /8 = r7r + (-l)'a; there- 
fore W7r + (-l)"/8 = W7r + (-l)"r7r + (-l)""^a; and all we have to 
prove is, that this formula includes without excess or defect all the 
angles included in the formula rmr + (-!)"• a. Ifnbe even the 
formulae correspond by taking m = n-^r; ifnbe odd, the formuliB 
correspond by taking m = n-r. The formula n7r+ (- l)"-jg will 
of course also include without excess or defect all the angles which 
have the same cosecant as fi, 

70. Similarly we may shew that if ^ be any angle, the angles 
which have the same cosine or secant or versed sine as fi will be 
included without excess or defect in the formula 2mrtki^; and that 
the angles which have the same tangent or cotangent as fi will be 
included without excess or defect in the formula nir + j8. 

71. Before leaving this part of the subject we will recur to the 
definitions of the Trigonometrical E/atios; we considered them 
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as ratios formed hj oomparing the sides of a right-angled triangle, 
but formerlj they were differently defined^ aad it is advisable to 
notice the old definitions in order that the student may understand 
allusions to them which will occur in his reading. 




Let A be the centre of any circle, AB a radius, BF any arc ; 
draw the radius AG at right angles to AB, and draw tangents to 
the circle at the points B and C ; produce AF to meet the first 
tangent ^t T and the second tangent a,i t; draw FM perpendicular 
to AB.' Then the old definitions are as follows, in which the 
straight lines of the figure are considered to be functions of the 
arc BF. FM is the sine of the arc BF, AM is its cosine, BT is 
its tangent, Ct is its cotangent, ^2^ is its secant, At is its cosecant, 
BM is its versed sine; also the straight line joining B and F is the 
chord of the arc BF, Thus the terms sine, cosine, &c, formerly 
denoted certain straight lines and not certain ratios. On the old 
system the lengths of the sine, cosine, &o, depended on the radius 
of the circle considered, so that it became necessary to state what 
length was ascribed to this radius in any investigation. 



48 ANGLES WITH GIVEN TEIGONOMETRICAL EATXOS. 

72. It is easy to coimect the values of the old and new Trigo- 
nometrical Punctions ; for 

PM 
sine of the angle FAB — -j-tt i 

Ar 

sine of the arc FB = BM\ 

thus sine of the arc = radius of circle x sine of the (3mgl% 

, . i. j^i T sine of the a/rc 

and Bine of the angU = — r- 7—' — 7- • 

radius of circle 

Similar results hold for all the other Trigonometrical Functions. 
Thus from any formula in the modem system which involves Func- 
tions of angles, we can deduce the corresponding formula in the 
ancient system which will involve Functions of arcs, and vice versa. 

For example, if A denote any angle, we have (Art, 32) 

sin* -4 + cos'^ = l. 

Now let a denote the arc corresponding to -4 in a circle of 
radius r ; then, using the old definitions, 



sin' a cos' a 



= 1, 



so that sin' a + cos' a = r'. 

Suppose the straight line FB drawn ; then the sine of half the 
angle PAB= ^.j. "^"77?^ *"^^ therefore the chord of an arc 
=s radius of circle x twice the sine of half the angle. 

73. Since the sine of an a/rc is equal to the radius of the circle 
multiplied by the sine of the angle, it follows that if the radius of 
the circle he vrnHty the numerical value of the sine is the same in 
hoih systems ; and a similar result holds for the other Trigonome- 
trical Functions. Thus any formula expressed in the ancient 
system may be immediately converted into a formula expressed 
in the modem system by supposing the radius of tlie circle to he 
equal to unity. 



L 



EXAMPLES. CHAPTER V. 49 

7^. The old definitioiis give some indications of the origin of 
the terms sine, cosine, &o. The word sine seems derived from the 
Latin word sinus a bosom, the arc is supposed to represent a bow, 
and thus gets its name, and the string, half of which represents the 
sine of half the arc, would come against the breast of the archer. 
The words tangent and secant are naturally derived from the old 
definitions. (See the English Cj/clopcedia; article TrigonometTy, ) 

75. The modem method has now completely superseded the 
ancient method in English works ; it was introduced by Dr Peacock. 
(See Peacock's Algebra, VoL il page 157.) It may however be 
observed, that it is stated by Professor De Morgan (Trigonovietry 
and Double Algefyra, page 18), that ''Eheticus, who gave the fii'st 
complete Trigonometrical table, and invented the secant and cose- 
cant to complete it, used the method of ratios."* 

EXAMPLES. 

*^ 1. Write down the general value of when tan d = 1. 
^ 2. Write down the general value of when sin = 1. 

3. Write down the general value of 6 when cos = 1. 

4. Write down the general value of when cos = — ^ . 

5. Pind all the values of 6 which satisfy sin'0 = sin'o. 

4 

6. Write down the general value of when cosec'd = - . 

7. Find all the values of which satisfy cos'0 = cos'a. 

8. Write down the general value of when sec'd = 2. 

9. Pind all the values of which satisfy tan'0 = tan' a. 

^ 10. Write down the general value of when tan'0 = -= . 

11. Shew that all the angles which have both the same sine 
and the same cosine as a, are included in the formula 2nfw + a. 

12. Write down the general value of which satisfies both 

sin tf » — s and cos d = — -~- . 
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VI. TRIGONOMETRICAL RATIOS OF TWO ANGLES. 

76. To express the sine cmd the cosine of the sttm of two angles 
in terms of the sines ami the cosines of tlie angles Hiemselves, 




Let the angle COD bo denoted by A^ and the angle DOE by 
B ; then the angle COE will be denoted by -4 + J5. In OE take 
any point P, draw PJf perpendicular to OGy and Pif perpendicular 
to 02); draw NR perpendicular to PM and NQ perpendicular 
toOC. 

Then the angle HfPR is the complement of PNR^ and is 
therefore equal to RNO^ which is equal to NOG or A. 



^ . ,. ^^ PM RM^rPR 
Now sm (ii +2?) = -^ = — gp — 



NQ ON PR 



NQ PR 
"OP'^OP 
PN 



"ON' OP PN' OP 
= sin ^ cos R + cos A sin B. 
j^_^OM OQ-QM OQ NR 

cos (il + /O - -^ = JJp ^Qp" Qp 

OQ ON NR NP 
^ON 



OP NP' OP 
cos A cos B " sin A sin B, 
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77. To exp'ess the sine <md the cosine of the dijffbrence of two 
angles in terms of tlie sines and the cosines of the a/ngles themselves. 




Let the angle COD be denoted by A, and the angle DOE by 
B', then the angle GOE will be denoted by A -J5. In OE take 
any point P, draw FM perpendicular to 00 and PN" perpendicular 
to OD ; draw NR perpendicular to MP produced aiid NQ perpen- 
dicular to 00, 

Then the angle NPR is the complement of PNR^ and is 
therefore equal to DNR which is equal to DOG or A . 

RP_ 
OP 

NQ ON RP PN 



^ . ,^ m P^ RM-RP NQ 



"ON' OP PN' OP 
= sin ^ cos J? — cos ^ sin J?. 



,. -,, OM OQ-^QM 



OP 



OQ NR 
OP "*■ OP 



ON NR PN 

+ 



OQ 

ON' OP^ PN' OP 

COS ^ cos /? •»• «^Ti A 5^\\: B 
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78. To assist the student in remembering the preceding 
demonstrations, we may observe that the point P is taken in the 
straight line which hounds the compound angle we are considering; 
thus, in proving the formulsB for sin (^A + B) and cos {A + B) the 
point F is taken in the straight line which botuids the angle 
A + B^ and in proving the formulsB for sin (-4 — J5) and cos (-4 — J5) 
the point P is taken in the straight line which bounds the angle 
A—B, After the construction is completed, the principal step 
consists in shewing that the angle NPR is equal to ^ ; it will 
be seen from the construction that this is the case, for the straight 
lines PN^ PR are respectively perpendicular to the straight Unss 
which form the angle A, and thus form an angle equal to A. 

79. The formulsB established in Arts. 76 and 77 are ti-ue 
whatever may be the size of the angles A and B ; the student may 
exercise himself by going through the construction and demon- 
stration in different cases ; it will be found that the only variety 
which occurs in the construction consists in the circumstance that 
the perpendiculars sometimes fall on certain straight lines and 
sometimes fall on those straight lines producecL We will, as an 
example, prove the formulsB in Art. 76, when each of the angles A 
and B is less than a right angle, and their sum greater than a 
right angle. 

E 




Let the angle COB be denoted by A, and the angle DOE by 
^; then the angle COE will be denoted h^ A^-B. In OE take 
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any point P, draw FM perpendicular to CO produced and FN 
perpendicular to OD ; draw NR perpendicular to FM and NQ 
perpendicular to 00* 

Then the angle NFU is the complement of FNE^ and is there- 
fore equal to BNO^ which is equal to NOQ or A, 

XT -• /i^m ^^ MR^FR NQ FR 
Nowsm(.l + ^)=^ Op-^^-^-^p 

NQ ON PR FN 
"ON' OF ^ FN' OF 

= sin il cos ^ + cos ^ sin jS. 
Also cos (.4 + J?) = ^ ; 

here we must remember that OM being measured to the left of 0. 
is a negative quantity, and we may put for it OQ-QM, that Ls 
0(2 -iVJ?; thus- 

^(A^m OQ'^^ OQ NR 

OQ ON^NR FN 
'^ON'OF FN' OF 

s^cosAcoaB-BmAemB, 

80. The formula established in Arts. 76 and 77 may be con- 
sidered the fundamental formula of the subject; it is important 
therefore that they should be shewn to be imiyersally true. As 
we have intimated in the preceding Article, the student might 
convince himself of their uniyersal truth by examination of all 
the cases that can occur; but we may arrive at the requii*ed result 
more decidvely by making use of some theorems which have al- 
ready been completely established. 

The formulfld we have to prove are 

sin(ii + j9) = sinilcos^+cos^sinJ? (1). 

cos(il+^)scos^cofi^-sin.i anB (2). 

8in(il— ^)ssin^cos^-cosilsinjS (3). 

cos(il — jS) =: cos il cos ^ + sin il sin ^ (4). 
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Now in Arts. 76 and 79 we liave ahewn tliat (1) and (2) hold for 
all positiye values of A and B, which do. not exceed a right angle ; 
and in Art. 77 we have shewn that (3) and (4) hold for all positLve 
values of A and B which do not exceed a right angle, provided A 
he greaier than B. We shall first shew that the restriction of A 
' being greater than ^ may be remoTed from (3) and (4). 

By Art. 49, Bin(^-^) =-Bin(5-ii), 

and cos (-4 — jB) = cos (JB-A); 

if then we know that 

Bia {B ^ A) = mi B cos A ^ cos B sm A, 
and cos (jS'^) = cosjScos^ +sin^sin^; 

we know also that 

sin (^ — ^) = sin ii cos J? — cos il sin ^, 
and cos {A — B)= cos A cos ^ + sin ^ sin ^. 

Therefore if (3) and (4) hold for values of A and B comprised 
between any limits when A is greater than By they hold for values 
of A and B comprised between the same limits when ^is less 
than B, 

Thus we know that the four formulsB are all true for any 
positive value of each angle between zero and a right angle. We 
shall next shew that if all the formulae are true for values of A and 
B comprised between certain limits, these limits may be increased 
by a right angle. For by Art 52, 

Bin(90** + il + jB) = cos(il + ^) = cosiicos5-sin-4sinJ5 

= sin (90^ + ii) cos ^ + cos (90V -4) sin jB j 

in this way, from the truth of (2) for any limits, we can infer the 
truth of (1) with an increase of 90^ in the limits of either angle. 
Similar considerations apply to all the other formula; and thus 
the limits become as large as we please. 

Lastly, the truth of the formulsB for any negative angles may 
be established ; suppose A and B both negative, let ii = - A^ and 
^--jB'jthus 
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= — (sin -4' cos ^ + cos il' sin ^ 

= sin (- ilO cos (- ^') + cos (- ^') sin (- J?') 

= sin ^ cos jS + cos ^ sin ^. 

Similarly all the other formulss may be shewn to be true when both 
the angles are negative, or when one of the angles is negative. 

81. Erom the fonr fundamental formulae a large number «f 
other formulse may be deduced ; we shall give some examples of 
such deductions. 

82. In the expressions for sin(-4 + jB) and cos (-4+^) put 
• B =il; thus 

u^ sin 2ii 7 2 sin ^ cos il ; 

, y^ cos 2-4 = cos* J. — sin' il = 1 — 2 sin' -4 = 2 cos' -4 — 1. 

Thus 1 + cos 2-4 = 2 cos' -4, 

1 — cos 2-4 = 2 sin* -4, 

_ 1 - cos 2-4 . , - 

and ■= — =tan'-4. 

1 + cos 2-4 

. - 8in2^ ^ . 81^2-4 . - 

Also ^s jr--=tan-4, z jr-7=cot-4. 

1 + cos 2-4 ' 1 - cos 2-4 

83. i Sin(ul + ^)sin(il--5) 

s (sin -4 cos .0 + cos -4 sin JS) (sin -4 cos -i? — cob -4 sin.&) 

= sin' -4 cos* -S— cos* -4 sin* -S 
= sin'^ (1 -Bin'^)-(1 -sin*^)sin*^ 
= sin* -4 — sin* B. 
This result is very impoi*tant. 

-Ajid I coB(ii + -5)cos(-4-^) 

= (cos -4 cos ^ -sin -4 sin JB) (cos .4 60S JB + sin -4 sin /^) 

= cos* .4 cos' .5 - sin' -4 sin' .5 

= cos'ul (1 - Bin' i?) - (1 - cos*^) sin' ^ 

= cos' -4 -sin* B-cor'B- sin* -4. 
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84. From the four fundamental formulsB we have 

8in(il + jB)+sin(il-jB) = 2sin-4 cosjS, 
sin {A -{- JS) —sin {A " B) = 2 COB A Bia B, 
cos (-i + jB) + cos (-4 - J5) = 2 cos -4 cos if, 
cos (il - ^) ~ cos (^ + j9) = 2 sin ii sin ^. 
Let A-{- B=G and A — B=^D; therefore 

ii = J ((7 + i>) and J5 = J (C-2>); thus 

sm(/+smi> = 2sm — ^ — ^'^ ""o — > 

sin C7 - sin 2> = 2 cos — jr — sm — jr— , 

cos C/ + COS x; = 2 COS — jj — cos , 

COS x; - COS C7 = 2 sm — ^r — sm — ; — . 

2 2 

These formulsB will be found to be extremely useful in mathe- 
matical investigations ; thej enable us to put the »wfa or the dif- 
ference of two sines or two cosines in the form of a prodtict/ or to 
replace the product of a sine or a cosine into a sine or a cosine 
bj half the sum or half the diference of two such Batios. 

o- ^ ,j „v sin (-4+^) sin ii cos J5 + cos -4 sin -ff 

85. Tan(4 + J5) = )-. — -{ = ^ = — ; — j—, — =; 

^ ' coa{A ^B) coaAco&B — smAsmB* 

divide both numerator and denominator of the last expression by 

sin A sin B 

. T> xt ^ COS -4 cos -B 

cos^oos^: thus we get . < . — n> 
' ° sm AsmB 

COS^COSjS 

. . _. tan il + tan 5 
theretoit, tan (^ + 5) = ^—i^A^B ' 
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Suppose B = Ai thus we obtain 



l-tan'ul* 



T (A m — ^^^^^^ )- sin ^ cos ^ — cos ii sin ^ 
^ ' oos(il — j^)~ cos^ cos^ + sin^sinZ^ 

sin A smB 

cos ^ cos ^ tan A — tan B 



^ sin ii sinTB 1 + tan -4 tan i? * 
cosilcos^ 

Suppose for example that B = 4ib°, so that tanjS= 1; then we 
shall obtain 

X / >! . ^ eo\ 1 + tan A , , . .^^ tan -4 — 1 

8fi r f M »\ _ COS (-4 + 5) __ cos -i COB -S — sin -4 sin -5 
^ ' sin (-4 + B) " Bin A coa B -^ cos A sin B 

cos il cos j^ - 

sin it sin Jg cot-4cot5- 1 

"" cosii cos^ " cot A + cot B 
smA sinB 

Suppose B = A; thus we obtain 

^.. cot'^-1 

•^^*^^ = -2^^tT- 

Simikrly cot {A ^ B) ^""fJ^^J; . 

87. Sin2^=2sin^co8ii = -l4^^i^^ (Arts.82 and32); 

sin* -4 +cos'ui ^ ' 

divide both numerator and denominator of the last expression by 

2sinu4 

. , , CO? ^l 

cos' il ; thus wo get sin* A ' 

1+ — —J 
cos A 

therefore sin 2 A = - — - — 5—. . 

1 +tan'J- 
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Also cos2il = cosM-sinM =.52^4^1^^ (^^^- 82 and 32) 

, sin* A 
"coa'A l-tan'ii 



^ ^ sin* ^ 1+tanM* 
cosM 



„ . ii + J? ^-5 

2 ain — jr — cos — J5 — 
88. ^^4^= ^L i. (Art. 84) 

2 2 

, ^ + 5 

tan-g- 



tan 



_ 2 cos — jr — cos — - — 
cos^ + cosjg £ 2 



= cot— 2— cot— ^ 



sia^ + sin5 2sm-^~cos-g- ^^^ 

cos-4 + cosi^ 7 AT~E A-B 2 

2 cos — - — cos — ■= — 



A-^B . A-B 
_ 2 cos — X — ffiTi — - — 
anA-shiB 2 2 A+B 

coaB-coaA g sin 4±^ sin ^^ *^ ^ 



^^ -_ . , _ Sin -4 sin 5 sin -4 cos -B + cos A sin I 

cJy. laiiil + tan^= 5+ 5^= 5 =5 

cos A cos ^ cos A cos jS 

^ sin (^ + Jg) 

"" cos ^ COS ^ * 
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Similarly tan A - tan B = ^ ^ . 

cos A cos JS 

^rt rry A ^ . siniil cos -4 sin* -4 + cos* -4 

90. Tanii+cotii = 7+-; — 2= — , — -, j- 

cos^ sin^ sin^cosJ. 



tanJl'Cot^ 



sin A cos A 2 sin A cos A sin 2 A ' 

sin A cos -4 __ sin' A — cos' -4 
cos A sin A ~ sin -4 cos A 

cos 2-4 2 cos 2-4 ^ ^^ . 

= - 2 cot 2-4. 



sin-4cos-4 sin 2-4 

91. Sin3il=sin(2ii+-4)=sin2^cos^ + cos2^sinii(Art. 76) 
= 2 sin -4 cos' -4 + (1 - 2 sin* -4) sin -4 
= 2sin-4 (l-sin*-4) + (l - 2 sin' -4) sin -4 
= 3 sin -4 — 4 sin' -4. 

cos 3-4 =cos (2-4 +-4)=cos2-4cos-4-sin2-4sinul (-Ajrt. 76) 
= (2 cos'-4 — 1) cos ul — 2 cos -4 sin'ul 
= (2 cos'-4 - 1) cos -4 - 2 cosil (1 - cos' -4) 
= 4cos'-4-3cos-4. 
sin 3-4 3 sin ui — 4 sin' A 



Hence tan 3-4 = 



cos 3-4 4 cosf ui - 3 cos -4 ' 



Divide both numerator and denominator by cosM ; thus 

3tan-4 
cos' 



ton 3-4 = 



j-T — 4tan' A 



4- 



COs'ul 

3tanii(l + tan'ii)-4tan'ii ^^^ 3tan^lj-tanM 
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92. To find Ihe valties of tlie TrigonometricaZ Ratiaa far an 
angle of 15* and an angle of 75". 

sin 15^^ = sin (45« - 30') = sin 45* cos 30* - cos 45* sin 30* = ^^T,^ ; 
cos 15* = cos (45* - 30*) = cos 45* cos 30* + sin 45* sin 30* = ^^1,^ ; 

cos 15" ^3-+l 2 ^ ' 

8ml5»~V3-l 2 -^ + V^' 



sec 15* = 



1 2^2 i«_ 1_ 272 

^Ml5'"73TT' ""^ "-ri51F"V3^r 



And sill 75" = cos 15" = 4rir i cos 75" = sin 15'= ^^~^ : 
tan 75" =cot 15'' = 2 + ^3 ; cot 75* = tan 16»=2 - ^3 ; 
sec 75« - cosoc 15" =^^^ ; cosec76* = secl5»--?^^. 

tjo — 1 fjo + 1 

93. If van A ^ sin B and cos ^ = cos ^, then either A and B 
are equals or they differ by sonie multiple of four right angles. 

For cos (il — ^ = cos ^ cos ^ 4- sin >1 sin jS 

= cos* A + sin* -4^1 

therefore >1 — Z? = 0, or a multiple of four right angles taken posi- 
tively or negatively. (Art. 67.) 

94. If QO^A = coaB and sm^ s -.sin jS, tlien A +B is zero^ 
or a multiple of four right angles positive or negative. 

For the given relations may be written 

cos -4 = cos (- ^), sin -4 = sin (— B). (Art. 49.) 

Hence by the preceding Article -4 - (- B), that is ^ + ^, is zero or 
some multiple of four right angles taken positively or negatively. 
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EXAMPLES. 

Prove the foUowins: identities : 



"^ 



- cos-4 + smi( 

/, 1. J : — 7=tan 2-4 + sec 2J. 

cos A — sin A 

2. 2 sinM sin*5 + 2 cosM cos' j5 = 1 + cos 2>1 cos 2j5. 

y 3. tan(45" + ^)-tan(45°-ui) = 2tan2J. 

4. sin 3^ cosec A — cos 3^ sec ui = 2. 

5. 3 sin -4- sin 3il =2 sin -4 (1 -cos 2^). 

sin -4 + 2 sin 3i4 + sin 5 A __ sin 3^4 
1/ * sin 3-4 +2 sin 5-4 + sin 7-4 " sin 5-4 " 

7. ?i?4 = «5.(24.;^)_2oo8(^+2?). 
Sin -4 sin -4 ^ ' 

8. sin 4-4 = 4 sin -4 cos" -4 - 4 cos -4 sin* .4. 

rt cos-4 — cos3-4 ^ -.. 
sin 3-4 - sin A 

. ^ cos 2-4 - cos 4-4 . ^ . 
' Sin 4-4 - sin 2-4 

1 1. cosec 2-4 + cot 4-4 = cot A - cosec ^.A. 

12. cos*(-4--5) + cos*-5-2cos(-4-^)cos-4 cos .5 = sin' -4. 

13. 8in«(.4 - J5) + sin*^ + 2 sin (^ - J5) sin 5 cos ^ = sinM. 

.- l-tan'(45«-^) . . . 
/ ^^- lTW(4-5«-32r«"^2^- 

15. 4tan^(l--tenM)^^^^^^ 
(1 + tan* -4)* 
- 16. sin-4(l + tanui)+cos-4 (1 +cot^) = sec-4+cosec^. 

, , _ sin 3-4 + cos 3>1 1 + 2 sin 2-4 . . . . ^o\ 

V^' sin3^-cos3^ = l-2sin2^ ^^-^-'')' 

18. cos^+cos(120*-^) + cos(120" + il) = 0. 

[ 19. 4sin^8in(60°-^)sin(60'» + .i) = sin3A 

20. 4 cos ^ cos (60* - ^>cos (60* + -4) = cos 3^. 

21. taiii4tan(60* + i4)tan(120* + i4)=-tan3ii. 

. 22. tanil + tan(60* + i4) + tan(120V.i) = 3tan3il. 
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23. cot A + cot (60^ + ^) + cot (120*' + ui) = 3 cot 3^. 

24. cot ^ cot (60" + ^) + cot (60" + A) cot (120* + A) 

+ cot (120'' + ul) cot ^ = - 3. 

25. sinM + sin' (1 20" + ^) + sin' (240" + ^) = - 1 sin 34. 

26. sin %A sin'-4 + cos 3-4 cos*-4 = cos' 24. 

, . sin 34 . » . cos 34 sin 44 

27. cos'4 — i,— + sin'4 — 5 — = — - — . 

I 28. cos «4 cos (n + 2) 4 - cos* (n + 1) 4 + sin'4 = 0. 

, «-, sin4 «fcsinw4 + sin(27i— 1)4 , . 

r 29. -. -. 7s =-(— 7=tann4. 

cos4 ik cos 7^4 + cos (2}% — 1) 4 

30. sin nA qqi&,^A sec 4 — cos nA sec* 4 cosec 4 

« 4 sin (w — 1) 4 cosec* 24. 

31. cos 104 + cos 84 + 3 cos 44 + 3 cos 24 = 8 cos4 cos' 34. 

32. cot 4 + cot 24 + cot 44 

= cosec 44 (2 + 2 cos 24 + 3 cos 44). 

. 2 sin 24 + 2 cos 24 

33. cosec 4 = -. ; — -. ^-. r— q-. . 

cos 4 ~ sin 4 - cos 34 + sin 34 

34. cos* 24 = (cos 4 - sin 34)* + 2 cos 4 sin 34 (cos 4 - sin 4)*. 

35. cos*4 - sin"4 = cos 24 (1 - i sin*24). 

36. sin 54 = 5 sin 4 - 20 sin* 4 + 16 sin* 4. 

Solve the following equations : 

37. tan^j-«) + cot(j-0^ = 4. 38. sin 4^ + sin ^ = 0. 

39. Bin7^-Bin^ = sin3A 40. sin^ + cos^ = -^. 

41. sin 5^ = 16 sin* ^. 42. cos 3^ + cos 2^ + cos ^ = Q. 

43. sin3^ + sin2tf + sintf = 0. 44. tan^ + tan^j + tf^ = 2. 

45. tau2fl^8co8*fl-cotA 46. tan(j+^^=3tan^|-«Y 
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VEI. FOKMULiE FOE THE DIVISION OF ANGLES. 

A 

95. In Art. 82 clange A into ^; thus we obtain 

A A 

cos -4 = 1 - 2 sin* -^ = 2 cos*-^ - 1 ; 

,, ^ .A 71 -cos -4 A /I + cos -4 
therefore sin ^ = ^—2 , ^2=V 2 ' 

96. Since we may suppose either the positive or negative sign 

to be placed before the radical quatitities in the preceding Article, 

we see that corresponding to one value of cos -4 there are two values 

A A 

of sin -5- and two values of xsostt j and the reason of this may 

be assigned. For if a be an angle which has a certain cosine, then 

the formula 2nir^a includes all the angles which have the same 

a 
cosine ; therefore any expression which gives the' value of sin ^ 

in terms of cos a may be expected to give the value of the sine of 
every angle includeld in the formula \ (2n7r ^ a). Now 

./a\. a .a .a, .a 

smfnn-* ^ j=iSinwir cos - de 00s nir sm^ = *coswir sm^ = «i«8m^ ; 

thus two values occur which differ only in sign. Similarly, any 

expression which gives the value of cos ^ in terms of cos a may be 

expected to give the value of the cosine of every angle included in 
the formula ^ (2n7r «fc a). Now 

(a\ a . . a a a 

nir^-^\— cos mr cos -^ t sm wtt sin ^ = cos rnr cos « = »*« cos ^ ; 

thus two values occur which differ only in sign. 

Bach an explanation as we have here supplied of an ambiguity 
in sign is applicable in many cases in Trigonometry ; for example^ 
in Art 46 : we shall see other instances in the present Cha\)ikec« 
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97. If COS A only be given and nothing more be known 
respecting A, then the ambiguity of sign which occurs in Art 95 

A 

cannot be removed. If however A itself be given, then — is a 

A. 
known angle, and therefore we know whether sin ^ is positiTe or 

negative ; and also whether cos -^ is positive or negative ; thus we 

know which sign is to be taken with each radical quantity. Or if 

A 
we merely know in which quadrant the angle -jr lies, we can 

determine the proper signs ; for example, if -^ is an angle between 

180° and 270^ both its sine and cosine must be negative quantities. 

A A 

98. By Art 82 sin A = 2 sin - cos- , 

also 1 = sin' — + cos' -^ , 

thus f sin-^ +oos^j = 1 +sinil, 

and (sin^ — cos^J = 1 -sin-i; 

A A 
therefore sin-o +cos-r = ^(1 +sin-4) (1), 

A A 
and sin— -cos— = ^(1 —sin -4) (2); 

tlierefoi*e 2 sin - = ^(1 + sin -4 ) + ^(1 - sin A), 

A 
and 2 cos ^ = ^(1 + sin -4) - ,^(1 - sin A). 

99. Since we may suppose either the positive or negative sign 
to be placed before each of the radical quantities in equations (1) 
and (2) of the preceding Article, we see that corresponding to onA 

value of sin^l there are /our values for cos-^ and fw/r values for 
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A 
sin-^ , and the reason of tHis may be assigned. For if a be an angle 

which has a certain sine, then the formula nw + (— 1)* a includes all 
the angles which have the same sine; therefore any expression 

which gives the value of sin ^ in terms of sin a may be expected 

to give the value of the sine of every angle included in the 
formula i{n7r + (—1)" a}. 

First suppose n even and equal to 2m ; then 



dn^ {w7r+ (- 1)" a} = sin f mTT + - j = sinmircos^ + cos 



a . a 

= cos rmr sin ^ = «fc sm ^ . 



Next suppose n odd and equal to 2w + 1 ; then 
Sin J{w7r+ (-1) a}= sm ( mTT + -^ j=smm7rcos -^+cosm7rsm-y- 



. w— a . TT— a a 

= cos WITT sm. Q = afc sm — jt— =«fc cos^ • 



Thus four values occur for the sine of half an angle when the sine 
of the angle is given. 

Similarly any expression which gives the value of cos^ in 

terms of sin a, may be expected to give the value of the cosine of 
every angle included in the formula ^ {mr + (—!)" a}. 

First suppose n even and equal to 2m ; then 
cos J {7Mr + (— l)"a} = cos (m7r + ^j = cosm7roos^-sinmir sin^ 

a a 

= cos WITT COS ^ = sfc COS ^ . 

Next suppose n odd and equal to 2m + 1 ; then 



1 r / i\« 1 / TT— a\ TT — a • . TT- 

ii{nw+(— 1) a}=cos ( mir + -^ j=oosmircos— ^ — sinmTrsm - 



w — a IT — a . a 

= cos mw cos — ^ — = * cos — ^ — = * sm ^ . 



T. T. 
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Thus four values occur for the cosine of half an angle when the 
sine of the angle is given. 

100. K sin A only be given and nothing more be known 
respecting Ay then the ambiguities of sign which occur in Art. 98 
cannot be removed. If however A itself be given, or if we merely 
know in which quadrant the angle A lies, we can determine the 
proper signs; for in any particular case we may proceed thus. 

We have 

A A 
sin— + cos— = ±^(1 +sinui) (1), 

A A 
sin — -cos — = ± ^(l-sin-4) (2). 

A 
Now suppose, for example, that A Kes between and 90°, then -^ 

A A 

lies between and 45°; therefore cos -^ and sin -^ are both positive 

A , , A 

and cos -^ is greater than sin -^ ; hence the left-hand member of (1) 

is a positive quantity, and we miist therefore take the positive sign 
in (1), and the left-hand member of (2) is a negative quantity, and 
we miist therefore take the negative sign in (2). Therefore if A 
lies betwee^ and 90°, we have 

A A A A 

sin -^ + cos ^ = + ^(1 + sin A\ sin -^ - cos — = - J(L - sin -4) ; 

A 
therefore 2 sin -^ = + Ji). + sin -4) - ^(1 — sin A), 

2cos - = +^(1 +sin-4) +,^(1 -sin -4). 

For another example, suppose that A lies between 270° and 360*, 

A A 

then "5 lies between 135° and 180°; therefore cos ^ is negative^ 

-4 . . . A , .A 

and sin -5- is positive, and cos -<r is numerically greater than sin-^ ; 

hence the left-hand member of (1) is a negative quantity, and we 
must therefore take the negative sign in (1), and the left-hand 
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member of (2) is a, positive quantity, and we must therefore take 
the positive sign in (2). Therefore if A lies between 270® and 360^, 
we have 

A A A A 

8inY + cos-^ = -,^(l +sinil), ^-a" ^^y"**" J(^-smA); 

therefore 2 sin-^ = -\/(l +siii-4) + iy(l — sin-4), 

2cos y = -n/(1 +sin-4)- ^(1 -sin-4). 

101. It is easy to give general formulsB for determining the 

A A A A 

signs of sin -s- + cos 77- and sin rr- - cos 77- . 
^=> 2 2 2 2. 

^ .A A ^^/ I . A 1 ^\ .„ . /^ 7r\ 

rorsm^+ cos 2-= ^/2 (^-^sin^ + -^cos^j = V2sm(^^ + jj ; 

(A ir\ A IT 

■^ + jj IB positive if-^ -{- j lies between 2wir and (2/i + l)7r, 

A V 
axid negative If-^ +2 lies between (2w + l)wand {2n + 2)ir, where 

. A A 

n IB zero or any integer positive or negative. Thus sin -^ + ©os ^ 

A IT StT 

is positive if y lies between 2w7r - j ^^'^ ^'"^ "*■ T > ^^^ negative if 

TT- lies between 2n7r + -7- and 2nir +-r • 
^ 4 4 

A A /A 7r\ 

Similarly sin-5--cos -^ ■■ n/2 sin f -^ "" 7) i ^^^ hence we can 

infer that sin -3- — cos -^ is positive if -^ lies between 2m7r + j and 

2rMr + -^, and negative if -^ lies between 2rMr + -j- and 2m7r + -j , 

where m is zero or any integer positive or negative. 

We will apply this to an example : required the limits between 

which -^ must lie in order that 

2Bin-^ = -^(l +8inil)-,y(l -siuil). 
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To obtain this result the lower sign must be taken in (1) and 

A 
in (2) of Art. 100; thus from (1) we infer that -^ must lie between 

o It J 

2mr + -T- and 2mr + —r J and horn. (2) we infer that -pr niust Ke 
4 4 ^ 2 

between 27Wir + -^ and 2m7r + -r- : hence, combining these resultB^ 

we see that -^ must lie between 2mr + -7- and 27i7r + -.- , where n 
2 4 4 

is zero or any integer positive or negative. 

2tan-2 

102. By Art. 85, tan A= i ; 

l-tan'=- 
2 

A A 

put c for tan-4 ; thus c tan* "o + ^ ^^'^ T " ^~ ^ ^ 

aierefore taa^= zJjL>Al±£2. 

2 c 

103. The reason why two values occur in finding the tangent 
of half an angle when the tangent of the angle is given, may be 
assigned as before. For if a be an angle which has a certain tan- 
gent, then the formula mr + a includes all the angles which have 
the same tangent; therefore any expression which gives the value 

of tan j: in terms of tan a may be expected to give the value of the 

tangent of every angle included in the formula \ {mr + a). 
First suppose n even and equal to 2m ; then 

- tan i {mr + a) = tan Imir + «) = tan x . 

Next suppose n odd and equal to 2m + 1, then 

tani(7i7r+a) = tai^ + ^) = tan^ = tan0+|)=-^^^^ 

Thus two values occur for the tangent of half an angle when the 
tangent of the angle is given. 
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104. K tan A only be given and nothing more be known 
respecting Ay then the ambiguity of sign which occurs in Art 102 
cannot be removed. If however A itself be given, or if we merely 

know in which quadrant ^ lies, we know whether tan | is positive 

or negative, and thus we know which sign we must take. 

A A 

105. By Art. 91, cos -4 = 4 cos" -^ - 3 cos — . 

Thus if cos A be given we have a cfuhia equation for determining 

A 
cos ^ ; and the reason for this may be assigned as before. For if a 

be an angle which has a certain cosine, then the formula %mc d= a 
includes all the angles which have the same cosine ; therefore any 

expression which gives the value of cos « in terms of cos a may be 

o 

expected to give the value of the cosine of every angle included in 
the formula \ (2n7r J= a). Now n is of one of the forms 3m, 3w + 1, 
3w-l. 

Eirst suppose n = 3m ; then 

cos \ (Snir de a) = cos f 2m7r«*B ^ j = cos ^ . 
Next suppose n = 3m + 1 ; then 

cos I (2n7r «fc a) = cos ( 2m7r + — ^ — j = 
Lastly suppose n = 3m — 1 ; then 



27r * a\ 27r * a 

cos — = — 



cos I (2wir «fc a) = cos r 2m7r ^^ J = cos — ; 



a 



Thus three values occur, namely cos ^ , cos — 5 — , cos — 5 — . 

106. By Art. 91, sin^ = 3sin|-4sin«| . 

Thus if sin ^ be given, we have a cfohio equation for determining 

A 
sin -K \ ai^d the reason for this may be assigned as before. 
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EXAMPLES. 

1. Shew that 2 sin -^ = — ^(1 + sin ^) - ^(1 - sin -4), when J 
lies between 450° and 630°. 

A . A . 

2. Obtain cos -^ in terms of sin A when -^ lies between 405* 

and 495°. 

A . A . 

3. Obtain sin -jr in terms of sin A when -^ lies between — 45* 

and - 135°. | 

4. Determine the limits between which A must lie in order 
that 2 sinil =- ^(1 +Bin 2^) + ^(1 -sin 2^). 

5. Determine the limits between which A must lie in order 
that 2 cos il =- ^(1 + sin 2A) + ^(1 - sin 2A). 

6. Determine the limits between which A must lie in order 
that 2 sin^ = ^(1 + sin 2A) - J{1 - sin 2A). 

7. Divide a given angle into two parts whose sines shall be 
in a given ratio. 

8. Divide a given angle into two parts whose cosines shall be 
in a given ratio. 

9. Divide a given angle into two parts whose tangents shall 
be in a given ratio. 

10. Given tan « = 2- J^, find sin-4. 

11. Given sin 210° = - i find cos 105°. 



24 

12. Given taii24=-^. find sin.1 and cos^. 

13. Find tan 165° from the known value of tan 330^. 
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lA en. J.I. xi. «-^ 2 sin -4 - sin 2^ 

14. Shew that tan' -r- = ^r— ^ ^ ; jr-r . 

2 2 sin il + sin 2^ 

1- /iQn« A\ o 180* + ^ 180*-.^ 
lo. vers (180* - -d) = 2 vers ^ vers ^ • 

-4 — 5 

16. (cos^ +COS J5)*+ (sin ^ + sin -5)' = 4 cos* — ^ — • 

A ^B 

17. (cos A - cos By + (sin -4 - sin -S)' = 4 sin* — ^ — . 

18. Shew that sin 22^** = ^^^ ^ ^^\ cos 22^^ = '^^^^'^^^ , 
and tan 224* = ^2-1. 

. 19. (tan^ + cot^)2tan^/'l - tan* ^^ = /' 1 + tan* —V. 

«/N X • /'T -^\ sec ^ + tan -4 
20. tan 



■•(M)- 



sec -4 — tan A ' 
e\ fir e\ sm9 



«- . /TT ^\ /TT 6/\ sin^ 

21. sm^j-2J^^^^J-2) = V(^^^)- 

22. Shew that 4 sin* | A - sin |^ = {1 - ^(1 + siu ^)}*. 

23. cos - + cos* - - 4- cos* -^ + cos* ~ = ^ . 

O O O Q ^ 

24. tan 7J'= ^6 - ^3 + V?-2. 

25. tan 142^° = 2+^2-^3-^6. 

26. If tan ip =5= (2 + ^3) tan ^ , find the value of tan x. 

o 

27. If a= (71+ 2* ^J'T, where n is any integer, find the value 
of tan a + cot a. 

no Tr '"' £ Ji Li. ^ r COS a COS 13 O 

28. If a = Trr , find the value of r ^- . 

17 cos 3a + cos 5a 

29. If sec (^ + a) + sec (<^ - a) = 2 sec ff>, then cos ^ =,^2 cos ^ . 

30. Iftans = (i ) tan^, shew that cos ^=.i — r. 

2 \l-c/ 2' l-ccosc{» 
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Vin. MISCELLANEOUS PEOPOSITIONS. 

107. Tofir^ the sine <md the cosine o/.an angle of 18^ 

Let A denote an angle wMch contains 18°, then 2 A contains 
36° and 3-4 contains 54°; hence, by Art. 29, sin 2-4= cos 3-4, 

therefore 2 sin ^ cos -4 = 4 cos'' -4 — 3 cos -4; 

divide by cos -4, thus 2 sin-4 = 4 cos' ^ — 3 = 1 — 4 sin* A, 

therefore 4 sin* ^ + 2 sin-4 — 1 = 0; 

by solving this quadratic equation we obtain 

Bin -4 = j-^2^— . 

4 

Since the sine of an angle of 18° is a positive quantity we must 
take the upper sign, therefore 

and cosl8'=V(l-8in'18')='i^^Hiii^. 

108. To find the sine and the cosine of an angle of 36". 
cos 36» = 1 - 2 sin* 18» = 1 - 2 ^^5^y = 1 - ^^:|5^ 

"4 r~' 

sin 36» = ^(1 - cos" 36") = ^<^^ '^'^^^ . 

109. Hence the values of the Trigonometrical Batios for 
angles of 54° and 72° are known; for 

sin 54° = cos 36°, cos 54° = sin 36°, sin 72° = cos 18°, cos 72° = sin 18*. 

110. The reason why more than one result was obtained in 
-Art 107, is that the equation sin 2-4 = cos 3-4 is true for some 
other values of A besides 18°. This equation may be written 

cos (90° - 2A) = cos ZA, 
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Hence we conclude that 90^ — 2-4 must either be equal to 3 A 
or to one of the angles which have the same cosine as 3^ ; thus 
every admissible value of A will be found from the equation 

90"-2^«7A.360°=fc3^; 

where n is zero or any integer positive or negative ; 

*. 90°-w.360° . 

thus A = Tz . 

2*3 

For example, if n = and we take the lower sign in the de- 
nominator, we obtain ^ = — 90^ j this value of A makes cos ^ <= 0, 
and thus we see a reason for the appearance of the factor cos A 
which was removed by division in Art. 107. Again, if we put 
n = l and take the upper sign in the denominator, we obtain 

^«^^ = -,54:^jandsin(-54:°) = -sin54"=-cos36" = -- -^"*'^^^ ; 

and thus we see a reason for the appearance of the other root in the 
quadratic equation of Art. 107, besides the root which we \ised. 

111. To Jind the sme and the cosine of an angle of 9^, and 
of an amgle o/SV, 

By Art. 100, 

sin 9Vcos9'» = V{1 + sin 18*^)= -^^^^^i^, 

sin 9' - cos 9"= - V(l - sin 1 8") = - "^^^^^i^ ; 

therefore sin9'=^^i^±^^^)pfc^), 

^9. = N/(3+i/5)jtV(6z^)_ 

4 

And sin8P = cos9<>, cos8P = sin9®. 

We have now found expressions for the sines and the cosines 
of the foUowing angles, 9^ 15°, 18", 30°, 36°, 45°, 54°, 60°, 72°, 75°, 
Sl\ (See Arts. 36, 37, 92, 107, 108, 111.) 

Since 3°= 18° — 15°, we can obtain the sine and the cosine of 3° 
from those of 18° and 15° by Art. 77 ; and then by means of 
Art 76 combined with results already obtained, we can easily find 
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the sine and the cosine of any angle comprised in the series 
3^ 6°, 9°, 12V.. 

112. In Arts. 82 and 91 we have given expressions for sin 2 A, 
cos 2 Ay sin ZA, and cos 3A in terms of sin^ and cos^ ; we may 
also express the sines and cosines of iA, 5 A,... in a Bimilar way. 

For sin (n + l)A + sin {n^l)A = 2 sin nA cos A; 

therefore sin (w + l)A = 2 sin w^l cos -4 — sin (w — 1)^1 ; 

let n = 3 ; thus sin 4^ = 2 sin 34 cos4 — sin 2^; 

let n = i; thus sin 54 = 2 sin 44 cos 4 — sin 34 ; 

and so on; thus we can find in succession sin 44, sin 54,... , in 
terms of the sine and cosine of 4. 

Similarly, the formula 

cos (n + 1) 4 + cos (w — 1) 4 = 2 cos nA cos 4, 
may be used to find in succession cos 44, cos 5 A,,,, 

This subject will be considered agaiu hereafter, and we shall 
then give general formulae for the sine and the cosine of ttA in 
terms of the sine and cosine of 4 for any integral value of n, 

113. It is easy to find expressions for the Trigonon^etrical 
Hatios of any compound angle in terms of the Katios of the oom- 
ponent angles. For example, 

sin (4 + ^ + (7) = sin (4 + 5) cos C + cos (4 + ^) sin (7 

= sin4 cos -B cos (7 + sin 5 cos (7 cos 4 

+ sin C cos 4 cos B — sin 4 sin B sin 0. 

Cos (4 + ^ + (7) =cos (4 + ^)cos C -sin(4 + J5) sin C 

s cos 4 cos B cos C - cos 4 sin B sin C 

— (JOS ^ sin 4 sin (7 — cos (7 sin 4 sin ^. 

^ ' cos(4+^ + (7) 

sin4cos^c osg-t-sinJgcos(7cos4-t-sin(7cos4coSjg-sin4sinjgsin(7 
cos4 cos^cosC— cos4sin-5sinC7-cos-Ssin4sin(7— cos(78in4sinjB' 

divide both numerator and denominator of the last expression by 
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cos Aco&BcoaC ; thus we obtain 

.. jy ^Ti ^^"^ -^ ■•" *^^ ^ "*■ ^^"^ ^ - ^^"^ -^ ^^"^ -^ ^^ ^ 
^ ' "~ 1 — tan -ff tan C — taojL C tan -4 - tan J. tan 5 * 

Suppose J? and G each equal to ^ ; thus we have, as in Art. 91, 

^ ^. 3tan-4-tan'ui 
*^^^= I-3taixM • 

114. When three or more angles are connected by some 
relation, we may often find that some simple relation exists among 
some of their Trigonometrical Ratios. 

For example, if ^i + 5 + C = 180**, then will 

sin 2^ + sin 2^ + sin 2(7 = 4 sin il sin ^ sin (7. 

For Bin2ii+sin2-5 = 2sin(^ + -B)cos(^-^) = 2sinCcos(^-5) 

and 8in2C = 2sinCcosC = -2sinCcos(ii+^), (Art. 48); 
therefore 

Bin2^ +sin2J5+ sin 2(7 = 2 sinC{cos(^ -i?) -cos (^ +^)} 

= 4 sin (7 sin ui sin ^. 

Again, if A+JB+0 = 180^ then wiU 

ABC 
cos-4 + cosjB + cos(7«»l + 4sino^sin^sins* 

_ . A + B A^B „ . G A'B 
For cos -4 + cos -6 = 2 cos —x — cos — ^ = 2 sm ^ cos — ^ — > 

Q 

and cos (7 = I - 2 sin* ^ ; therefore 

cosil +cosJ? + oos(7=l + 2sm 2 (cos — ^ ®"^2 7 

, . , A , B , G 

= 1 +46m-^ film 2 sm-g. 

Again, if A + B + G ^ ISO^, then wiU 

tan A + tan B + tan G = tan ui tan B tan (7. 

For tanl80* = 0, therefore tan(^ +^ + (7) = 0; and therefor© by 
Art 113, tanii + tan^ + tan(7-taniitan-Btan(7 = 0. 
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Again, by Art. 113, 

^ ' taji-4 + taii-5 + tan(7 — taii-4 tan^tanC ' 

now cot 90*^=0; hence if ^ + -B + C = 90^ then will 

1 = tan B tan C + tan G tan ul + tan A tan -B. 

The relations which have been obtained in the present Article 
hold whether Ay B, and C are positive or negative provided that 
A + B+0=: 180°; thus they hold if A, B, and G are the angles of 
a triangle : but this is of course a particular case, as the angles of a 
triangle are all positive quantities. 

Any relation which has been found on the supposition that 

A + B + G= 180° will also hold when we change A, B, and O re- 

A B G 

spectively into 90°- -^ , 90°- ^ , and 90°--J5 : for on the suppo- 

sition adopted the sum of the last three angles is equal to 180^ 

115. For another example, suppose we have to investigate 
what relation must exist among the angles A^ B^ G^ in order that 

cos* -4 + cos'^ + cos' (7 + 2 cos -4 cos jff cos C - 1 may be zero. 

cos'-4 + cos' J? + cos'C + 2 cos ^ cos -B cos (7 — 1 

= (cos ^ + cos -B cos Gf + cos'-B + cos'C - 1 - cos'5 cos'C 

= (cos ^ + cos J? cos (7)' - (1 - cos'^) (1 - cos'C) 

= (cos -4 + COS J? cos (7)' — sin'-B sin' G 

= (cos-4 +cos^cos(7+sinJ5sinC)(cos-4 + cosJ?cos(7-sinjBsinC} 
= {cos -4 + cos (-B- G)\ {cos -4 + cos (B + G)\ 
, A^B--G A-B^G A+B + G B + G--A 

= 4 cos s cos s cos s cos jr . 

^ Z A 2 

Hence in order that the proposed expression may be zero, one of 
the four cosines last written must be zero, and thus one of the four 
compound angles must be some odd multiple of a right angle. 
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MISCELLANEOUS EXAMPLES. 

Prove the following formulsd : 

1. ^ ^ — — = 1 — tan B tan y — tan y tan a — tan a tan B, 

cos a cos p cosy i- i i r- 

2. ^ ^ — — = tan a + tan B + tan y - tan a tan B tan v. 

cosacospcosy f i i- § 

3. sin (a — )8) + sin (j3 - y) + sin (y - a) 

- . a — B , B — y . y — a ^ 
+ 4 sin ■ sin - ^ ' sin ' = 0. 
^ J iJ 

4. 4 sin (^ — a) sin (md — a) cos (B — m^) 

= 1 + cos (2^ - 2me) - cos (2d - 2a) - cos {2me - 2a). 

5. sin(a+)8)cosj8 — sin(a + y) cosy = sin (j8 — y) cos(a+j8+y). 

6. cos (a + j8 + y) + cos (a + /3 - y) + cos (a + y — j8) 

+ cos (j8 + y — a) = 4 cos a COS j8 COS y. 

7. cos 2a + COS 2P + COS 2y + COS 2 (a + j3 + y) 

= 4 cos (a + P) cos ()S + y) cos (y + a). 



8. 



sin a sin iS 

sin (a — j8) sin (a — y) sin ()8 — y) sin ()3 — a) 



"^y =0. 



sin (y — a) sin (y - )§) 

9. cos (a + ^) sin j3 — cos (a + y) sin y 

= sin (a + P) cos j8 - sin (a + y) cos y. 

10. sin (a + j8 - 2y) cos j8 - sin (a + y - 2)8) cos y 

= sin(/J-y){cos(/J + y-a) + cos(a + y-j8) + cos(a + )8-y)}. 

11. sin(a + )8 + y)sin)8 = sin(a + )8)sin(j8 + y)-sinasiny. 

12. sinasin)3sin(j3-a) + sin)8sinysin(y-)8) 

+ sin y sin a sin (a-y) + sin (j3- a) sin (y-)8) sin (a - y) = 0. 

13. cos(a + j8)Bin(a-j3) + cos(i3 + y)sin()8-y) 

+ cos (y + 8) sin(y-8) + cos (8 + a) sin (8- a) = 0. 
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14. sm (8 - /3) sin (a - y) + sin ()3-y) sin (a- 8) 

+ sin(y-8) sin(a-)8) = 0. 

JfA + JB+C = irf prove the following formula contained in the 
examples from 15 to 35 inclusive. 

A B G A JB C 

15. cot ^ + cot -^ + cot ^ = cot ^ cot jj cot "5 . 

ABC 
^ 16. Bin-4 + sin-B + sin(7 = 4cos^cos^cos^. 

J . iB iB 

A B 
(/17. sin-4-sin-fi + sin(7 = 4sinjrCos^sin;r. 

/ 18. cos 2-4 + cos 2-5 + cos 2C + 4 cos-4 cos-B cos C + 1 = 0. 
19. cos 4ii + cos 4J^ + cos 4(7 + 1 = 4 cos ^A cos ^B cos 2(7. 
„^ ^ ^ (7 , ^-^ TF'B ir-G 

20. COS-ji + cos ^r + cos ^ = 4C0S — - — COS —. — COB — -. . 

A Z Z 4: 4 4 

„- ui J? (7 , ir-^A ir-B ir + (7 

21. cos ^ - COB -jr + cos -jr = 4 cos — - — COS — -. — COS — -. — . 

^ J 25 4: 4: 4 

ort .A , B . (7 . . IT — A . IT — -B . v-C 

22. sm7r+sm^+sm^-l = 4 sm — ^ — sin — - — sm — - — . 

J J J 4 4 4 

23. sin'J +sin*-B + sin'(7-2cos-4 cos-Bcos(7 = 2. 

. 24. sin* 2A + sin* 25 + sin* 2(7 + 2 cos 2A cos 25 cos 2(7 = 2. 

25. tan ^ tan ^ + tan - tan ^ + tan - tan « * !• 

„^ sin-4 + sin-S~sin(7 ^ A^ B 

26. -^ — -. ; — = T—7t = tan -^ tan ~ . 

smil + sm5 + sin(7 2 2 

27. 1 +cos.i cos 5 cos (7 = cos -i sin 5 sin (7 + cos 5 sin il sin (7 

+ cos C sin ul sin 5. 

28. cot-4 + cot-S + cot(7 = cot-4 cot-Bcot(7 

+ cosec il cosec B cosec (7. 

«/% * 9O (sin 5 + sin (7 - sin -4) (sin (7 + sin -4 — sin 5) 

29. sm'^ = ^ A ' A ' p -• 

2 4 sm .4 sm 5 

30. The expression cot A + -: — =7-7 — 7c will retain the same 

^ sm 5 sm 6 

value if any two of the quantities A^ B, G, be interchanged. 
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ABC 

. ^ . n . y^ tan 77 tan -r tan rt- 

«.. tanui+tan^ + tanC7 2 2 2 



33. Bin7i^ + sinnJ?+sin7i(7"— 4cos-^ sin-^ sin-^ sin , 



(sin J. + sin j5 + sin (If 2 cos J. cos ^ cos (7 * 

QO • i • » . •v i . WT ^^ ^^ **^ 
32. sin w4 + sin w^ + sin nU = 4 sin -^ cos -^ cos -^ cos -^ , 

if 91 be an integer of the form 4m + 1 or 4m + 3. 

nv , nA , nB . nC 

-TT- sin —rr sin -^ sin -r 
2 2 2 2 

if n be an integer of the form 4m or 4m + 2. 

«, A B , B + A-hO A-t-B 

34. cos ;r- + cos ^ + cos r; = 4 COS COS -. COS — -. — . 

2 2^ 4 4 4 

^^ tanui tan J? tan (7 tan^ tan J? tan (7 
tan^ tan (7 tan^ tan (7 tanJ. tan^ 

= sec -4 sec ^ sec C - 2. 

36. If the sum of four angles be two right angles, the sum of 
their tangents is equal to the sum of the products of the tangents 
taken three and three. 

rt- _^tan(^ — jB) sin'C - ., . . ^ ^ .^ 

37. If — ^ — T— ^ +-r^-j-=l, prove that tan ^ tan 5 = tan'C. 

tan^l sinM ^ 

„« -,. tan* a cos i3 (cos a; — cos a) 

38. Given r— to = — t 5\ > 

tan"p cos a (cos x — cos p) 

shew that tan" ^ = tan* ^ tan' ^ . 

Qft Ti? ,^ cosa ,^ cosa' , tan tf tana 

39. If cos'^ =■ 5, cos'^ = 5 , and . — ^ = . , , 

cosp cosp' tan^ tana 

, a - a « p 

shew that tan' ^ tan' ^ « tan' ^ . 

40. If cos a = cos jS cos ^ = cos ^ cos ^^^ and 

sina = 2sin^8in^, shew that tan* ^ = tan* ^ tan' ^ . 

41. If ?54^=«5i^, shew that 

sinp sm& 

cot^-cottf = cot(o + tf) +oot(a-j3). 
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42. If f^ - p^'= tan'a - Wft then cos (9 = ?^ . 

\sin^ tan^/ '^' tana 

43. If tan <^ = cos $ tan a, and tan a' = tan sm ^^ 
then one value of tan -^ is tan — ^ — tan — jr — . 

44. Find the relation between the angles a, j8, y, when the 
cosines are connected by the relation 

1 - cos'a - cos'jS — cos'y + 2 cos a cos p cos y = 0. 

X y z 

^^sinVa-i8) + ?^sin'08-y)+^±^sinVy-a) = O. 
x — y ^ y — z ^ '^ z — x ^' ' 

. ^ T/. tan* 9 tan* <i - , sin ^ sin 6 
46. If -—^ + T—rk = h and - — = -r— ^ , 
tana tajr p sin a sinp' 

shew that sin^s 



^(l±cosacos)S)* 

sin(^-a) _ a c os (<9 - a) a' 

*^' ^ sin(^-)3)"6 ^'^cos(^-^) 6" 

then cos (a — )S) = -tt tt • 

48. Having given tan 6 = -; — jrz ;: , shew that one of the 

^^ ^ sin^ + cos^' 

values of tan ^ is tan ^ tan 



(i-f)- 



49. Given cos ^ = cos a cos )S, cos & = cos a cos )8, 

tan ;^ tan - = tan ^ , shew that sin*)S = (sec a — 1) (sec a' — 1). 

50. Having given that sin (5 + C — ^), sin (0 -^-A — B), and 
sin (^ + ^ — (7) are in arithmetical progression, shew that tan A, 
tan B and tan (7, are in arithmetical progression. 

51. If the sines of the angles of a triangle be in arithmetical 
progression, the cotangents of the half angles are also iu aritli- 
metical progression. 
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52. If the sum of the squares of the cosines of the angles of a 
triangle = 1, the difference between the greatest and least angle is 
equal to the mean angle. 

63. l£A-\-B + G=lSQ%mdBm(A + ^\==nsm^, 

shew that tan -^ tan -r- = r . 

2 '2 n-i-i 

am A sin ^ sin (7 



54. Ifii+J5 + C = 180^and 



X y z ' 



G A B 

then (« - y) cot -^ + (y - z) cot -^ + (« - a?) cot -k = ^* 

65. 11 A + B + G — mir vhere m is any integer, then 
tan A + tan B + tan G = tan A tan B tan G. 

56. Shew that if a, 13, y, and x are any angles 

sin (2a + «) + sin (2^8 + a) + sin (2y + a?) - sin (2a + 2j3 + 2y + Bx) 
= 4 sin (a + j3 + 05) sin (^ + y + a?) sin (y + a + 05). 

57. From the preceding result deduce two special cases by 
supposing respectively that x = and that x = -^; and from these 
cases obtain the first two relations of Art. 114. 

68. If a, j3, y be any angles, shew that 

a 3 y 
sin a + sin )3 + sin y - 4 cos ^ cos -^ cos ^ 

. a + j3 + y--7r 



2sm 



r Za-B-y + v 3/?-a-y + 7r 
< COS ^-j-^ + cos -^ J— ^ 

3Y--a-/?+7r a + B+y — ir) 

+ COS -^ ,- + cos ^—j-^ } . 

4 4 J 

59. Express cos SO in terms of cos 0. 

60, Shewthat sin 6^ = 2 sin ^(16 cos* ^- 16 cos* d + 3 cos ^). 



T.T ^ 



( 82 ) 



IX. CONSTRUCTION OF TRIGONOMETRICAL 

TABLES. 

116. IfOhelJie ci/rcula/r measure of a positive cmgle less than 
a right angle, $ is greater than sin 6 amd less tlian tan 0, 

Let AOB be an angle less than a right angle and let OB = OA] 
from B draw BM perpendicular to OA and produce it to (7 so that 
MG = MB ; draw BT at right angles to OB meeting OA produced 
at T, and join CT and 00. Then the triangles MOO and MOB 
are equal in all respects, so that the angle ^0(7 = the angle TOB; 
therefore the triangles TOG and TOB are equal in all respects, so 
that TOO is a right angle, and T0= TB, 

With centre and radius OB describe an arc of a circle BAG; 
this will touch BT at B and GT at G. 

Now we assume as an axiom that the straight line BG is less 

than the arc BAG ; thus BM the half of BG is less than BA the 

BM BA 

half of the arc BAG; therefore 777,- is less than -pr^; that is, the 

(/x> OB 

sine of AOB is less than the circular measure of AOB. 




Again, we assume as an axiom that the arc BAG is less than 
^e sum of the two exterior lines BT and TG ; thus BA is less than 
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BT; therefore -prr^ is less than 7?-= ; that is^ the circular measure of 

AOB is less than the tangent of AOB» 

Hence sin B, 6, and tan $ are in ascending order of magnitude 

if be less than ^ . 

117. We have assumed two axioms in the preceding Article; 
the first is so obvious that it will be readily admitted; but the 
second is more difficult. The student is recommended to postpone 
this point for future consideration. It is however easy to shew 
that the assumption may be made to depend upon another 
almost identical with that which we have already been compelled 
to make in Art. 14. For divide the arc BAG into any number of 
arcs and draw tangents at the points of division; then from the fact 
that two sides of a triangle are greater than the third, it follows 
that the perimeter of the portion of a polygon thus formed, is less 
than the sum of BT and TC by a Jmite difference. Moreover 
this perimeter diminishes as the number of points of division is 
increased. Now assume as in Art 14 that the perimeter of the 
polygon can be made to differ as little <m we please &om the arc 
BAG by sufficiently increasing the number of sides and diminishing 
the length of each side; thus it follows that the arc BAG is less 
than the sum oi BT and TG. 

118. Tha limit of when $ is indefinitely diminished is 

uniij^. 

For sin $, 0, and tan $ are in ascending order of magnitude ; 

1 

divide by sin fl : therefore 1, -: — ;: , and - — ^r ore in ascending order 
•^ ' 'smd cos^ 

1 
of magnituda Thus -; — 7; lies in value between 1 and ;r ; but 

when $' is zero, cos is unity; hence as diminishes indefinitely 

-T— J approaches the limit unity. Therefore also — ^ approaches 

the limit unity. 
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tan B sin ^ 1 _ tan 

And as — ^ = — g- x — g, the limit of — ^ when is 

indefinitely diminished is also unity. 

119. From the preceding Article we see that the limit of 

m sin ~ when m increases indefinitely is a. 
m *f if 

For msin— = asin — -4-— : and when m is indefinitely ereat 
m, m 711 •' ® 

am — -f — IS unity. 
mm 



Similarly the limit of m tan — when m increases indefvnMly is a. 



It must be carefully remembered that in the important propo- 
sition of the preceding Article, 6 is the circular measure of the 
angle considered. If any other unit of angular measurement be 
adopted instead of the unit of circular measure, the limit under 
consideration will not be unity. For example, let us find the limit 



sinw® 



of when n is indefinitely diminished. Let 6 be the circular 

n 

measure of an angle of n degrees, then = rr^jr; thus 

sinw® sin^ __ tr sin^ 
"tT" "T80T ~ 180 • ""F • 

C' 

Now when n diminishes indefinitely, 6 does so also, and the limit 

sin. (9 sm tl 

of — 77— is imity : hence the limit of when n is diminished 

$ *' n 



indefinitely is ^r^ , wliich is the circular measure of an angle of 

sin Vb 
one degree. Similarly we may prove that the limit of when 

n is indefinitely diminished is the circular measure of an angle of 
one mimUe; and so on. Thus we shall find that, whatever be the 
unit of angular measurement, the limit of the ratio of the sine of 
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an angle to the angle, when the angle is indefinitely diminished, 
is the circtda/r measn/re of the unit, 

120. If he the evrctdar measure of a positive angle less than 
a right a^le, sin $.is greater than --^ , 



For sin tf = 2 sin ^ cos ^ ; and tan ^ is greater than ^ , therefore 

BO 

sin ^ is greater than h cos ^ ; therefore sin ^ is greater than 



2 ^ cos' -5 , that is greater than cos* ^ , that is greater than 

1 — sin* ^ j . And sin* ^ is less than ( o ) > therefore a fortiori 

(&'\ &^ 

1 — J j ; that is, sin d is greater than 0—-.. 



121. Thus we see that if lie between zero and a right 

4 



angle sin is less than and greater than ^ — t ; ^i^d therefore 



sin ^ is less than ^ and greater than « — oo • 

/0\' 

Now cos^=l -2sin*^. Thus cos tf is greater than 1 -2 f^j , 

0* /O o^\^ 

that is greater than 1- o"* -^^^^o cos is less than 1 - 2 f ^ - — j , 

^ 0* /^\* 
that is less than ^ ~ o "•" i g "" ^ (^) ^ ^©^efore a fortiori cos is 

0' ^ 
less than 1 - „ + vS • 

2 16 

122. To calmUUe approximately the sine of 10". 
The circular measure of 10" is -.Qn^gA ^gn > ^^^ ^ 



180 X 60 X 60 ' 64800 ' 

therefore the sine of lO'' is less than grggQ a^d greater than 
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aAQfif) *" 7 ( giftoo ] * If w© take for w the approxiinate value 



IT 



3-141592653689793. ..we find^T^= -000048481368110...; the 

o4o00 

sine of 10^' is therefore less than this decimal firaction. And 



64800 
is less than '00005, therefore a fortiori, sin 10" is greater than 

•000048481368110 -| (-00005)'; that is, sin 10" is greater 

than -000048481368078 

"We have thus found two decimal fractions between wlmsh 
sin 10" must lie, and these decimal fractions agree in their first 
twelve %ures; therefore we may say that 

sin 10"- -000048481368 

and we are certain that the error is less than^^rx^ . 

The value of cos 10" may then be found approximately since it 
is ^(1 —sin' 10"); or we may make use of the results established 
in Art. 121. Thus it will be found that as far as thirteen places 
of decimals we have 

cos 10"= -9999999988248 

123. It appears from the preceding Article that as far as 
twelve places of decimals we have sin 10" = the circular measure 
of 10"; and in the same way we may shew that sin 1" = the cir- 
cular measure of 1" very approximately. And if ti be any sznall 
number of seconds, we shall have approodmcUeli/ sin nf' = the drcalar 
measure of w" = n times the circular measure of V' = nx sin 1". 

^ the circular measure of w" . . , ., . - , 

Thus w = : — p? approximately; that is the 

number of seconds in any small angle is found approximately by 
dividing the circular measure of that angle by the sine of one 
second. 

124. We shall now shew how to calculate the sines of angles 
which form an arithmetical progression having 10" for the common 
difference. 
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Let a denote any angle, then 

sin (w + 1) a + sin (w — 1) a = 2 sin na cos a; 
suppose 2 cos a = 2 — ^^ then 

sin (n + l)a + sin (w — 1) a = (2 — A:) sin no, 
therefore sin (w + 1) a — sin na = sin na — sin (w — 1) a — ^ sin wa. 

Now suppose a = 10", then sin a is known and cos a is known, 
and therefore Ic is known; we put n = l, and thus we obtain the 
value of sin 20" -sin 10", and thence the value of sin 20"; next 
we put 71= 2, and thus we obtain the value of sin 30" — sin 20'', 
and thence the value of sin 30" ; next we put w = 3, and so on. 
It will be seen that the only laborious part of this dperation 
consists in the multiplication by k of the sines as they are suc- 
cessively found; but firom the value of cos 10" it follows that 
^= -0000000023604... and the smallness of ^ facilitates the process. 

125. When the sines of angles up to 45° have been calculated, 
those for the remainder of the quadrant might be deduced by the 
theorem 

sin(45'» + ^)-sin(45'»-.i) = 2cos45°sinii = V2.Binui; 

this would require the multiplication of the sines already found by 
the approximate value of /J2, If however we calculate the sines 
of angles up to 60°, those for the remainder of the quadrant may 
be very easily found from the theorem 

sin(60° + ui)-sin(60°-^) = 2cos60°sinii=sinA 

126. When the values of the sines of all the proposed angles 
in the first quadrant are known the values of the cosines are also 
known, for the cosine of any angle is equal to the sine of the com- 
plement of the angle. The values of the tangents can be found by 
dividing the sine of every angle by the cosine of that angle. The 
tangents of angles greater than 45° may be easily inferred from 
those of angles less than 45° by the theorem 

tan (45° + -4) - tan (45° - ^) = 2 tan 2 J, 
which gives 

tan (45° + ui) = tan (45° - ui) + 2 tan 2ii. 
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The cotangents are known since the cotangent of any angle is equal 
to the tangent of the complement of the angle. The oosecants may 
be obtained bj calculating the reciprocals of the sines ; they may 
however be obtained more simply from the tables- of tangents by 
the theorem 



cosec A=^< tan „ + ^* 9 f • 



The secants are known since the secant of any aiigle 16 equal 
to the cosecant of the complement of the angle. 

127. In the method adopted for calculating the sines of angles, 

the sine of IC was first obtained to twelve places of decimals, and 

then the values of sin 20'', sin 30'', ... were deduced in succession. 

It will not however follow that the values of the sines of all the 

angles are correct to twelve places of decimals, and it is therefore 

useful to be able to test the extent to which the results are correct; 

and moreover it is essential to be able to test the correctness with 

which the calculations are performed. We may for this purpose 

compare the value of the sine of any angle obtained in the manner 

which has been explained with its value obtained independeiitly. 

J*> — 1 
Thus, for example, we know that sin 18® = -^^^j — ; hence the sine 

of 18" may easily be calculated to any degree of approximation, and 
by comparison with the value obtained in the tables we can judge 
how far we can rely upon the tables. There are however two 
formulee which are usually called Jbrmulce of verification from the 
foct that they can be easily used to verify any part of the calculated 
tables. These formulsB are 

sin ^ + sin (72» + ^) -sin (72'»-J) = sin (36"+ J) -sin (36* -^), 

cos ^ + cos (72" + A) + cos (72" - ^) = cos (36" + ^) + cos (36" - A) ; 

they may be readily demonstrated; for 

sin (72" + il) - sin (72" - .1) = 2 cos 72" sin ui = ^^^^ sin ^, 
sin (36" + ^) - sin (36" - ^) = 2 cos 36" sin -4 =^^^i^ sin il. 



\ 
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therefore sill ui + sin (72« + il) - sin (72° - ii) == Sin ^ + ^^^^^ 

= >/5 ±1 sin ^ = sin (36" + J) - sin (36° - J). 

Similarly the second formula may be demonstrated; or it may be 
deduced from the first by changing A into 90° — A, 

Then if we ascribe any value to A, and take from the tables 
the values of the sines and cosines of the angles involved, these 
values must satisfy ihe/brmiUce of verification to a certain number 
of places of decimals, if the tables have been eorrectly calculated to 
that number of decimal places. 

128. Some further remai^ks upon Trigonometiical Tables will 
be given in Chapter XI., in which we shall explain the method 
of usiug such tables. "We will add here two theorems which will 
extend the results obtained in Art. 121; these theorems will 
furnish interesting examples although not of any immediate prac- 
tical importance. 

OC OS SB OB 

129. The limit of cos ^r cos -r cos q... cos ^ when the integer 

Bin OS 
n (s indefinitely increased is . 

OS OS 

For sin 05 = 2 sin ^ cos ^ 

. , X X X 

= 4sm-7 cos-rcos^ 
•4 4 2 

-, , X X X X 

= 8 sm Q cos Q cos 7 cos ^ 
o o 4 J 



cxm . X X XXX 

= 2"sm— cos^. COS3 COS7 cos X . 

2 2 8 4 2 

m, r XXX ojsinas 

Therefore cos ^ cos j cos^ cos^= ^— — . 

2"sm^ 
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OS 

And the limit of 2" sin ^ when n is indefinitely increased ia a^ by 

Art 119. 

This result is sometimes cited as HtUei^s Formula. 

130. To prove that if x he the circular measwre of a pantm 
angle less than a right angle sin x is greater than a; — -^ • 

"We have, by Art. 91, 

Sin SB = 3 Sin ^ - 4 sin" ^ 
o 6 



= 3^3 Bin |- 4 sin' |.)- 4 sin'? 



X 

3 



3 a* X M » %X g n • % X 

' Sin — , — 4 sin' ^ — 4 x 3 sm «-, 

= 3'(3 sin J-48m'|,)-4sin»|- 4 X 3Bin»f, 

= 3'sin|-4{'sm'|+ 3sm» |.+ 3'sm'|.}. 

Proceeding in this way we see tliat 
sin a; = 3* sin sj - 4 jsin' ^ + 3 sin' —,+ ... + 3*"'sin' j;!- . 

Hence, by Art. 116, sin x is greater than 

„. . X ix'C. 11 1 1 

^ ^"'3"~n^'^3'*y'^-'^3"*=»j' 

1-^ 
X 4a;' 3*" 
that is greater than 3* sin ^ — ^- .^^ , • 

Thus sin x exceeds the last expression ; and the excess does not 
vanish however great n may be: therefore sin x exceeds the limit 
to which the last expression approaches when n is made infinite. 
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OS 

But the limit of 3" sin .« is » by Art. 119 ; and the limit of 

o 

1 - rs is 1 : thus 

By proceeding as in Art. 121, we may now shew that 

cos a; is less than 1 — ^ + tt. • 

2 24 

(Le Cointe's Trigonometry ^ and Messenger of Mathematics ^ iii. 101.) 



MISCELLAlSrEOUS EXAMPLES. 

1. Let P be any point in a semicircle whose diameter is AB 
and centre C7; draw PM perpendicular to AB, and draw PA, PB; 
from this construction, observing that the angles BPM and PAM 
are each equal to half of PCB, deduce the formula 

1 — cos -4 , ^ A 

-= -7 « tan' -jr- , 

1+cosil 2 

d> 

, - tanjr tan^ 

2. If cos ^ = ^ — - , then >■ ,. ,v = -77 rt . 

a — 6 cos ^ ' ^(a + 6) <y (a — 6) 

3. Iftan*tf=2tan»«^ + 1, thencos2d + sin»«^ = 0. 

4. If sec 20 = 2 sec cosec 0, then cosec 20 = cosec* B — sec* 0. 

5. If tan = 71 tan ^, shew that tan' (0 — ^) cannot exceed 
(n-iy 

6. Beduce sin + sin ^ — cos sin (0 + ^) to a single term. 

«i XI ^sin)8cosa(tana + tan)3) sini(a-fi) - 

7. Shew that — ^ S^-Tm — ^ + — q - 1 / . m = 1- 

1 -cos (a+)8) cosjSsm J(a + j3) 

8. Knd approximately the height of an object which at the 
diBtance of a mile subtends at the eye an angle of one minute^ 
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9. Find approximately the distance at which a drcolar plate of 
six inches diameter must be placed so as just to conceal the Moan, 
supposing the apparent diameter of the Moon to be half a degrea 

10. If sin 3A=n sin A be true for any value of A besides nro^ 
or two right angles, or a multiple of two right angles, she^w that n 
must lie between 3 and — 1 ; solve the equation when n= 2. 

11. J£ta.n3 = -^ r-s- ,shewthattan(a-j3) = (l — n)tano. 

'^ 1 — 7i sm' a \ r-/ \ / 

12. If sin. 30 be given, determine the number of values of 
tand. 

13. Prove that 64 (cosM + sinM) = cos 8-4 + 28 cos 4-4 + 35. 

14. Find all the values of and <f> which satisfy 

cos ^ cos <^ + 1 = 0. 

15. If 7i'sin'(a+^)=sin*a + sin*)8-2sinasiii^cos (a-^, 

1 ± 71 ^ 

shew that tan a = -= tan p. 

16. Find the limit of -^^^^t^-^tthzi* ^^®^ ^ ^ indefinitely 

vers 26 cot 26 ■' 

diminished. 

Solve the following equations : 

17. 8ind + cosd=^2. 18. ^3 sin ^ - cos tf = ^2. 
19. sin2d = cos^. 20. cos ^ - cos 2d = sin 3^. 

21, (4-^3)(secd + cosecd) = 4(sindtand + cosdcot^). 

22. cotd-tand = cosd+sinA 23. 2 sin* d + sin* 2^=2. 

6^ 



24. tan d+ 2cot2d = sindri +tandtan^j. 



ir .. . e 



25. Bin«2d-sin*d = sin*^. 26. cosec d = ooseo ^ . 

o ^ 

27. cos tf cos 3d = cos 5d cos 7d. 28. sindsinSd-g. 
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29. 4siii»tf+Biii»2d=3. 30. (1- taatf)(l+sm2d)?=l+taaft . 

31. Bm0-fsiQ2d + sin 3^ + Bill 40 = 0. 

32. sin — cos = 4 sin cos' 0. 

33. (cot d - tan «)• (2 - V^) = 4 (2 + ^3). 

34. 2V2cosr^-^Vl + sintf)«l + cos3a 

35. sin 9^ + sin 5^ + 2 sin* d=l. 



X. LOGARITHMS AND LOGARITHMTO SERIES. 

131. It will be necessary now for the student to become 
acquainted with the nature and use of logarithms, and the mode 
of calculating them. As it is usual to introduce into works on 
Trigonometry a Chapter on these subjects, we shall repeat here 
part of the chapter on Exponenticd <md Loga/rithmic Series from 
the Algebra. 

132. Suppose a'=» n, then x is called tiie logarithm of n to the 
base a; thus the logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the number. 

The logarithm of n to the base a is written log^n; thus 
log^n = X expresses the same relation asa' =^n. 

For example 3* = 81 ; thus 4 is the logarithm of 81 to the 
base 3. 

If we wish to find the logarithms of the numbers 1, 2, 3, 

to a given base 10, for example, we have to solve a series of equa- 
tions 10' = 1, 10' = 2, 10' = 3, We shall see in some sub- 
sequent Articles that this can be done approximately, that is, for 
example, although we cannot find such a value of a? as will make 
lO's: 2 exa>ctly, yet we can find such a value of a; as will make 10' 
differ fi'om 2 by as small a quantity as we please. 



94 LOGARITHMS AND LOGABTTHMIC SERIES. 

We shall now prove some of the properties of logaiitihin& 

133. The logarithm of I is whatever the hose mauy he. 
For a* = 1, therefore log„ 1 = 0. 

134. Tlie loga/riihm oftJie hose itself is unity. 
For a* = a, therefore logaa = 1 . 

13d. Tlie logarithm of a prodioct is equal to the 8U/m of the 
logarithms of its factors. 

For let X = log„w, y = logaW ; 

therefore m = a', ns^a^; 

therefore mn = a'a^ = a'*^; 

therefore loga(mw) = a? + y = log^m + log^w. 

136. The logarithm of a qitotient is equal to the log<»rithm qf 
the dividend diminished by the logarithm of the divisor. 

For let X = log^m, y = logan; 

therefore m = a% w = o^; 



m a' 



therefore - =—=«"*; 



n a* 



therefore log^ -=x-y = logam - log^n. 

137. The logarithm ofanypower, integral or jftractional, of a 
number is equal to the product of tlhe loga/rithm of the nwmher and 
t/ie index of the power. 

For let m = a'; therefore m*" = {off = a**, 

therefore log^ (w) = nc = r log^Tw. 

138. To fmd the relation between tJiB hgarilhrm of the 9om$ 
number to differerU bases. 
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Let a = logaWi, y = logjm; 

therefore m — a' and = V ', 

therefore a* = lfl ', 

therefore a*=6, and 6' = a; 

therefore - = loffa5, aiid-=log6a. 



35 

Hence y = a; log* a, and = = r 

loefaO 



Hence the logarithm of a number to the base h may be found 
by multiplying the logarithm of the number to the base a by 

l0ga& 

We may notice that log^a x log^ft = 1. 

139. In practical calculations the only base that is used is 
10 ; logarithms to the base 10 are called common logarithms. We 
will point out in the next two Articles some peculiarities which 
constitute the advantage of the base 10. We shall require the fol- 
lowing definition: the integral part of any logarithm is called 
the characteristic, and the decimal part the mantissa, 

140. In the common system of logarithms, if the logarithm 
of any number he known we cam, im/msdiately determine the logo- 
rilhm of the 'product or quotient of tliat nv/mber by any power 
of 10. 

For log,,(i^x 10-) = log,,i^+log,J0- = log,,iV^+w, 

log,0 Jo"" = ^"^^^0 ^- log,, 10- = log,, iVr - Ti. 

That is, if we know the logarithm of any number we can 
determine the logarithm of any other number which has the same 
figures, but differs merely by the position of the decimal point. 
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141. In the cormnon system qf hgoHthms the charaderMe 
of the logarithm of any nvtwher can he determined by inspectipfn* 

For suppose the number to be greater than unity and let the 

integral part consist of n+\ figures, so that the number lies betwe^ 
10" and 10"'*'^; then its logarithm must be greater than n and ka 
than 71 + 1 : hence the ch^-racterisdc of the logarithm is ru 

Kext suppose the number to be less than unity, and let there 
be n ciphers between the decimal point and the first sjgnificaiit 

figure, so that the number lies between jr-^ and , - ^^ , that is, 

between 10~* and lO"*'*"'"*^; then its logarithm will be some 
negative quantity between - n and — (n + 1) ; hence if w^e agree 
that the mantissa shall always he positive^ the chaiacteristic will 
be- (71+ 1). 

142. By reason of the properties explained in the two pre- 
ceding Articles it is unnecessary in a table of common logaiithms 
to print either the characteristics of the logarithms or the Hftmrnftl 
points of the numbers. 

For example, we find in a table the followiqg figures : 

Number Ix)garithra 

15627 1038756 

This means that '1938756 is the mantissa; for the number 15627 
the corresponding characteristic is 4, and therefwe 

log 15627 = 4-1938756. 

Similarly log 156-27 = 2-1938756, and log '0015627 = 3-1938766: 
in the last example 3 is used instead of — 3, so that we express in 
the manner indicated the fact that log -0015627 =- 3 + -1938756. 

It is necessary to notice one point in practical operations 
with negative characteristics. 

Suppose we require the logarithm of the cube root of -0015627. 
By Art. 137 the logarithm is J of 3-1938756. The division here 
can be immediately efiected; for } of — 3 is — 1; and i of '1938756 

is -0646252: thus the required logarithm is 1*0646252. 
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But suppose we require the logarithm of the square root of 

•0015627. By Art. 137 the logarithm is J of 3-1938756. It is 

convenient now to put 3-1938756 in the form -4 + M938756; 
Uien dividing bj 2 we obtain — 2 + '5969378, so that the requii-ed 

logarithm is 2-5969378. 

SimDarlj if we require Uie logarithm of the sixth root of 

•0015627 we put 3-1938756 in the form -6 + 3-1938756; then 
dividing by 6 we obtain — 1 + -53231 26, so that the required 

logarithm is T-5323126. 

We shall now proceed to investigate formulsB for the calcula- 
tion of logarithms. 

143. To expand a' in a series of ascending powers ofx; that 
iSf to expand a number in a series of ascending powers of its 
lo'jarithm to a given base. 

a' = {1 + (ct - 1)}* ; and, expanding by the Binomial Tlieorem, 
we have {1 + (a-l)}-= 1 +rc(a- 1)+ -S?:i?:l(a-1)« 

a:(cc-l)(a;-2), _,, a(a;- l)(aj-2)(a;-3) , ,., 

= l+«|a-l-Ha-l)" + J(a-l)'-i(a-l)* + } 

+ terms involving a:*, re', and higher powei-s of x. 

This shews that a' can be expanded in a series T>eginning 
with 1 and proceeding in ascending powers of sb ; we may there- 
fore suppose that 

a's=l + c,a: + CjO* + c,aj* + c^a:* -f 

where c,, c,, c,, are quantities Ivhich do not depend on rt;, 

and which therefore remain unchanged however x may be 
clianged ; also 

c, = a-l-J(a-l)» + J(a-l)'-i(a-iy + 

while c^, c^..;...aro at present unknown; we proceed to find 
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their values. Changing x into a + y we have 

= 1 + Ciy + c^* + Cg^® + . . . 
+ (<?! + 2c^+ Scg^" + ...) a? 
+ terms involving x' and higher powers of a? ; 

but a*^ = a*a' = «*'{! + CjO; + c^a;* + c,^ + } 

= a^ + e^a^x + cjd^x'^ + 

Since the two expressions for a**^ are identicallj equal, we 

may assume that the coefficients of a; in the two expressioDS are 

equal, thus 

Cj + 2c^ + 3cy + 4c^ + =€^0^ 

=Cj{i + c,y + cy+cy+ }. 

In this identity we may assume that the coefficients of the 
corresponding powers of t/ are equal ; thus 

2c, = c' j therefore c, = -^ , 



3c=c^c^; therefore ^3 = X " TT2T3 ' 



c,c^ c,* 



4:c,=c^c^; therefore c, = -^ = ^ ^'3^^ • 



Thus a*=l+c,aj + 47r- + -fs- + -h— + 

[2 [3 |4 

SiQce this result is true for all values of x, take x such that 

1 

c^x= 1, then a5=-and a^^ = 1 + 1 +.— +.- +.7 + j 

Ci \1 \R \z 

1 
this series is usually denoted by 0; thus a^^ = e, therefore a^^ 
and c^ Bs log^a ; hence 

a'=l+(log^)a: + ^V— +1-^^ + 

1^ result is called the Exponential Theorem* 
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Put e for a, then log«a becomes log^c, that is, unity (Art. 134); 
thus 

- 05* aj" a;* 

With respect to the assimiption which has been made twice 
in the course of this Article, the student is referred to the Chapter 
on Indeterminate Coefficients in the Algebra; he may also consult 
with advantage the part of the Chapter on Exponential and Log- 
arithmic Series which we do not repeat here. 

144. By actual calculation we may find approximately l^e 
numerical value of the series which we have denoted by 6; it is 
2-718281828 

145. To expamd log, (1 + as) m a series of ascending powers 
ofx. 

We have seen in Art. 143, that Ci = log,a; that is, by 
the same Article, 

log.a = a-l-J(a-l)' + 4(a-l)"-i(a-l)*+ 

For a put 1 + a; ; hence 

log.(l + a:) = aj-2 +|-| + 

This series may be applied to calculate log, (1 +35) if a? is b 
proper fraction ; but unless x be very small the terms diminish so 
slowly that we shall have to retain a large number of them ; if a? 
bo greater than unity the series is altogether imsuitable. We 
shall therefore deduce some more convenient formulae. 

146. We have 

t tt \ 9? 9? a^ 
log.(l+a;)-a!-2+3-4+ 



»* «" a^ 
therefore lQg,(l -a^) = -«--o'~ir"T ~ 9 

j0 O 4: 



•x— 'i. 
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by subtraction we obtain the value of log,(l +»)— log;(l — «), 
that is of log. = ; 

therefore loff,-r =2\x +-6- +-f + > 

° 1 —X ( o ) 

In this series "write for a?, and therefore - for -, , 

m+n n 1 ^x 

thus 

log.— = 2-^— -— + ^( — --) + = ( ) + } nv 

Put n=l, then 

, oW-1 1/m-lV l/w»-l\* \ 

log.m = 2 ] =- + ^ ( =- ) +-=[ T ) + ... t (3). 

Again in (1) put m = n-\-l, thus we obtain the value of 
log, : therefore 

log,(» + l)-log.n 

"^l2^rn"*'3(2n+l)*"*"5(2n + l)*'^ ) ^^^ 

As an example of these formulas suppose we put a; a 1 in the 
expansion of log. (1 + a:) : thus we obtain 

1 o 1 1 1 1 1 1 
log.2 = l-2+3-4 + 5-6 + .- 

Again, put 1 for n in (3) : thus 

147. The series (2) of the preceding Article will enable us to 
find log« 2; put in=:2, then bj calculation we shall find 



log.2 = -6931471 



From the series (3) we can calculate the logarithm of either of 
two consecutive numbers when we know that of the other. Put 
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n = 2, and by making use of the known value of log« 2, we shall 

obtain 

lqg.3 = 1-09861 22 

Put n = 9 in (3) ; then log, 9 = log, 3* = 2 log; 3 and is therefow 
known ; hence we shall find 

log. 10 = 2-3025850...... 

Logarithms to the base e are called Napierian logarithms, 
from Napier the inventor of logarithms; they are also called 
TuUurdl logarithms, being those which occur first in our investi- 
gation of a method of calculating logai-ithms. We have said 
that the base 10 is the only base used in the practical application 
of logarithms, but logarithms to the base e occur freq.uently ijx 
theoretical investigations. 

148. From Art. 138 we see that the logarithm of a number 
to the base 10 can be found by multiplying the Napierian loga- 

•^^^"^ ^y i^' *^' ^' ^y 2-30258509... ' *"■ ^ -43429448... j 
this multiplier is called the modulus of the common system. 

The base e, the modulus of the common system, and the 
logarithms to the base e of 2, 3, and 5 have all been calculated to 
upwards of 260 places of decimals. See the Proceedings of the 
Royal Society of London^ VoL xxvii. page 88. 

The series in Art. 146 may be so adjusted as to give common 
logarithms ; for example, take the series (3), multiply thi-oughout 
by the modulus which we shall denote by fi ; thus 

,.log.(«+l)-Mlog.« = 2,.(2^-^ +___+___+... j ; 

that is, 

log.. (» + 1) - logi, n = 2^ {^. + 3 ^2^+ 1). + 5(2;^' ^- ] ' 

Similarly from Art. 145 we have 

( x^ a? x^ \ 
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In future we shall in general use the symbol log without 
the suffix 6 or 10 ; the student will be able always to infer from 
the context which base we are employing : we almost invariably 
empl(^ the base e in theoretical investigations^ and the base 10 in 
practical applications. 

149. The quantity e is incommensurable. 

For suppose if possible 6 = — , where m and n are integers; thus 

■ 

«i „ 1 1 1 

n [2 [3 Li 

Multiply both sides by |_w ; then 

r 1 • * 1 1 1 

»» n-l=aiiinteger + — =• +7 — ^yt — sr +7 — ^vt — sr-7 sv-+... 

I ^ 71+1 (n+l)(w+2) (7i+l)(w+2)(n+3) 

^ _}_ 1 1 

^^ TO + l"*'(w+l) (7^ + 2)"*' (w+l)(n + 2)(n+ 3) ■*■••• 

IB a fraction, for it is greater than =■ and less than the geome- 
trical progression 

1 1 1 

w+1 "^ (71+ l)'"*" (71 + 1)» ■*■••• 

that is, less than - . 

n 

Thus the difference of two integers is equal to a fraction, which 
is absurd. Therefore e is incommensurable. 

150. "We will conclude this Chapter by investigating two 
limits which will be useful hereafter. 

To find the limit of f cos- j when n is increased ind^/mUely. 
Let wsToos-j =n-sin*-j«; then 
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logtt = log ^1 -Bin' ^)^ = I log (l -sin' ^ 

w/.-a l..a l.-a \ 

2 \ n 2 no n J 

This series is numerically less than 

n ( , ^a , .a . -a . ) 

— TT ■{ sin' - + sm* - + sin° -•+...>: 

2 \^ n n n ) 



. .a 
Bin'- 



that IS niunencaJly less than — tt — — or - ^ tan - . 

1-sm'- 
n 

But n tan - = a when n is increased indefinitely, by Art. 119 ; 

therefore n tan* - = a tan - = ultimately. Therefore log w « : 
therefore w = 1. Thus the required limit is unity. 

(sin— \* 
■ I when n is increased indefinitely, 

n ' 

. a 

sm — 

n 

We know by Art. 116 that ■ is less than 1 and greater than 

n 

sin - /sin - V* 

— , that is, greater than cos - : hence \ ^— - I is less than 1" or 

n ^ w 

1 and greater than [cos-j ; and by the pi'eceding Article the 

/sin JY 
limit of (cos - j is unity, therefore the limit of j ■ I is unity. 
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MISCELLANEOUS EXAMPLES. 

1. Find tlie logarithm of 128 to the base ^4. 

2. Find the logarithm of 243 ^9 to the base ^3. 

3. Find the following logarithms, log, 2187, log^^ -0001, 
log, cos 45^ 

4. Find approximately the value of x from the equation 
5«-4* ^ 2.+8^ having given log 2 = -301030. 

5. Given log *224 = a and log 1 25 » 5, find log 2 and log 7. 

6. Kequired the characteristics of log, 725, and of log, ^(*0725). 

7. Given log 2 = -301030, log 405 = 2-607455, find log -003. 

8. Given log 2 = -301030, log 7 = -845098, find log 98 and 

9. Given log 2 = '30103, log 3 = -47712, find log (-0020736)*. 

10. Determine the sum of the series 



2 4 6 - . ^ 



11. Shew that 



e 1 1+2 1+2+3 1+2+3+4 ,.- 

2 =[2 ■'IJ-*" —[¥—■*" [5 +-«^*'/- 

Find X from the following six equations : 

12. 4sina;sin(a; — a)=s2cosa- 1. 

13. cos^^(a' — a;*) + asina = ajsinj3, 

14. sin o + sin (» - a) + sin (2a; + o) = sin (a? + a) + sin (2a5 — a). 

15. cos Ta: + rt) a + oos (x + =j o = sina. 

16. aj* cos a cos To - ^ j + a: cos (a - jS) = 2 cos ^ . 
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1 7. cot 2*"* a - cot 2*a = cosec 3o. 

18. Solve the eq^aation m vers = n vera (a — ^). 

1 9. Solve the equation cos n^ + cos (n ~ 2) = cos d. 

20. Solve the following equation, and shew that there are 
seven positive values of greater than and less than 2ir, 

sin +sin 30 =: sin 20 + sin 4d. 

2U Find tan x from the equation tsmx = t&np tan (a + as) ; 
and show that in order that tan x may be real, tan /? must not 
lie between (sec a — tan a)' and (sec a + tan a)'. 

22. i^d the least value of $ which satisfies 

23. Given sin*(n+ 1)0 = sin*n0 + sin*(n- 1)0 where (n + 1)0, 
710, and (n — 1) are the angles of a triangle, find an integral 
value of n. 

24. Beduce to its simplest form and solve the equation 
cos*0 -C08*a= 2 cos'0 (cos 0- cos a) - 2 sin"0 (sin - sin a). 

25. Shew that all the angles which have the same sine as 
a are included in the formula ( 2n + n) ^ "*" ( 9 " <^) • 

26. Shew that all the angles which have the same cosine 
as a are included in the formula f n + ^ j ir + (— 1)* (a — ^ ] . 

A A 

27. In the formula cos -5- - sin -^ = * ^(1 — sin il) the ambi- 

guity ikmaj be replaced by (— 1)"*, where m is the greatest integer 

270 -h A 
contained in — ocfr~ > ^® angle A being expressed in degrees. 
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28. In the formula tan -^ = ^^ -z — the ambigoitj 

*inay be replaced by (— l)"*, -v^here m is the greatest integer 
contaiiied in — t^tt- > the angle A being expressed in degrees. 

29. If tan (cot x) = cot (tan x), shew that the real values of 

4 
X ai*e given by sin 2x = y^ r^ , where n is any integer except — 1. 

30. Shew how to express cos ^ in terms of cos A, where » 
is any positive integer. 

31. From the equation cosaj = «tA/ ^ deduce the 

formula for sin x in terms of sin 2x, and shew how the proper 
signs for the radicals may be determined. 

Qo Ti^ XI. • ^cos(^ + a) + J?sin(d+)8) .. ,- 

32. If the expression -rr-. — fp: ^c — ^ ^ — ^ retain the 

^ -4'sm {0 + a) ■hB'cos {0 + j8) 

same value for all values of 0, then will 

AA' -BF= {A'B - AF) sin (a - j8). 

33. If the sum of two angles is given, shew that the sum 
of their sines is numerically greatest when the angles are equaL 
If the cosine of the given sum is positive shew that the sum of the 
tangents is numerically least when the angles are equal 

34. If -4 + jB + C= 90", shew that unity is the least value 
of tanM + tan" ^ + tan* (7. 

35. If ^ + J?+ C- 180^ shew that unity is the least value 
of cot" A + cot" B + cot" C. 

36. If il, B, are the angles of a triangle shew that 
2 cot A+ 2 cot jB+ 2 cot (7 is never less than cosec A + cosec B + cosec C. 

37. Shew that the sum of the three acute angles which satisfy 
the equation cos" A + cos" B + cos" (7 = 1 is less than 180^ 
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38. If each of the angles A, J3, C he less than 90", then 
sin (A + B-hC) is less than sin J. + sin 5 + sin (7. 

39. Find the limit of Tcos - ) when n is increased indefinitely. 

40. Find the limit of ( cos - ) when n is increased indefinitely. 

41. Shew that sin ^ is greater than tan 5 — if ^ is posi- 



TV 

tive and less than ^ . 



j continually increases as x increases 

from unity to infinity ; and find the limit of the expression when 
X is increased indefinitely. 



XI. USE OF LOGARITHMIC AND TRIGONOMETRICAL 

TABLES. 

161. In the preceding two Chapters we have shewn how 
tables of the values of the Trigonometrical Ratios may be cal- 
culated and how tables of logarithms may be calculated, and we 
shall now shew how to use such tables ; we begin with tables of 
logarithms. It is obvious that tables of logarithms may be cal- 
culated to various degrees of approximation; they may be calcu- 
lated to 5, 6, 7 or a higher number of decimal places. For a list 
of logarithmic and trigonometrical tables the student may consult 
the article Tables in the English Cyclopcedia, and the Report of 
the British Association for 1873. Dififerent tables present some 
variety in their mode of arrangement, and are usually accom- 
panied with full explanation of their peculiarities and the methods 
of using the tables ; we shall not enter into any minute account of 
the way in which tables may be used with the greatest advantage, 
but shall give such general illustrations as will enable the student 
to avail himself of any set of tables for the purpose of occasional 
calculation. The logarithms wiQ always be supposed taken to the 
base ten. 
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152. We may observe that throughout all approxinicUe cal- 
culations it is usual to take for the last figure which we retain, 
the figure which gives the nearest approach to the true value. 
Thus for example, suppose we have the decimal fraction *3726; 
if we wish to retain only three places of decimals we should write 
*373 and not '372 ; the former is too large and the latter too small, 
but the excess in the former case is *0004, and the defect in the 
latter case is *0006, so that there is a smaller error in the former 
case than in the latter casa Thus we have this general rule, 
when only a certain number of decimal places is to be retained : 
strike off tlie rest of the figures, and increase the last figure retained 
hy 1 if the first figure struck off be 5 or greater titan 5, 

"Wo now proceed to explain the use of tables of common log- 
arithms ; and we shall use tables of seven places of decimals. 

153. To find the logaHthm of a given number. 

If the number be contained in the Table we have merely 
to take the decimal part of the logarithm immediately from the 
Table and prefix the characteristic (Arts. 141, 142). For example, 
required the logarithm of 534. The table gives '7275413 as 
the decimal part, and the characteristic is 2 ; therefore 

log 634 = 2-7275413. 

Similarly, log 53400 = 4-7275413, log -0534 = 2-7275413. 

In the last example the characteristic is - 2, and this is denoted 
by the bar placed over the 2 : see Art. 142. 

Suppose, however, that the given number is not contained 
in the Table; the Table for instance may give the logarithms 
of numbers from 1 up to 100000 and we may require the logarithm 
of 5340234. Here we can take from the Table the logarithm 
of 5340200, and the logarithm of 5340300 ; we have 

log5340300 = 6-7275657 

log 5340200 = 6-7275575 

difference = -0000082 
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The required logarithm of course lies between the two logarithms 
which we have taken from the Table. Now we see that cor- 
responding to the increase 100 in the number there is an increase 
'0000082 in the logarithm; and we aaaume that corresponding 
to an increase 34 in the number there will be a proportional 
increase in the logarithm. Let x denote the quantity which 
we must add to the logarithm of 5340200 in order to obtain 
the logarithm of 5340234; then we have, from the assumption 
which we have made, the following proportion : 

100 : 34 :: -0000082 : x ; 
therefore «= ^^ -0000082 = -0000028 (Art. 152) ; 
therefore log 5340234 = 07275575 + -0000028 = 6*7275603. 

154. We assumed in the preceding Article that the increase 
in a logarithm is proportional to the increase in the number ; this 
is a case of what is called the principle of proportional partSy and 
although it is not strictly true, yet it is in most cases sufficient for 
practical purposes. We shall in the next Chapter investigate the 
subject, and shew to what degree of approximation we can rely 
upon the principle of proportional parts. 

155. The process given in Art 153 is facilitated in large 
Tables in the following manner. Bequired the logarithm of 
23453487. 

log 23454000 = 7-3702169 

log 23453000 = 7-3701984 

difference » -0000185 

Here by the process of Art 153 we have to multiply 

0000185 by^. that is, byij + ^+jlg. Now ttxe mul- 

tiplication is effected for us, and the results given, in a small 
Table headed Proportional paHs, which is printed on the same 
page as the two logarithms which we have taken from the Table ; 



110 



USE OF LOGARITHMIC 



the small Table shews that 4 x -0000185 
=•0000740, that 8 x -0000185 = -0001480, 
and that 7 x -0000185 = -0001295 ; and 
from these results, by dividing by 10, 100 
and 1000 respectively, we obtain the 
three parts which we reqtdre. The pro- 
cess may be arranged thus : 

log 23453000 = 7-3701984 

add for 4 740 

8 1480 

7 1295 



Proportioaal BuiL 



I 


185 


2 


870 


8 


655 


4 


740 


6 


925 


6 


UIO 


7 


1295 


8 


1480 


9 


1605 



7-3702074095 
therefore, retaining 7 places of decimals, 

log 23453487 = 7-3702074. 

156. We have taken as our example a whoh number; if a 
decimal fraction, or a mixed quantity formed of a whole number 
and decimal fraction, be given, we may throw aside the decimal 
point, and find the decimal part of the logarithm of the 'wliole 
number thus obtained ; then by prefixing the proper characteristic 
we have the required logarithm. Thus, for example, required the 
logarithm of -23453487 and of 234-53487. The decimal part of 
the logarithm is -3702074 ; therefore 

log -23453487 = 1-3702074 log 234-53487 = 2-3702074. 

157. To find tlie number which corresponds to a given logaritft/m. 

If the decimal part of the logarithm be found in the Table, we 
have merely to take the number which corresponds to it, and put 
the decimal point in the number in the place indicated by the 
characteristic. For example, required the number which has for 

its logarithm 2-7275413. Corresponding to the decimal part 
•7275413 we find in the Table the number 534, and as the charac- 
teristic is 2, there must be one cypher before the first significftnt 
figure (Art 141); therefore the number which has the given 
logarithm is '0534. 
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Suppose, however, that the decimal part of the given logarithm 
is not contained exactly in the Table; for example, let the given 

logarithm be 1*3702074, we shall find that the decimal part of this 
logarithm is not in the Table; we have, however, corresponding to 
the number 23454 the decimal part of the logarithm '3702169, 
and corresponding to the number 23453 the decimal part of the 
logarithm -3701984; thus 

log 23454 = 4-3702169 
log 23453 = 4-3701984 

dijQference= -0000185 

The excess of the given decimal part of the logarithm above 
•3701984 is -3702074 - -3701984, that is -0000090, The required 
number of course lies between -23454 and -23453 ; let d denote 
its excess above -23453, then asswming that the increase of the 
number is proportional to the increase of the logarithm, we have 

•0000185 : -0000090 :: 1 : e?; 

90 
therefore c?==-57=r=-486. 

185 

Therefore log 23453-486 = 4-3702074, 

and log -23453486=1-3702074; 

thus the required number is -23453486. 185^ 90-0 (486 

740 

158. "We may save the labour of dividing 16 00 

90 by 185 in the preceding example by means 14 80 

of the Table of proportional parts given in 1 200 

Art 155; the process of division, if per- ^ ^^^ 
formed, will stand thus : 

90 
ISTow the products 740, 1480, 1110, are ^ «^^q 

furnished ready in the Table referred to, so ^qq 

that we need only perform tlie subtractions g I4.8O 

and put down the following steps : "1200 

6 1110 
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1 59. We will now give some examples of the use of logoritlm 
we take of course all our logarithms from Tables. 
Required the product of 3670*257 and 12-61158. 
Log 3670-2 =3-5646897 
5 60 

7 8 



Log 3670-257 = 3-5646965 

Log 12-611 -1-1007495 

5 172 

8 28 



Log 12-61158= 1-1007695 

3-5646965 



by adding the logs 4*6654660 
Decimal part of log 46287 -6654590 

70 
7 66 

4 lo 



4628774 
Thus the required number is 46287*74, the position of tl 
decimal point being determined by the characteristic 4. 

160. Required the quotient of -1234567 by 54-87645. 

Log -12345 =1-0914911 

6 211 

7 25 



Log -1234567 = 1-0915147 

Log 54*876 =1-7393824 

4 32 

5 4 



Log54-87645 = 1*7393860 

1-0915147 
1-7393860 

by subtracting 3*3521287 
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3-3521287 
Decimal part of log 22497 « -3521246 



41 
2 39 



1 20 



2249721 
Thus the required number is '00^249721 ; there are two 
cjrphers before the first significant %ure, because the character- 
istic of the logarithm is 3. 

161. Required the cube of -3180236. 

Log -31802 =1-5024644 

3 41 

6 8 



Log -3180236 = 1-5024593 

3 



2-5073779 
•Decimal part of log 32164 = -5073701 

78 
5 67 

8 no 



3216458 
Thus the required number is -03216458. 

162. Required the cube root of -3663265. 

Log -36632 = r-5638606 

6 71 

5 6 



Log -3663265 = 1-5638683 

"We have now to divide 1-5638683 by 3; that is, we have to 
divide - 1 + -5638683 hj 3. It is convenient to write the num- 
ber to be divided thus, -3 + 2-5638683; then hj dividing by 3 

we obtain - 1 4- -8546228, that is, 1-8546228. 

T. T. ^ 
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T-8546228 
Decimal paxt of log 71552 = '8546218 

To 

1 6 

6 lb 



7155216 
Thus the req^ired number is '7155216. 

We shall now explain the use of Trigonometrical Tables. 

163. To find the fdriA of a given angle. 

If the given angle be one which is contained in the Table of 
the sines of angles the required sine is furnished immediatelj bj 
the Table j we proceed then to the case when the given angle lies 
between two which are contained in the Table. For example, re- 
quired the sine of 44^ 35' 25'^, having given from the Table 

sin 44^ 36' =-7021531 
sin 44" 35' =-7019459 



difference = -0002072 

The required sine- of course lies between the two sines which 
we have taken from the Table; let x denote its excess above the 
sine of 44^ 35', and assume that the increase of the sine is propor- 
tional to the increase of the angle, therefore 

60" : 25" :: -0002072 : a, 

25 
therefore x = -^x -0002072 = -0000863. 

dU 

Therefore sia 44* 35' 25"= -7019459 + -0000863 = -7020322. 

We have thus again assumed the principle of proportional 
parts, and we shall assume it throughout the present Ohapteri 
reserving the investigation of it for the following Chapter. 

164. To find the angle which corresponds to a given sine.. 

If the given sine be found in the Table the required angle is 
fhmished immediately hj the Table ; we proceed then to the csm 
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when the given sine lies between two which are contained in the 
Table. For example, required the angle which has for its nme 
•6970886, having given from the Table 

sin 44*12' =-6971651 
sin 44Mr = -6969565 

difference = -0002086 

The excess of the given sine above the sine of 44* 11' is 
•6970886 - -6969565, that is, -0001321. The requii-ed angle of 
course lies between the two angles which we have taken from the 
Table; let 7i be the number of seconds in its excess above 44* IT, then 

-0002086 2 -0001321 :: 60 : n, 

therefore to = 60 x :^ — : = tz — = 38. 

-0002086 2086 

Therefore the required angle is 44* 11' 38". 

165. To find the cosine of a given angle. 

If the given angle be one which is contained in the Table of 
the cosines of angles, the required cosine is furnished immediately 
by the Table; we proceed then to the case when the given angle 
lies between two which are contained in the Table. For example, 
required the cosine of 44* 35' 25", having given from the Table 

cos 44* 35'= -7122303 
cos 44* 36'= -7120260 



difference = -0002043 

Since in the first quadrant the cosine decreases as the angle in- 
creases, the required cosine will be less than the cosine of 44* 35', 
and the required cosine of course lies between the two cosines 
which we have taken from the Table; let x denote its defect 
below the cosine of 44* 35', then 

60 : 25 :: -0002043 : «, 
therefore a = ~ x -0002043 = -0000851. 
Therefore oob 44* 35' 25" = -7122303 - -0000851 = -7121452. 
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166. To find the angle which corresponds to a gi/oen cosine. 

If the given cosine be found in the Table the required angle is 
furnished immediately by the Table ; we proceed then to the cam 
when the given cosine lies between two which are contained in the 
Table. For example, required the angle which has for its oofiine 
•7169848, having given from the Table 

cos 44^1' = -7171134 
cos 44" 12'= -7169106 

difference = -0002028 

The given cosine falls short of the cosine of 44** 11' ly 
•7171134- ^7169848, that is, by -0001286. The required angle of 
course lies between the two angles which we have taken from, the 
Table ; let to be the number of seconds in its excess above 44* 11', then 

•0002028 : -0001286 :: 60 : w, 

^1. f AA -0001286 60x1286 ^^ 

therefore n = 60 X ;g^^^2M8 = ---2028-- = ^^• 

Thei»efore the required angle is 44° 11' 38". 

167. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first quadrant the tangent and secant vncrectae as the 
angle increases, and the cotangent and cosecant decrease as the angle 
increases ; thus the tangent and secant are treated in the same way 
as the siney and the cotangent and cosecant in the same way as the 
cosine. 

* 168. The Tables of Trigonometrical Functions which we have 
hitherto considered are called Tables of the NatwroX FunctioDS to 
distinguish them from other Tables which we now proceed to ccm- 
sider. The Table of sines of angles for example is called a Table of 
naturol sines; if we take the logarithms of the sines of all the angles 
which have been calculated we form a new Table which is called a 
Table of Logaritlvmic sines. Similarly, we can form a Table of the 
logarithms of the cosines of angles, and a Table of the logarithms 
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of the tangents of angles, and so on ; these Tables are called respect- 
ively Tables of Logomthmic cosines, Tables of Loga/rithmic tangents, 
and so on. 

169. • The great advantage which we obtain from these Loga- 
rithmic Tables is that calculations are much abbreviated with their 
assistance ; this is especially the case, as we shall see hereafter, in 
what is called the solution of Tricmgles, "We have stated as suffi- 
ciently obvious that these Logarithmic Tables may be calculated by 
taking the logarithms of the values of the Trigonometrical Functions 
which have been already tabulated ; it will be shewn Jiowever in 
the higher parts of the subject that the Loga/rithmic Tables can be 
calculated independently, that is, without the use of the Tables of 
the Naimral Functions. We proceed now to exemplify the use of 
the Tables of Logarithmic Functions. 

170. Since the sine of an angle is never greater than unity 
the logarithm of the sine will never be a positive quantity ; also 
the same remark is true for the cosina The logarithm of the 
tangent of an angle will be negative if the angle be less than 
45^, and the logarithm of the cotangent of an angle will be 
negative if the angle be greater than 45^ Li order to avoid 
the occurrence of negative quantities in the Tables it is found 
convenient to add 10 to the logarithm of every Trigonometrical 
Function before registering it in the Tables; the logarithm so 
increased is called the Talndar hgwnthm and is usually denoted 
by the letter Z. Thus L sin A means the TobuXa/r logarithm, 
of the sine of A, and it is equal to the real logarithm of the 
sine of A increased by ten. Of course in calculations we shall 
have to remember and to allow for this increase of the real log- 
arithms j thiB will be seen when we come to the solution of Tri- 
a/nglea. In what follows we shall exemplify the use of the Tables 
of Logarithmic Functions. 

171. To find the tahukur logarithmic sine of a given angle. 

If the given angle be one which is contained in the Table 
of the Logarithmic sines the required result is furnished imxAs^ 
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diately by the Table ; we proceed then to the case when the giyen 
angle lies between two which are contained in the Table. Por 
example, required the tabular logarithmic sine of 44" 36' 25" '7, 
having given from the Table 

L sin W 35' 30" = 9-8463678 
L sin 44^^ 35' 20" = 9-8463464 



difference = -0000214 

^The required tabular logarithmic sine lies of course between 
the two which we have taken from the Table; let x denote its 
excess above the tabular logarithmic sine of 44" 35' 20" ; then Ij 
the principle of proportional parts 

10 : 5-7 :: -0000214 : oj, 
therefore ^=3^ x -0000214 = -0000122. 

Therefore Z sin 44" 35' 25" -7= 9*8463464 + -0000122 = 9-8463586. 

172. To find the angle which corresponds to a given tciJbvlaar 
loga/riihmic sine. 

If the given tabular logarithmic sine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed then to the case when the given tabular logarithmic sine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic sine 
9-8432894, having given from the Table 

X sin 44" ir 40" = 9-8432923 
Zsin 44" ir 30" = 9-8432707 



difference = -0000216 

The excess of the given tabular logarithmic sine above that of 
44" ir 30" is 9-8432894 - 9-8432707, that is, -0000187. The re- 
quired angle of course lies between the two angles which we have 
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taken from ihe Table ; let n be the number of seconds in its excess 
above 44Mr 30", then 

•0000216 : -0000187 :: 10 : », 

.1. r iA -0000187 10x187 ^^ 

therefore n =^10 x^^-^-^^lG = -^TT" = ^'^• 

Therefore the required angle is W 11' 38" -7. 

173. To find the tahda/r logarithmic cosine of a given cmgle. 

If the given angle be one which is contained in the Table of the 
logioithmic cosines the required result is furnished immediately hy 
the Table ; we proceed then to the case when the given angle lies 
between two which are contained in the Tabla For example, re- 
quired the tabular logarithmic cosine of 44® 35' 25" '7, having given 
from the Table 

L cos 44" 35' 20" = 9 -8525789 
L cos 44" 35' 30" = 9-8525582 



difference = -0000207 

The required tabular logarithmic cosine lies of course between 
the two which we have taken from the Table, and is less than the 
tabular logarithmic cosine of 44" 35' 20" ; let x denote its defect 
below the latter ; then 

10 : 5-7 :: '0000207 : x, 
therefore x=^ x -0000207 = -0000118. 

Therefore Zcos 44" 35' 25" -7 = 9-8525789 - -0000118 = 9*8525671. 

174. To find the cmgle which corresponds to a given tahtdar 
logarithmic cosine. 

If the given tabular logarithmic cosine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed tlien to the case when the given tabular logarithmic cosine 
lies between two which are contained in the Table. For example, 
requii-ed the angle which has for its tabular logarithmic cosine 
9*8555086, having given from the Table 
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Z COS 44' 1 1' 30" = 9 -8555264 
L cos 44° 11' 40" = 9-8555060 



difference = -0000204 

The given tabular logarithmic cosine £alls short of that of 
44nr30"by 9-8555264-9-8555086, that is, -0000178. The 
required angle of course lies between the two angles ^v^bich we 
haye taken from the Table.; let n be the number of seconds in its 
excess above 44° 11' 30"; then 

•0000204 : -0000178 :: 10 : n, 

A«r«fnr« ^ .^ '0000178 1780 

therefoare ^ = ^^ ^ ^0000204 == ^OT = ^ ^' 

Therefore the required angle is 44° 11' 38"-7. 

175. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important &ct to be remembered 
is that in the first quadrant the tabular logarithms of the tangent 
and secant increase as the angle increases, and the tabular logarithms 
of the cotangent and cosecant decrease as the angle increases ; thus 
the tangent and secant are treated in the same way as the sine, 
and the cotangent and cosecant in the same way as the cosine. 



EXAMPLES. 

log 12440 = 4-0948204, 
log 12441 = 4-0948553, 
log 12440-35. 

log 1-0686 = -0288152, 
log 1-0687 = -0288558, 
find the number of which the logarithm is -0288366. 

3. Given log 23466 = 4-3702540, 

log 23467 = 4-3702726, 

form a table of proportional parts for the intermediate niuuben^ 
and find log -2345638. 



1. 


Given 


find 




2. 


Given 



0, 


Given 


find 




6. 


Given 
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4. Find the number whose logarithm is — (1*8753145), having 
given 

log 1-3325 = -1246672, log 1-3326 = -1246998. 

log 3-855 =-5860244, 
log 3-8551 = -5860356, 
log (-00385504)*. 

log 24 = 1-3802112, 
log 4-8989= -6900986, 
log 4-8990= -6901074, 
find (24)i to six places of decimals. 

7. Given log 14271 = 4-1544544, 

log 20313 = 4-3077741, 

log 20314 = 4-3077954, 
find (142-71)i 

8. Given log 7= -8450980, 

log 58751 =4-7690153, y 
log 58752 = 4-7690227, 
find (-07) to seven significant figures. 

9. Given log 2 = -3010300, log 5-743491 =-7591760, 
find the fifth root of -0625. 

10. Given log 2-7 = -4313638, log 6-172818 =-7137272, / 

# 

find the value of 27"i 



11. Given log 71968 = 4-8571394, diff for 1 = -0000060, 
find the value of 4/(-07 19686). 

12. Given log 103 = 2-0128372, log 7440942 = 6-871628, 
find (l-03)-»*. 

13. Find the value of 64 {1 - (1 •05)"*'}, having given 

log 105 = 2-0211893, log 37689 = 4-5762140, 



*•■ 
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14. !Pind approximately 5^*, having given 

log 2 = -301030, log 1-562944 = -193943, 

log 349485= 6-543428, log 3655 = -562887, 

log 3-656 = -563006. 

15. Having given 

log 12 = 10791812, log 1-257915 = -0996512, 

log 1-121568= -0498256, find the value of 

(l-44)-«-(l-44)-^'. 

16. Having given 

log 105 = 20211893, log 5303214 = 6-7245391, 
log 3768894 = 6576214, find the value of 



17. Given 



find 



18. Given 



find 



19. Given 



find 



20. Given 



find 



21. Given 



find 



l.f-^ L_l 

-05 ((l-05)^» (l-05n* 

sin 47°= -7313537, 
sin 48°= -7431448, 

sin 47° 1'. 

sin 7° 17' =-1267761, 
sin 7° 18'= -1270646, 
sin 7° 17' 25". 

Zsin 17° 1' = 9-4663483, 
Z sin 17° =9-4659353, 
Zsinl7°0'12". 

Z sin 26° 24' = 9-6480038, 
Z sin 26° 25' = 9-6482582, 
Zsin26°24'12". 

Zcot 72° 15' = 9-5052891, 
Zcot72M6' = 9-5048538, 
Zcot 72° 15' 35". 



22, Given Zcot 81° 46' = 9-1604569, diff. for 10"= •000148( 
find the angle whose Zcot is 9*1603493. 
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23. GivenZcos 20^35'20' = 9-9713351, diE for 10"=-0000079, 
find the angle whose L cos is 9*9713383. 

24. Given Zcos 34* 24' = 9-9165137, diff. for V^ -0000865, 
find L cos 34° 24' 26", and also the angle whose L cos is 9*9165646. 

25. Given L sin 37" 19'= 9-7826301, diff.-for 1' = -0001657, 

Z cos 37n9' = 9-9005294, diff. for 1'= -0000963, 
find Z sec 37* 19' 47", and L tan 37* 19' 47". 

26. Given Z sin 32* 18' =9-7278277, diff. for 1' = -0001998, 

Z cos 32* 18' = 9-9269913, diff. for 1'= -0000799, 
find Z sine, Z cosine, and Z tangent of 32* 18' 24"'6. 



Xn. THEORY OF PROPORTIONAL PARTS. 

176. We shall now investigate the principle of proportional 
pcMTts, the truth of which was assumed throughout the preceding 
Chapter. The logarithms in the present Chapter are supposed to be 
logarithms to the base 10 ; and we will suppose that the Table of 
logarithms is calculated to seven places of decimals, and that it con- 
tains the logarithm of every whole number from 1 to 100000. 

177. To shew that the change of the logarithm is approadmately 
proportional to the cJiange of the number. 

We know that log (7i + cZ)- log 71 = log = log[l + -] , 

and by Art. 148, log(l + ^=;» (- -^ + g^ -...), 
where ft is the modulus, so that fi= -43429448 

Suppose that n is an integer containing five figures so that n is 
not less than 10000, and suppose that d is not greater than unity. 
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Then ^islessthan - ( ytjaaa) > ^^^ a fortiori less than '000000003; 

JIB 

^-^ is less than one ten-thousandth part of this, and bo cm. 
Hence at least as far as seven places of decimals we have 

log (n-hd)— log w = — . 

This equation establishes the required result ; for it shews tihat 
if the number be changed from nion-hd the corresponding change 

in the logarithm is approximately — , that is, the change of the 

logarithm is approodmately proportional to the change of the number. 

178. The principle of proportional parts is thus shewn to hold 
in the case of the logarithms of nimibers to a suf^cient degree of 
accuracy for practical use. For when we wish to find the loga- 
rithm of a given niimber we can suppose the decimal point in the 
number placed after the fifth figure, so that the number is thus 
made to lie between two which differ by unity and which are both 
contained in the Table; and we have shewn that as far as seven 
places of decimals the change of the logarithm is proportional to 
the change of the number. Then we can if necessary change the 
position of the decimal point and make the corresponding change 
in the cJuiracteristic of the logarithm ; and thus we finally obtain 
the logarithm of the original given number. Similarly we may 
proceed if we want to find the number which corresponds to a 
given logarithm lying between two in the Table. 

179. We will now shew how the resxilt of Art 177 is applied 
in practice. We have 

log (n + J) — log w = — , 

also log (n + 1 ) - log w = - = 8 suppose, 

thus log (n + c?) = log n + cK. 
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Now 5 being the difference of two known logarithms is furnished 
immediately by the Table ; and to obtain the logarithm of (n-hd) 
v^e multiply this known quantity S by the given fraction d and add 
the product to the logarithm of n. This is the rule which was 
used in the preceding Chapter, Art. 153, in order to find the 
logarithm of a given number. 

Again, suppose we require the number which corresponds to a 
given logarithm. Let n and w + 1 be integers between which the 
required number lies, and denote the required number by n + d. 
Then log (n + d) —logn is known; call it x, and let 8 denote the 

OS 

known quantity log(rn-l)-log7i; thus dB = x) therefore c? = ^ . 

o 

This is the rule which was used in the preceding Chapter, Art 157. 

180. We shall now proceed to examine how far the principle of 
proportional parts holds in the case of the Natural Trigonometrical 
Functions ; this we shall do by considering these Functions sepa- 
rately. We shall suppose throughout this Chapter that the angles 
which occur are positive angles not exceeding a right angle; this is 
sufficient because it has been shewn that any Trigonometrical 
Function of cmy angle is numerically equal to the same Function 
of some positive angle not exceeding a right angle ; see Art. 55. 

181. To prove that in general the change of the sine of an 
angle is approximately proportional to tlie change of <Ae am^le. 

We have sin(^ + A) - sin^ = sinAcos^-sin^(l -cosA) 

= sinAcos^(l— tantf— ^ — v— ) 
\ sinA / 

= sinAcostf [l-tantf tan^j. 

Let us now suppose that h is the circular measure of a very 
amall angle so that sin ^ = ^ approximately ; thus^ approximately^ 

Bin(tf + ^)-Bintf = Acostf ri-tantftau^j; 
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let us also suppose that 6 is not very nearly equal to ^ so th«i 

h 
tan $ is not very large, and thus tan tan ^ may be neglocted. 

We have then, approximately, 

sin ($ + /i) - sin ^ = /i cos 0, 

and this establishes the proposition. 

Similarly sin (^ — A) — sin ^ = — h cos 6 approximately. 

182. We may however require to know more exactly the 
amount of error to which we are liable in using the i-esult of the 
preceding Article; this point we will now examina The approx-^ 
imate value of sin {6 + h) - sin 0, is h cos 6j while the exact value is 
sin A cos — ( 1 — cos h) sin 6 ; thus to obtain the approximate value we 
change smh into h in the first term of the exact value, and we neglect 
the second teim of the exact value. First then consider the error 
produced by writing h for sin h. The circular measure of an angle 

of half a degi-ee is -«^ ; and by Art. 130 sin ^ cannot differ from h 

A* 
by so much as r; , so that it may be shewn that for an angle of half 

a degree the sine cannot differ from the circular measure by so much 
as '00000012. Hence if our calculations extend to only- seiven 
places of decimals an error will hardly be introduced by changing 
sin A into h even for an angle of lud/ a degree, and a /artiari no 
error will be inti-oduced by the change if we restrict A to be not 
greater than the circular measure of an angle of one minute. Next 
consider the error produced by neglecting the term sin ^ (1 — cos A), 

that is, 2 sin ^ sin* ^ . Since sin ^ is never greater than unity and 

sin ^ is less than -^ , the value of the term neglected is less than 

^; and if A be the circular measure of an angle of one minute — 
is less than '0000001. Hence if our calculations extend to only 
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Boven places of decimals, no error will be introduced hj neglecting 
the term sin (1 — cos h) if we restrict /» to be not greater than the 
circular measure of an angle of one minute. 

Therefore if we have a Table of natui*al sines calculated for 
every minute to seven places of decimals, no error will be intro- 
duced by our calculating to seven places of decimals the sine of an 
angle which lies between two in the Table from the formula 

sin (^ + A) — sin ^ = A cos 6, 

183. We will now shew how this i-esult is applied in practice. 
Suppose that we have a Table of natural sines calculated for every 
minute, and that we require the sine of an angle which lies be- 
tween two in the Table. Let k be the circular measure of an angle 
of one minute ; let and 6 + khe the circular measures of the angles 
in the Table between which the given angle lies, and let + hhe 
the circular measure of the given angle. Then 

mi{0 -^ k) — sinO =kcoa0 = 8 suppose, 

sin (^ + A) - sin ^ = A cos ^ = T 8 ; 

h 8 

thus sin(d + A) = 8intf+rS = 8intf+gT8, 

where 8 is the number of seconds in the angle of which h is the 
circular measure. Now 8 is the difiference between two consecutive 

sines in the Table, and is therefore furnished immediately by the 

g 
Table, and we must multiply this known quantity by -z-r and add 

the result to sin in order to obtain sin ($ + h). This is the inile 
which was used in the preceding Chapter, Art. 163. 

Again suppose that we require the angle which corresponds to 
a given natural sine. Let k be the circular measure of an angle of 
one minute; and + k the circular measures of angles in the 
Table between which the required angle must lie, and let + hhe 
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the circular measure of the required angle. Then sin (0 + A) — Bin^ 
is known; call it x, and let 8 denote the known quantity 

sin (^ + A;) — sin ^ ; therefore -r = «, therefore t = ^ ; l©t 8 he tlie 

number of seconds in the angle of which the circular measure is h, 

8 OS vOos 

then ^77 = -s , therefore s = — s- . This ia the rule which -was xursd 
60 o 

in the preceding Chapter, Art. 164. 

184. When is nearly - , since cos is then very small, the 

term h cos 6 will be very small if h be the circular measure of a 
small angle. Thus the difference between the natural sines of two 
angles, each of which is nearly equal to aright angle, is very small; 
this is expressed by saying that the differences in the sines of oan- 
secutive angles are nearly insensible when the angles are nearly 
equal to a right angle. 

There is also another point to be noticed in this case ; vre have 

sin (^ + A) - sin ^ = sin A cos ^ - (1 — cos A) sin tf ; 

the ratio of the second term to the first is nimierically 

sin ^ (1 - cos A) 
cos ^ sin A ' 

that is, tan 6 tan ^ , and when is nearly equal to ^ this ratio 

will be a sensible quantity unless ^ be extremely smalL Thus the 

second term ought not to be rejected in compaaison with the Jimi 

term imless ^ be extremely smalL This is expressed by saying 

that the differences in the sines of consecutive angles are irregtdair 
when the angles are nearly equal to a right angle. In the present 
case this irregularity is not of much importance on account of ihe 
accompanying insensiMlity. 
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185. We have shewn that^ approximately, 

sin (6* + A) - sin tf = A cos ^ ; 

cliange 6 into » ~~ ^9 ^^^ 

sing-^' + /t)-sing-tf')=Acos(j-^'), 

that is cos {6'-h)'-coaff = hmiff; 

and by changing the sign of h 

coa{ff + h) — COS ff = — h miff. 

It is convenient to deduce this formula from that already 
proved, because we thus know, without a new investigation, the 
amount of error to which we are liable in using it ; it may how- 
ever be proved independently, as we will now shew. 

186. To prove Uiat in general tJie change of the cosme of cm 
angle ia approximately proportional to the change of the angle. 

We have 

cos(^- A) — cos^ = sinA sin^ — costf (1 — cos A) 

1 -cosA^ 



= sinAsin^(l-cot^ — . - ) 
\ sinA / 

= sinAsin^ri— cottf tan ^ j . 



Let us now suppose that h is the circular measure of a very 
small angle, so that smh = h approximately; thus, approximately, 

cos (^-A) - cos tf = A sin^ ( 1 - cot tf tan^j ; 

let us also suppose that 6 is not very small, so that cot is not very 

large, and thus cot tan ^ may be neglected. We have then, 

approximately, 

coa{0'-h)"COB6=hmiO, 

and by changing the sign of A, 

cos(^ + A)-costf = -ABLntf; 

and this establishes the proposition. 

T. T. ^ 
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187. From the result of the preceding Article^ we can deduce 
the rule used in Arts. 165 and 166 of the preceding Chapter; the 
method is the same as that which we have already given in 
Art 183. The only peculiarity to notice is that the oosiiie 
diminishea as the angle increaaea. 

And by proceeding as in Art. 184 we see that the difiTerenoeB 
in the cosines of consecutive angles are nearly insensible and aie 
also irregulot/r when the angles are very smalL 

188. To prove that in general the change of the tcmgerU of an 
angle is approodToately proportional to the change of the cmgle* 

-rr^ , . //> »v X /» sin(^ + A) sintf 

We have tan(^ + A)-tan^ = )r^ — j{ ^ 

^ ' cos (6^ + A) cos^ 

sin(^+A)cos^-cos(^+A)sind_ sin(^ + A-^) _ ednA 
*° cos {0 + h) cos 6 "" cos(0+A)cos^ ""cos(d+A)oo6tf 

sin A _ tall h 

"" cos* Q (cos A — siu h tan B) " cos' ^ (1 — tan tan h) ' 

Let us now suppose that A is so small that we may put h for 

tan hy and also that is not nearly equal to ^ so that tan tan A 

may be neglected. We have then, approximatelyj 

tan (^ + A) - tan » — j-n = ^ sec' 0^ 
also by changing the sign of h 

tan (O — h) ~ tan $ = — h sec' B i 
this establishes the proposition. 

189. From the result of the preceding Article we obtain the 
same rule for the tangent as we obtained in Art. 183 for the sine. 
We will now proceed to examine the amount of error to which "we are 
liable in using the approximate formula of the preceding Artidei 

Wehave — j-^rn ttl — ft = tanAsec'^Cl-tan^tanA)""* 

cos'^(l-tan^tanA) ^ ' 

= tan A sec' ^ ( 1 + tan tf tan A + tan' tf tan' A + . . . ) ; 
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thus if we take only the £u:st term tan h sec' we neglect a series 
of terms beginning with tan' A sec' d tan 0, that is approximately 
h* (1 + tan* 6) tan 0, Now if we have a table of natural tangents 
calculated for every minute and we wish to . find the natural 
tangents of intermediate angles the greatest value of A is the cir- 

cular measure of one minute, that is, -^^ — ^ , or '0003 approxi- 

ma^ly. Hence the numerical value of the greatest error is not 
less than ('0003)* (1 + tan" 6) tan 6, and therefore even if ^ be not 

IT 

greater than j "^© ar© liable to an error in the seventh place 

of decimals. I^ however, we have a table calculated for every 
ten seconds the greatest value of A is the circular measure of 

TT 

ten seconds, that is -^-r-rr — ^77; — -, or '00005 approximately: in 

180 X dO X 6 

this case we shall be free from error in the seventh place of 

decimals until tan is nearly as great as 3^ : the table shews that 

tan 73"" 18' is rather less than 3^. 

190. Since tan (^ + 7^) — tan e ^ sec' ^ approximately, and 
sectf is never less than unity, the differences of consecutive tan- 
gents are never insensible ; but as we have shewn in the preceding 
Article, the differences are irregvla/r when the angles are nearly 
right angles. 

191. We have shewn that approximately 

tan {6 + h)- tan 6 = h sec* 6 ; 

change 6 into ;r - 6'j thus 

tang-fl' + A)-tang-^')=Asec'(|-.^'V 

that is cot {& — 1i) - cot & =^h cosec' 6\ 

and by changing the sign of h 

cot(^' + A)-cot^' = -Acosec'^. 
This may be proved independently, as we will now shew. 



( 



132 THEOBY OF PROPORTIONAL PARTS, 

192. To 'prove tliat in general the change of the eoUmgeni of 
an angle is approxiTnately proportional to the change of the angle, 

Wetave cot(g-A) -cote= '^g-S ^gg^ 

^ ' Sin (^ — A) Sin ^ 

_ cos (^ - 7i) sin ^ - cos ^ sin (^ - A) _ sin (^ — ^ + A) 
"~ sin (^ - A) sin ^ ~ sin (^ — K) sin B 

sin h sin h 



sin ((9 — A) sin ^ sin' B (cos A — sin A cot &) 
tanA 



sin'^(l-tanAcot^)' 

Let US now suppose that h is so small, that we may put h fw 
taa hy and also that B is not very small, so that cot B tan h may be 
neglected. We have then approximately 

cot (^ — A) - cot B = -r-Tr, = h COSCC* 0, 

^ ' sin"^ 

also by changing the sign of h 

cot (p + h) — cot 0^ — h cosec* ; 
this establishes the proposition. 

193. To prove tliat in general the change of the secant of 
angle is proportional to the change of tlie a/ngle, 

1 1 

We have sec iO-^h) — sec = rn — t-\ s 

^ ' cos(^ + A) cos^ 

_ cos ^ — cos {0 + h) _ sin 7* sin ^ + (1 — cos A) cos 
~~ cos ^ COS {$ + h) "~ cos' (cos A - sin A tan 6) 



tan A sin ^ ( 1 + tan ^ cot \ 



cos* 6^ (1 — tan tanX) 

Let us now suppose that A is so small that we may put A fat 
tan h, and also that is neither very small nor very nearly equal 
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to ^ , SO that tan 6 tan h and cot 6 tan^r may be neglected. We 
have then approximately 

cos''^ 



sec(tf+A)-sectf= — j-r = /i sin 5 sec' tf , 



also by changing the sign of h 

sec (5— ^) — sec tf i= - A sin tf sec* ^ ; 
this establishes the proposition. 

194. We have shewn that approximately 

sec(^ + A)-sec^ = Asintf sec* ; 

change into ^ - ^, thus 

sec g--^ + A) -860^5"^) = /* sin (j-^)sec»g-^'), 

that is cosec (d' - A) - cosec ^ = A cos ^ cosec* ff, 

and by changing the sign of h 

cosec (^ + A) — cosec ff^ — hcoaff cosec* ^'. 
This may also be proved independently. 

195. The amount of error to which we are liable in using the 
approximate formulad of the preceding two Articles may be in- 
vestigated as in Art 189. It will be seen that the differences of 
consecutive secants are insensible and irreguUvr when the angles 
are very small, and they ai*e vrregvlar when the angles are nearly 
right angles ; the differences of consecutive cosecants are vrregvlar 
when the angles are small, and insensible and vrregvloM' when the 
angles are nearly right angles. 

We will now proceed to examine how far the principle of pro- 
portional parts holds in the case of the Loga/rithmic Trigonometrical 
Functions. 

196. To prove that in general the change of the tabular logor 
rithmie sine o/an angle is approximately proportional to the change 
qfthe angle. 
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We have approximately sin (^ + ^) = sin tf + A ooa ft 
therefore ^"^: ^ ^ =;l+J^oot^; 

therefore log sin (^ + h) - log sin 61 = log — -a = log (1 + A cot ^ 

and log (1 + A cot $) = fjJh cot approximately (Art. 148), where /i 
is the modvXua; thus approximately 

log sin (^ + A) — log sin 9 = fiA cot 0, 
also by changing the sign of A 

log sin- (^ - A) - log sin ^ = — fiA ccft tf. 
If L stand for tahdar logarithm, we have 

X sin (^ + A) = 10 + log sin (^ + A), 
Z sin ^ = 10 + log sin ; 
therefore Z sin (^ ± A) - Z sin ^ = ± /iA cot 6, 

This establishes the proposition. 

197. We will now shew that in general the principle of pro- 
portional parts holds approximately in the case of the other 
tabular logarithmic functions, and then we will consider the 
amount of error to which we are liable in uging the approxiziiaie 
formulae, 

198. We have shewn that approximately 

Z sin (^ + A) - Z sin ^ = fiA cot ^, 

change into « - ^> *^^^ 

Zsinr^-^+A)-ZsinQ-^) = ^cot0-«'V 

that is Zcos(^-A)-Zcos^«ftAtan^', 

and by changing the sign of A 

Z cos (^ + A) - Z cos ^ =— fiA tan ff. 

This proves the principle in the case of the tal)ular logarithxnio 
cosines. 
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199. We have shewn that approximatelj 

log sin (tf + A) - log sin tf =fiA cot tf, 
and log cos (0 + A) ~ log cos ^ — /liA tan $ ; 

then by subtraction 

log sin(tf +A) - log cos(^+A) -{log sintf-log cos^}= fiA(cot + tan 0\ 

2iiA 
that is log tan (^ + A) - log taa = . ^ , 

sin 2& 

therefore Ztan(tf + A) — Ztantf=--?^^-~, 

^ ' sin 2d ' 

and by changing the sign of A 

Ztan(d-A)-Ztand=-.-?^. 

This proves the principle in the case of the tabular logarithmic 

IT 

tangents. By changing 6 into ^ — ^ we obtain 

Zcot(«',A)-Zcot^ = *-M ; 
^ ' sin 2^' 

this proves the principle in the case of the tabular logarithmic 
cotangents. 

200. We have shewn that approximately 

log sin (d + A) — log sin tf = /nA cot tf , 

therefor© log . .^ — =t - log -r— 7, = - mA cot d, 

that is log cosec (d + A) - log cosec = — fiA cot d, 

therefore L cosec (d + A) — Z cosec tf = — fiA cot d, 

also by changing the sign of A 

Z cosec (0 - A) - Z cosec = /lA cot ; 
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tihis proves the principle in the case of the tabular 
cosecants. By changing B into ^ — ^^ we obtain 

Z sec (^7 A) - Z sec ^ = <p fJ^ tan^ ; 

this proves the principle in the case of the tabnlar logaiitliinie 
secants. 

201. From the results of Arts. 196...200 we obtain the roles 
which were exemplified in Arts. 171... 1 74. It will be observed 
that we have deduced the approximate formulsB for all tbe otiier 
logarithmic functions from that of the logarithmic sine ; thus if we 
investigate the amount of error to which we are liable in the case 
of the logarithmic sine, we shall know the amount of eocxor for all 
the other logarithmic functions. The approximate formuln bow- 
ever for the other logarithmic fbnctions maj be obtained inde- 
pendently, and we will for example give the investigations for the 
logarithmic cosiue and the logarithmic tangent. 

202. To prove that in general the change of the tabular logar 
rithmic cosine of an amgle is approximatdi/ proportional to the 
change of the a/ngle. 

We have approximately cos (tf - A) = cos fl + A sin d, 

therefore ^ T ' = 1 + A tan tf , 

cos^ 

therefore logcos(g-A)-logcosi9 = log ^^^^ ~ ^ = log (1 4- A tang), 

cos V 

and log (1 + A tan g) = fiA tan g approximately (Art. 148), 

therefbre log cos (^ -A) - log cos ^ = fiA tan approximately, 
therefore Zcos(0-A)~Zcos0 = fiAtang, 
and by changing the sign of A 

Z cos (0 + A) - Z cos = - fiA tan g. 

203. To prove thai m general the change of the tabular logo- 
rithmie tangent of an angle is approxvnuUely proportional to the 
change of the angle. 
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We have approximately taa (^ + A) = taa $ + h sec* 6, 
therefore — j. a - 1 +-t — tt = 1 + 2A coseo 20, 

therefore log taa (tf + A) - log tan tf = log (1 + 2A cosec 20) 

= 2fiA cosec 20 approximately^, 
therefore L tan (^ + A) - Z tan ^ = 2/aA cosec 2 tf , 
and by changing the sign of A 

L tan {fi — K)''L tan tf = - 2ftA cosec 2ft 

204. We will now proceed to consider the amount of error to 
which we are liable in using the approximate formula 

Z sin (^ + A) — Z sin ^ = ftA cot ft 

In obtaining this formula log (1 + A cot 0) was taken equal to 
fiAcot^y 80 that the square and higher powers of Acot^ were 
neglected. But when is very small cot is very large, and thus 
h'cot'O maybe too large to be neglected; this case then wiD 
require further examination. 

We have shewn in Art. 181 that 

1-tanfitan-j j 

let us suppose A so small that we may write A for sin A and ^ for 

h A* 

tan ^ j thus approximately sin(^ + A)— sind = Acosfi — -^sintf, 

XI. i. sin(tf + A) - , ^. A" 

therefore ; ^ ^ = l + Acotg--^, 

smO 2' 

therefore log^^^-i— ^ =logn +Aoottf- ^j 

= /i(Acotfl-^-J('Acottf-^*+...(Art.U8) 

oA* 
= fiA cottf-i^(l +cot"^) + ... ; 

thus if we omit powers of A higher than A' we have 

iiA' 
log sin (tf + A) - log sin ^ = ftA cot ^ - — cosec" ft 



to which we are liable is about — i^no — • This error will beoome 
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K our Table is calculated to every ten seconds, then the 
greatest value of A is the circular measure of ten seconds, that is 
about '00005 j aud ft=^ approximately. Thus the greatest eriar 

6 cosec* 9 
W 

sensible in calculations to seven places of decimals if 6 cosec' ia 
as large as 10^; that is if sin' ^ is as small as '006 : the tables 

shew that the sine of 4:^^ is rather greater than ^'OOG, 

Thus we see that the differences of consecutive logaiithmie 
sines are irregtUar when the angles are vert/ small. 

When $ is very nearly a right angle, cot 9 is very small 
while cosec" 9 is not very small ; thus the above formula for 
log sin (fi+h)- log sin 9 shews that the differences of consecutive 
logarithmic sines are nearly insensible when the angles are neaxly 
equal to a right angle, and that these differences are at the same 
time irregula/r. 

From these results we can immediately infer the oorreepoiiding 
results for the logarithms of the other Trigonometrical fdnctioiiflj 
they will be found enunciated in Art. 206. 

205. It appears from the preceding Article, that when an 
angle is STnall it cannot be accurately determined from its logp^ 
rithmic sine nor the logarithmic sine from the angle by meazis of 
the common tables, because although the differences of conseoative 
logarithmic sines are then sensible, yet they are irregular. To 
obviate this difficulty three methods have been proposed. 

First Method. We may have a Table of Logarithmic sinai 
calculated for every second for the first few degrees of the quadrant; 
in this case the greatest value of A is the circular measure of one 

second, and thus ^ cosec'tf becomes small enough to be neglected, 

provided sin ^ is as small as ^'00006: the tables shew that the 
sine of half a degree is rather greater than ^-00006, 
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Second Method. This is called Bdcmibris Method. A Table 

/I 

is constructed whicli gives the value of log— ^+Zsiiil" for every 
second for the first few degrees of the quadrant. 

Let B be the circular measure of an angle of n seconds^ then 

B — nWiV approximately (Art 123), 

* /) • // 

therefore log —^ = log — ^—y-, = log sin v!' - log n — log sin 1", 

■B Z sin »" — log n — Z sin 1 ", 

therefore log n » Z sin n" — Hog — ^— + Z sin 1" j . 

K the angle is known, then the Table gives the value of 
log — 2— + Z sin 1'', and log n can be found from a Table of the log- 

arithms of numbers; thus the formula enables us to find Z sin n. 

K the value of Z sin n'' is given and we have to find w, we pro- 
ceed thus : since Z sin v!' is known we can find ajyproximaJtdy 
the value of the angle, and then from the Table we get the value 

of log —^ + Z sin 1"; then the formula gives us log n, and we can 

find 71 by an ordinary table of logarithms of numbers. In this 
operation we are liable to an error by using an approximate value 

of —X — instead of the real value. But it may be inferred from 

Chap. iz. and will be more fully shewn hereafter, that when B is 

small —^ is very nearly equal to 1 — -^ , and thus a small error in 

Q will not produce any sensible error in our calculations, since 

log —K" "^^ ^^^^ ^ loss rapidly than 0. 

Thwrd Method, This is called Maahelyn^s Method. It may be 
used if Tables such as those described in the other methods are 
not aocessibla 
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It may be inferred from Chap. ix. and idll be more fully ahewn 
hereafter^ that when $ is veiy small we have approximately 

2 

therefore — ^ ~^"'fi~(^""9') approximately, 

= (cos 6)^ approximately, 
therefore log sin tf = log ^ + J log cos 6 approximately. 

This formula gives log sin at once if be given. If log sin 
be given, we must find an approximate value of 6, and then find 
log cos 6 approximately ; then we have 

log ^ = log sin fl — J log cos 0. 

Here since cos 9 varies far less rapidly than 6, we are free from 
sensible error by using an approximate value of log cos instead of 
the real value. 

A pimilar formula may be found for the tangent of a small 
angle; for 

*^^"^ " (^'" e) (^""2") appro^^imateiy* 

= l+^ = (l--2l approxmiately, 

therefore log tan 6 » log — f log cos 9 approximately. 

20G. We will now sum up the results of the investigatioiui 
of the present Chapter. 

The principle of proportional parts is applicable to all the 
trigonometrical functions natural and logarithmic with certain 
exceptions, which occiir when the angles are small or nearly equal 
to a right angle. In the exceptional cases the differences of 
consecutive functions are sometimes irregvXa/r ordy; sometimes 
they are nearly insensible, and then they are also irregular. 
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For the natwrcd fijmctions we have the following exceptional 
cases. For the sine the differences are insensible when the angles 
are nearly right aaglesj for the cosine they are insensible when 
the angles are smalL For the tangent the differences are ir- 
regular when the angles are nearly right angles; for the cotangent 
they are irregular when the angles are small. For the secant 
the differences are insensible when the angles are small, and 
irregular when they are nearly right angles ; for the cosecant 
the differences are irregular when the angles are small, and in- 
sensible when they are nearly right angles. 

For every logarUhmic /imction the principle of proportional 
parts fails both when the angles are small and when they are 
nearly right angles. For the log sine and the log cosecant the 
differences are irregular when the angles are small, and insensible 
when they are nearly right angles. For the log cosine and the 
log secant the differences are insensible when the angles are 
small, and irregular when they are nearly right angles. For the 
log tangent and the log cotangent the differences are irregular 
when the angles are small and when they are nearly right angles. 

207. In using Trigonometrical Tables it is necessary to avoid 
as much as possible the cases in which the principle of pro- 
portional parts does not hold. In other words, we must endeavour 
to use a Table such that the differences of the function corre- 
sponding to given small differences of the angle are both aensibte 
and regtUcMT, If the differences of the function are insensible 
for a certain number of decimal places we cannot by any method 
determine the value of the function for any intermediate angle, 
or perform the converse operation, so long as we are restricted 
to the certain number of decimal places. If the differences of 
the function are vrregvla/r we cannot determine the value of the 
function for an intermediate angle, or perform the converse 
operation, by the principle of proportional parts, though we may 
by retaining the terms which were neglected in the first approxi- 
mation. 
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208. I£ we liave to determine an angle from its natural 
sine or cosine it will be advisable to employ the natural mnfl 
if the angle be less than 45^, and the natural cosine if the an^e 
be greater than 45^^. For the differences of consecutive sines 
vary approximately as the cosine of the angle, and the differences 
of consecutive cosines vary approximately as the sine of the 
angle; thus the differences of consecutive sines are greater m 
less than the differences of consecutive cosines according as the 
angle is less or greater than 45^ A similar remark holds for 
the logarithmic sine and cosine. 

209. The student who is acquainted with the elements of 
the Differential Calculus will see that all the results of the present 
Chapter may be obtained from Taylor's Theorem ; and thus these 
results may be easily retained in the memory, or at least readily 
recovered when required. For example, consider the natural 
sine; we have by Taylor's Theorem 

sin (^ + A) = sin tf + A cos ^ - ^ sin (^ + \h), 

where X is some proper fraction. This formula shews that if 

we put 

sin (^ + A) = sin fl + A cos tf 

the error is less than ^ . Moreover we see that when is small the 
principle of proportional parts is especially applicable, for then 
the term ^ sin(^ + XA) is extremely small in comparison with 

IT 

hco&Oy and on the other hand, when is nearly ^ the principle 

A* 
is not so appropriate, because then -^ ^ (^ + ^) i>^7 ^ sensible 

in comparison with h cos 6. 

Again, by Taylor's Theorem, we have 

log sin (^ + A) = log sin tf + fiA cot tf - ^ cosec* {0 + XA), 
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where fi is the modulus and X some proper fraction. This equa- 
tion shews that the principle of proportional parts is in general 
applicable for the logarithmic sine, but that the differences of 
consecutive logarithmic sines are irregular when the angles are 
small, and insensible and irregular when the angles are nearly 
right angles. 

210. The following application of Taylor's Theorem will give 
a good mode of estimating the amount of error involved in the 
principle of proportional parts. Take the logarithmic sine for 
example ; we have 

log sin (5 + A) = log sin ^ + /xA cot {9 + XA), 

where X is some proper fraction. Thus the approximation 
uses cot 9 instead of cot (9 + XA). The true value in fact of 
log sin(^ + A) — log sin 9 must lie between ft A cot 9 and fih cot {9 +7i), 
so that the error is less than /lA {cot 9 — cot {9 + A)}. 



MISCELLANEOnS EXAMPLES. 

1. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and from the point of their intersection 
straight lines are drawn perpendicular to the sides which contain 
the opposite angle : shew that if p and q be the lengths of the 
perpendiculars last drawn, and c the diagonal of the rectangle, 

2. If two circles whose radii are a and h touch each other 
externally, and if d be the angle contained by the two common 
tangents to these circles, shew that 

. 4(a-6)7 (a6) 
{a + by 

3. Oiven sec a sec + tan a tan = sec ^, find tan0. 



144 EXAMPLES. CHAFIEIl XIL 



4. Eind the limit ^hen ^ = of 



sin ^ cos 2d . . /» 

2 , . tan'O 

and of 



versdcotd' sec2tf-.l' 

5. Shew that cot ^ is never less than 1 + cot if lies 
tween and v, 

^ Ti^x ^ tand + c-1 ^j. 

6. If tan ^ = - — j: , find tan^ . 

2 tand + c+ 1 2 

7. Find the condition necessary that the same value oi 
may satisfy both the equations 

a sec' d — 6 cos d = 2a, b cos* 0-asecO = 2b, 

8. Eliminate a and P from the equations 

a = sin a cos )3 sin d + cos a cos $, 
h = sin a cos P cos 6 - cos a sin 6, 
c = sin a sin )3 sin 0, 

9. Eliminate a and )3 from the equations 

6 + ccosa = wcos(a — d), 6 + ccos)3 = Mcos(j8— d), a — j8=2S; 
and shew that u' — 2tw; cos + c^ = b^ sec* & 

10. Eliminate a; from the equations 

atan'd — a; 2a tan d 

tan 2a tan 2a' tan 2a + tan 2a' ' 

and shew that tan (2a + 2a') = tan 2$. 

11. Eliminate 6 and <^ from the equations 

sin d + sin <^ = a, cos d + cos <^ = 6, cos (^ — <^) = c. 

12. Eliminate 6 and <^ from the equations 

a; cos d + y sin 5 = a, x cos {0 + 2</)) - y sin (d + 2<^) = a, 

& sin (d + <^) = a sin <^. 

13. Eliminate x and y from the equations 

tana; + tany = a, cotaj + coty = 6, a5 + y = c. 
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14. Eliminate $ from the equations 

- = — ta 5a> — = sec"^ + cos'^. 

a boo' 6 •¥ COB 6 y 

» 

15. Eliminate B from the equations 

(a + V) tan (^-^) = (a - 5) tan (^ + ^), a cos 2^+ 5 cos 20 = e. 

a* v' «• 

1 6. Given -^ cos = ^ cos + t-« cos B\ 

or or Ir 

and X ^ y z 



shew that 



sin(e + ^ sin(0-0')""sm2^' 
sin0 V 



17. Eliminate ^ from the equations 

ycos<^ — a;sin<^ = a cos 2^, y sin <^ + a; cos ^ = 2a sin 2<^ ; 
and shew that (oj + yy + (a; - y)* = 2a*. 

18. Eliminate 9 and <^ from the equations 

^ sinyS siny //i ,\ • io • 

cos0 = -: , <X)s6 = -: — -, coB(d-<h) = BmBsmy: 

and shew that tan*a = tan*)8 + tan*7. 

19. Eliminate from the equations 

m = cosec O — emd, n = Boc$ — cos $. 

20. Eliminate from the equations 

• /I /J // 1 j\ cos*0 sin*0 1 

21. Eliminate 6 and 0' from the equations 

a sin* + a' cos* = 6, a' sin' 0' + a cos* ^ = 5', 

a tan = a' tan tf' ; 

and shew that r + t/ = - + -> • 

6 6 a a 

T.T. Mft 
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22, Given re" + y" = a* + 6*, aw = a6 sin a, — =— -i =— = - 

a* 
shew that i^ cot 20 = cot 2a + vs cosec 2a. 

-- -, cos a; cos 2a; cos 3a; . ... 

23. If = = .shew that 

a a a 

Wj Wj w^ 

. . a; 2a — a — a 
2 4a. 

sin X __ sin 3aj __ sin 5x 



f » 



24. If 



shewthat a,>2a3 + a,^a3-3a, 



G' cosa; _ oo3(a;+^) cos(a; + 2^) ooB(a;-f-3^) 



Bhewthat 0^+0,^0^4^ 



a a 



or TV • ajL COS 2a COS 2a' ., . « <^ 
26. If sm'<^ = 5-7 7^, then tan'J = 



tang* a) 



a-') 



cosVa+a) ' 2 , 

^ ' tan 

27^ j£ sin(^-ff)cosa ^ cos (a + g) sin /8 ^ ^ 
sin (<^ — a) cos /3 cos (<^ — ^} sin a ' 

tan ^ tan a cos(a— i3) ^ 

and >i + 7 ^=0, 

tan <^ tan p cos (a + p) 

shew that tand = ^(tan)8 + cota)^ tan <^ s ^ (tan a - cot )3). 

OQ Tf 2 _ sin/gsin^ _ tan (^ - a) 

rTa"cos03-^)"' cotiS ' 

shew that a:*= f cot|-2cot^j rtan| + 2cot)8j. 

29. Given sin0sin<^ = sinasui)9, tan^cosj3=cot^y prove 

6 a 

that one of the values of sin ^ is sin ^ sin^g. 

30. Given 8in^ = nsin^, tan^ = 2tan0, find the HmitJTity 
values of n that these equations may coexist. 
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31. Shew by means of a Trigonometrical formula that 
if aj+y + « = a5y«, 

2x 2y 2z _ 2x 2y 2z 

^^"^ rr^'*"i-3^"*T=?~l-aj»'l-3/»'l-«^' 

32. Eind the values of v, x, y, z from the equations 

sino; sinv smz o 

v = - — =-3— T =- — J x + y+z=:27r. 
sma smo sine 

33. Find the limit of (cos nxf^^^^ ^ when x is zero. 

34. From a table of natural tangents which goes to 7 places 
of decimals, shew that an angle may be determined within about 
■g^th port of a second when the angle is nearly 60°. 

35. When an angle is very nearly equal to 64® 36', shew that 
the angle can be determined from its L sine within about iV^ of a 
second ; having given log« 10 . tan 64® 36' = 4*8492, and the tables 
going to 7 places of decimals. 

36. Shew that 

(l-t-'i)0-*-'2-.)(l-t-'|.) '^i-f-^a- 

37. If A, B, Che positive angles which satisfy the equation 
inii'A + sin'^ + sin' (7 = 1, prove that A + B+G ia greater than 90°. 

38. A circle is drawn touching the tangent and secant of a 
given angle a, as well as the corresponding arc ; find its radius and 
explain the double value. If one value be equal to the radius of 

the original circle, shew that a = ^ . 

39. K ^cos(^-^)-mcos(^-a) = 7i, shew that 

^ sin (^ - /8) - m sin (tf - a) = ^I'+m'-n'-' 2lm cos (a- j8). 

40. Shew that - sin is less than tan 0-6 \£ lies be- 
tween and -r . 
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XHL RELATIONS BETWEEN THE SIDES OF A 
TRIANGLE AND THE TRIGONOMETRICAL 
FUNCTIONS OF THE ANGLES. 

211. We shall now investigate certain relations "which hold 
between the sides of a triangle and the Trigonometrical Fanctions 
of its angles; these relations will be applied in the following 
Chapter to the solution of Triangles. We shall denote the angles 
of a triangle hj the letters A, By C, and the lengths of the sideB 
respectively opposite to these angles by the letters a, 6-, c ; thus a, J,c 
are numbers expressing the lengths of the sides in terms of some unit 
of length such as a foot, or a yard, or a mUe. The unit of length 
may be whatever we please, but must be the same for all the sideSi 

212. In a right-angled triangle each side 
is equal to the product of the hypotenuse into 
tlie cosine of the adjacent angle. 

Let ABC be a triangle having a right angle 

at C ; then 

AC , BG ^ 

^ = cos^ 2i = cos^; 

therefore 6 = c cos -4, a = c cos B. 

Since cos -4= sin ^ and cos ^ = sin -4, we may also ennnciaie 
the proposition thus : in a right-a/ngled triangle each side is equal 
to tJie product oftlie hypotenuse into the sine of the opposite cmgle. 

213. In any right-angled triangle each side is equal to the pro- 
duct of the tangent of the opposite angle into the other side. 

From the figure of the preceding Article we have 

^ . BC ^ ^ AC 
tan-d = -TT^, tan^=-=rrr: . 
AC^ BC* 

therefore a = 6 tan -4, 5 = a tan B, 
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Since tan^ ?= cot^ and tan^ = cot^, we may also enunciate the 
proposition thus : in any righlrangled triomgle each side is equal to 
the product of the cotangent of the adjacent angle into the other side, 

214. In any triangle the sides a/re proportional to the sines of 
the opposite angles. 





Let ABG be any triangle, and from A draw AD perpendicular 
to the opposite side meeting that side, or that side produced, at D, 
If B and G are acute angles we have from the left-hand figure, 

AD^AB^imB, and AD = AC miC', 

therefore AB BiaB = AC eiaC, 

., ^ c sinC 

therefore =- = -: — ^- . 

sin D 

If the angle G be obtuse we have from the right-hand figure, 

.ii>=ii^ sin^, and ^i>=.i(7 sin.i(7i>=^(7 sin(180"-(7)=^C sinC; 

therefore AB sin J? = AO sin G, 

c sin (7 



therefore 



b sin^' 



If the angle C be a right anglcy we have from the figure of 

Art. 212, 

AG = ABBmB, 

- c I smG 

therefore % '^ '^^Tp ^ Zi^Tli ' 

sin JS sin JS 

Thus it is proved that in every case t = — — ^ • 
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c. ., 1 ^ sin -4 - a sin -4 

Similarly - = -: — ^, and -=-r— -=. 

b sin B c sm C 

The results may be written symmetrically thus, 

sin A sin B sin C . 

and we shall shew hereafter that each of these is equal to =r^ , 

where R is the radius of the circle described round the tnangle. 

215. To express the cosine of an angle of a triangle in terms 
of the sides. 

Let ABC be a triangle, and suppose C an a,cute angle. (See the 
left-hand figure of the preceding Article.) Then by Euclid H. 13, 

AB' = B0^-\-AC'''2BG.CD, 

and CB^AC coaC; 

therefore c^ = a^ + ¥ — 2ah cos C, 

Next suppose C an obtuse angle. (See the right-hand £giire of 
the preceding Article.) Then by Euclid IL 12, 

AB' = BC + AC + 2BC . CB, 

and CD = AC cos (180° - = -AC cos 0, 

therefore c* = a° + 5' - 2ab cos C. 



Thus in both cases we have cos C = 



2ab 



Moreover when C is a right angle, a^+b'=<f and cos (7 is zero ; 
thus the formula just found for cos C is true in every case. 

Similarly cos ^ = — ^ , cos i? = ^ • 

•^ 2bc 2ca 

216. In every triangle each side is equal to the sum of the 
product of each of the otlier sides into ike cosine of tlhe cmgle u^vick 
it makes with tliA first side. 

From the left-hand figure in Art 214, we have 
BC = BD-{-I)C=^ABcosB + AC coaCy 
that is a = c cos j^ + 5 cos CL 
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From the right-hand figure in Art. 214, we have 
BG^BD--DG=^ABQmB--AGco&{\W-^C) 
= AB cos^ + AC cos (7, 

that is a = c cos ^ + 5 cos C7. 

* 

Similarly we shall have &=:acos(7+ccos^, and c=:5cosil+acos^. 

217. To express the siney the cosine, and the tcmgent of half an 
angle of a trian^gle in terms of iJiS sides. 

We have by Art. 215, 

6« + c*-a« 



cos -4 = 



2hc 



therefore l-cos-A = l jr^ = s* — ^5 

., . . ^A (a+5-c)(a + c-6) 

therefore sin^T; =:-^ fr" ■• 

2 45c 

Let 29 = a + 6 + c, so that s is half the sum of the sides of the 
triangle; then 

a + 5 — c = a + & + c*2c=:2(9-c), 

a + c-6 = a + 5+c-26=2(«-5). 

Also 1 + cobA = 1+ ^^ =^-^ J 

therefor* ^os' ^ = ii±*±#±£::^ = 1^, 

2 4oc oc 

- ^ /s (s — a) 

-4 J. 

From the values of sin -^ and cos -^r we deduce 



2 V *(*-«) 
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The positiye sign must be given to the radicals wMch oocmr in 

, . A , 

this Article, liecause -^ is less than a right angle, and therefore its 

sine, cosine, and tangent are all positive. 

Similar expressions hold for the sine, the cosine, and the taik* 
gent of half of each of the other angles. 

218. To express the sine of an angle oj a triangle in terms of 
the sides. 



. A A 
Since sinii = 2sin-;r cos-jr,"we obtain 



q 

= T- V « {s — a) (« — h) (s ~ c). 

Or we may fin4 sin A directly from the known value of cos A \ 

*!, • . J 1 (2>' + c* - a*)« 26V + 2cV + 2aV - a*- 6* - c* 
thus smil = l i5V~ " 46V '' 

^, - . . ^26 V + 2c V + 2a'6* - a* - 6* - c* 
therefore sm ^ = 2^^ rrr ; 

the former expression may be shewn to agree with this by forming 
the product of the factors «, « — a, « - 5, and s-c. 

Similar expressions hold for sin B and sin G, 

219. We have proved the formulsB in ALrts. 21 4... 21 6 inde- 
pendently from the figures; we may however observe that it is 
easy to deduce those in any two of the Ajrticles firom those in the 
third. Thus we may first establish as in Art. 216, that 

a = 5 cos (7 + c cos B, 5 = ccos-4 + acos(7, c = acosjB + 6 cos A ; 

multiply the first of these equations by a, the second by 5, and the 
third by c ; then add the first two resulting equations and subtract 
the third ; thus we obtain 

a" + 5* - c* = 2ah cos C, 

Similarly the other two formulsa of Art. 215 may be deduced. 
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Then from these results we may proceed as in Arts. 217, 218, 

sin^ 2 



and shew that = -t- >J8 (s - a) (« - b) (s - c), 

and that — ■=■ — and — — are equal to the same expression. 

rrn sin ^ sin J5 sin (7 
Thus =s— -— = . 

a c 

Or we may begin by establishing the formulaa of Art* 214 
directly from the figure, and then proceed thus : 

sin -4 = sin (180® — ^) = sin (-B + (7) = sin ^ cos (7 + cos -B sin (7 ; 

xi.^ -I ^sin^ _,sin(76 ^ c ^ 

therefore 1 = cos C - — . + cos ^ —, — r = - cos C7 + - cos ^ : 

sm^ sin^ a a 

therefore a = 5 cos (7 + c cos B, 

Similarly the other two formulae of Art. 216 may be deduced ; 
and then those of Art. 215 will follow in the manner shewn in the 
beginning of the present Article. 

220. The reason why an ambiguity of sign occurs in the 

. A A 

formula for sin-^ and cos ^ of Art 217 may be explained as on 

former occasions. It will be observed that we have an expression 

A A 

for cos A, and we proceed to deduce expressions for sin ^ and cos -^ ; 

and in Art. 96 it has been shewn that in this case we may expect 
two values differing only in sign for each of the required quantities. 

221. Since the formul© in Art. 217 have been strictly demon- 

A 
'strated, they must of coui'se always furnish real values for sin ^ , 

A A 

cos -^ , and tan •^, if the triangle really exist. That they do so 

may be easily verified from a known property of a triangle. 
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Take for example the formula 

. g ^ _ (a + 5 - c) (a + c — 6) 
sin ^- -^^^ ; 

A 
that this may give a possible value for sin -^ the expression on the 

right hand must be positive and less than unity. It is positive, 
because from the fact that two sides of a triangle are greater than 
the third, we have a + b — e positive and a + c — 6 positive. And 
the numerator is a' — (c — b)', and this is less than the denominator 
provided a' be less than (c * h)* + 45c, that is provided a' be less 
than (b + c)', which is obviously the case. 



MISCELLANEOUS EXAMPLES. 

1. The sides of a triangle are aj' + jc + l, 2a; + 1, and asP— 1: 
shew that the greatest angle is 120^ 

% If cos ^ = -rr—' — 7y J shew that the triangle is isosceles. 

2 sm (7 ^ 

3. In a right-angled triangle of which is the right angle, 

^A 5 + (j 

cot ^ = . 

2 a 

4. If in a triangle a tan A-^-b tan ^ = (a + 6) tan — 5 — shew 
that ^= J?. 

5. The angles of a plane triangle form a geometrical pro- 
gression of which the common ratio is ^ : shew that the greatest 

side is to the perimeter as 2 sin-=-j is to unity. 

6. If A' J By C are the external angles of a triangle, shew that 
2bc vers -4'+ 2cavers jB'+ 2a6 vers C'= (a + 5 + c)*. 

7. From the angle A of any triangle ABC a perpendicular 
AD is drawn to the base, and from D perpendiculars DE^ DP 
drawn to AB^ AC respectively : shew that 

AE . EB . co&^ G ^ AF . FO .cm* B. 
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8. 1£ a, b, che the sides of a triangle and the opposite angles ^ 

-^ ) - 1. 
a + c/ 

9. ABC is a triangle of which (7 is an obtuse angle : shew 
that tan A tan JS is less than unity. 

10. If the sides a, b, c of a triangle be in arithmetical pro- ^ 
gression, shew that ^"^ 

A-G ^ . B - ,(7 ^A Zb 

cos — ^ — = 2 sm — , and a cos' o + c cos -^ = -^ . 

11. If i> be the middle point of the side BC of a triangle 

cot ^-42) - cot ^ = 2 cot .4. 

12. If an angle of a triangle be divided into two parts such 
that the sines are in the ratio of the sides adjacent to them 
respectively, shew that the difference of their cotangents is equal 
to the difference of the cotangents of the angles opposite to their 
sides. 

13. If the cotangents of the angles of a triangle be in arith- 
metical progression, the squares of the sides will also be in arith- 
metical progression. 

14. Given the vertical angle and the ratio between the base 
and altitude of a triangle, find the tangents of the angles into 
which the vertical angle is divided by the perpendicular drawn 
from it to the base. 

15. If the base of a triangle be divided into three equal parts, 
and t^y t^y ^a ^ ^^ tangents of the angles which they subtend at 
the vertex 



a4)(^y-(>4)- 



16. If the sines of the angles of a triangle be in arithmetical 
progression, the product of the tangents of half the greatest and 
half the least is ^. 

17. If the side BC of a triangle be bisected at D and AD be 

drawn, shew that tan ADBt^-^rr^ — =- . 

6 -<r 
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18. If A, Bf C be the angles of a triangle anct cot -=- , cot jr, 

G \ , , . A & 

cot ~ in arithmetical progression, shew that cot -jr- cot -5- = 3. 

19. Straight lines are drawn &om the angles A and J9 of a 
triangle diyiding the angles respectively into parts whose sines are 
in the ratio of 1 to ti ; these straight lines intersect at D : shew 
that DO either bisects the angle G or divides it into parts whose 
sines are in the ratio of 1 to n'. 

20. If ^ be the length of the straight line which, bisects tbe 
angle ^ of a triangle and is terminated by the base^ the angle 
which it makes with the base, 2$ the perimeter of the triangle^ 

shew that « f sin ^ - sin -^ J = ^ cos -^ sin ^. 

21. If and <^ be the greatest and least angles of a trianj^e, 
the sides of which are in arithmetical progression, shew that 

4 (1 — cos B) (1 — cos <^) = cos ^ + cos <^. 

22. From the angular points of a triangle ABG straight lines 
are drawn making each the same angle a towards the same parts 
with the sides of the triangle taken in order. Shew that these 
straight lines will form another triangle similar to the former^ and 
that the linear dimensions of the two triangles are in the ratio of 

cos a — sin a (cot -4 + cot B + cot C) to 1. 

Shew that in any triangle the relations given in the following 
Examples, from 23 to 42, hold : 

23. a (5 cos (7 - c cos B) — b'- c*. 

24. a (cos B cosG + cos A) = h (cos AcosG + cos ^)- 

= c(cos A cos B + COB C). 

26. 6cos-B + ccosC = acos(jB-(7). 

27. (a + 5)cosC + (6 + c)cos-4 + (c + a)cos-B = a + 6 + a. 
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28. (a*- 6') cot C + (5'-c^ cot^ + (c*-a«) cot ^= 0. 

29. (a- 6) cot -s- + (c -a) cot Y + (ft -c) cot •^ = 0. 

«.x , A B 2c 

30. l-tan-^tan-^ = 



2 2 a + h + c' 

31. (a + 5 + c) (cos -4 + cos jB + cos G) 

= 2a COS* -5- + 25 cos* Y + 2c cos' -^ . 

- - sin'-i cos -4 cos B' cos -4 cos C cos 5 cos C 

32. — s- = r + + 1 . 

a a6 oc be 

33. a cos,4 + 6 cos -B + c cos C = 2a sin ^ sin C 

o. ^ !> /7 1 2asin^sin(7 

34. cos^ +cos^ + cos (7 = 1 + \ . 

a+ 6 + c 

35. a* - 2a6 cos (60° ^(^^e-^^hc cos (60° + A). 

36. cot -T- — cosec -jr- : cot -jr- + cot -^ :: 5 + c — a : 2a. 

4 A A M 



37. cos' ;r cos"— cos"-^ : 
AAA 



42(2-cos^)(2-cos|)(2-cosf), 



c.^ ^ ^ ^ 

where 25 = cos -^ + cos ^ + cos -^ . 

A A A 

A B A+B 

38. The perimeter of any triangle is 2c cos-^ cos-jr sec . 

A A A 

39. If y sin*^ + x sin"-B = z sixi'B + y sin*C = x sin'C +.z sin*-4, 
then aj : y : « :: sin 2^ : sin 2^ : sin 2(7. 

A B C , 

40. 8 sin -jr- sin -jr- sin -^ is less than 1, except when A=B^C, 

2 A A 

41. asin(J5-(7)cos(J5 + (7-^)+6sin((7-^)cos(a + -4-^) 

+ c sin (^ - ^) cos (^ + ^- (7) = 0. 

,^ sin^ sinJ5 sin (7 sin-4 sin 5 . sin (7 
cosjB cosC cos-4 cos (7 cos^ cosjB 
« Binii+sin-B + sin(7 + (cos-4 + cos^ + cosC)taii-4taii-BtaiiC 
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XIV. SOLUTION OF TEIANGLES. 

222. In every triangle there are six elements, namelyy the three 
sides and the three angles. The solution o/tricmglea is the process 
by which when the values of a sufficient number of these elemesits 
are given we calculate the values of the remaining elements. It 
will appear as we proceed that when three of the elements are given, 
the remaining three can be found except when the three angles are 
given, and then we cannot determine the lengths of the sides but 
only the ratio they bear to each other. We shall have occasion to 
introduce logarithms into our formulse, and we shall as before by 
the word logaHihTn or the abbreviation log denote a logarithm to 
the base 10 ; and by the letter L placed before any Trigonometrical 
Eunction, we shall denote the tdbula/r logcvrithm of that ^inctiGD, 
which is formed by adding 10 to the logarithm to the base 10. 

We shall begin with a right-angled triangle and shall suppose 
C the right angle. 

223. To solve a right-angled tricmgle having given the hypo- 
temise and an acute amfle. 

Suppose the hypotenuse and the angle A given ; then 

^=90^-^; 

- = sin-4, therefore a =:c sin A 
therefore loga = logc + logsin-4= logc + Zsin-4- 10; 

- = sin J?, therefore 5 = c sin .8, 

therefore log 6 = log c + log sin^ = log c + Z sin ^- 10. 
Thus Bf a, and b are determined. 
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224. To solve a right-angled triangle having given the hypo^ 
terncse ami a side. 

Suppose c and a given ; then 

sm-4 = -, log sin -4 = log a- log c; 
c 

therefore Z sin -4 = 10 + log a— log e ; 

this determines A ; then B = 90* — A. 

And c* = a* + 6*, therefore 6* = c*-a'= (c-a)(c + a), 

therefore b = n/(c — a) (c + a), 

log6 = ^log(c-a) + Jlog(c + a). 

Or we may find 6 from the formula 6 = c cos -4. 
Thus A, £f and b are determined. 

225. To solve a right-angled triangle having given a side and 
an acute a/ngle. 

Suppose a and A given ; then 

- = sin A. therefore c = -; — j , 

log c = log a — log sin^ = loga — Z sin^ + 10 ; 

7- = tan^, therefore 6 = - 7, 

6 tan-4 

log 5 = loga — log tan w4 =loga — Z tan^i + 10. 

Thus Bj c, b are determined. 

If a and B are given, then A=^W-B; thus A is known, and 
we may find c and b as before. 

\ 226. To solve a right-a/ngled triangle having given the two 
sides. 

Here a and b are given ; then 

a 
iaD.A=Ty therefore log tan -4 = log a -log 6, 

therefore Z tan il -> 10 +loga - log & ; 
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- = sin -4, therefore c = -; — 7 , 
c smA 

therefore log c = log a — Z sin ^ + 10. 

Or we may find c from the formula c = J{a* + 6*), but this is 
not adapted to logarithmic computation. 

Thus Af By and c are determined. 

227. We may remark here that when an angle of a trian^e 
is determined from its cosine, versed sine, tangent, cotangemt or 
secant, no uncertainty can exist about the angle, because only otm 
angle exists less than 180^ for which any of these functions has an 
assigned value. But when an angle of a triangle is determined 
from its sine or cosecant uncertainty mm^ exist, since there are two 
angles less than 180^ which have a given sine or a given, cosecant 
But no uncertainty will exist in the case of a right-angled trian^e^ 
because each of the other angles of the triangle must be cusute. 

We now proceed to the solution of obliqueangled triangles. 

228. To solve a triangle having given tioo angles and a side. 
Suppose A and C the given angles, and b the given side ; 

then ^=180'*--4-C7; 

a sin -4 ^, - h sin A 

-- = -: — jz , therefore a =— : — =- , 
smB BmB 

therefore loga = log &+log sin^i-log sinjS = log 5+Z anA ^ZwiB; 
similarly log c = log 6 + Z sin C — Z sin B. 

Thus By a, and c are determined. 
If A and B are the given angles then 

C = 180*-5-ii, 
and we may proceed as before to find a and ^. 
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229. To solve a triangle having given two sides amd the in- 
cluded angle. 

Suppose b and c the given sides and A the included angle. 

,^ , sinJ5 b ., « sin(A + 0) b 

We have -: — 7= = - : therefore ^ — 7= — ^ = - : 

sin 6 c sin 6 c 

. ^ sin -4 cos C +008-4 sin C 6 ^, ^ . . ^ ^^^ j b 

therefore ; — tc = - : that is sin-lcott/ + cos-d «= - : 

sinC/ c c 

thus cot (7 is determined, and therefore G can be found; and 
then B, 

\ / But as this process is not adapted to logarithmic computation 
another is usually given : 

, sin B b ,, ^ sin J5 - sin (7 5 — c 

we have -r—^ = - , therefoi-e -: — =5 r— 7^ = i — » 

sinC7 c sin ^ + sin (7 6 + c 

therefore tan i(2?-.C) _ 5-c , a. gox 

therefore —.^——^ ^ „-.^ , (Art. 88), 

and tanJ(5 + a) = tani(180*--4) = cot-5, 

therefore tan J (J5 — C) = ^ cot -^ , 

therefore log tan J (5 - C) = log (6 - c) - log (6 + c) + log cot ^ , 

therefore Xtan J(^- C^ = log(6-c)-log(5 + c) + Zcot — ; 

this formula determines ^(B — C); and J(jB + C) is known since 

-4 
it is 90° — o ; thus B and C can be immediately found. 

Also - = -; — 7= , from which a can be found, 
c sinC/ 

We have supposed b and c unequal ; if however b = c then 
B^C, and all the angles will be known, so that a can be found as 
in Art. 228. 

T. T. W 



162 SOLXTnON OF TRIANGLES. 

230. In finding a from the expression just quoted we should 
require three logarithms, namely, those of c, BxnA, and sin (7; in 
the following method we shall only require two new logarit}muL 

We have -: — r = -= — ?? = —. — 77 • therefore 



smA miB sin(7' sin^l sin^ + sinC 

and BinjB + sinC = 2sinJ(i? + C7)cosJ(i?-C) (Art 84) 

= 2cos J^cosi(jB-(7), 

therefore , (5 + c)sin^ {b-^cjsmjA ^ 

tneretore ''- 2 coaiAcos^ (B-^C)" cos i{B--C) ' 

as the logarithm of 5 + c has been used in the former part of the 
solution, we shall only require two new logarithms, namely those 
of sin ^A and cos J(^ - (7). 

We may observe that we have also 

a h — c 



BID. A "" sin j5— sin C 
and from this in the way already shewn we can deduce 

(h - c) cos ^A 



a = 



sini(J?-6*) • 
Thus we have the two formulae, 

acos|(^-C7) = (6 + c)sin^-4, 
a sin i(^ - (7) = (6 — c) cos ^A, 

231. We can also from the given quantities in the preceding 
Article determine the third side tmtliotU previously determining ila 
other two angles. For we have a'^b'-^c' — 2hc cos -4, by Art. 216; 
and we can transform this formula into another, which is adapted 
to logarithmic computation as follows : 



a« = 5* + c*-26c/2 cos*^- 1) = (6 + c)*- 4ftc 
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46c A 

Now find an ande 6 such that sin* = 77 r-- cos' -^ , 

^ {b + cf 2 

thus a*=(6 + c)'(l-sin*^) = (5 + c/oos'^, 

. therefore a = (6 + c) cos 6, 

therefore log a = log (6 + c) + log cos ^ = log (6 + c) + Z cos ^ - 10 ; 
thus a is determined. 

It is usual to give the name of aubsidia/ry angle to an angle 
introduced into an expression for the purpose of putting it in the 
form of a product of factors. Thus 6 in the preceding investiga- 
tion is a subsidiary angle. We are certain that an angle exists 
which has the square of its sine equal to the given expression ; for 
that expression is positive, and it is less than unity because 46c is 

A 
never greater than (6 + c)* and cos* -^ is less than unity. The 

equation for determining gives by taking logarithms 

A 

2 log sin ^ = log 4 + log h + log c - 2 log (6 + c) + 2 log cos -x , 

A 
therefore 2X sin ^ = 2 log 2 + log 6 + log c - 2 log (6 + c) + 2Z cos -^ . 

232. The process of Art. 229 is sometimes facilitated by tho 
use of a subsidia/nj angle when the logaritluns of b and c are known. 

We have tan i (^ - C) = ? cot ^ • 

^^ ' b + c 2 

Now let - = tan : therefore -, = - — 7; — =■ = tan ( ^ - -7 ) ; 

c ' 6 + ctan^ + l \4/' 

thus tanJ(J5-(7) = tanf^^-jJ cot^. 

Or thus, suppose c less than 5 ; let c = 6 cos <^ ; 

therefore -^ — =1 ^ = tan*^: 

6 + c l + cos<^ 2' 

thus tanj(^-(7) = tan*|cot-. 

W— 'i 
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233. To solve a triangle having given two sideB and the angU 
opposite to one o/'Aem, 

Let a and b be the given sides, and A the given, angle ; 

then - . — -z = - : therefore sin jB = - sin A : 
Hui A a a 

therefore Z sin ^ = log b — log a-i-LsinA. 

If ia less than unity, two different angles may be 

found less than 180** which have for sine, one of these 

a 

angles being less than a right angle, and the other greater. If a 
be greater than 5, then A must be greater than B^ and therefore 
B must be an acute angle; thus only the smaller value is ad- 
missible for B, If a be less than 5, then either value may be 
taken for B. When B is determined, G is known, since it ia 
180° — A — Bf and then c can be found from 

c __sin C 
a sin^ * 

Thus if two values ai*e admissible for B we obtain two correspond- 
ing values for C and c, so that two triangles can be found from 
the given parts. 

If = 1, then ^ is a right angle, so that only one tri- 
angle can be found from tlie given parts. 

If is greater than imity, no triangle exists with the 

given i>art8. 

Thus, when two sides are given and the angle opposite the 
less we con generally tind two triangles from the given parts, and 
this case in the solution of triangles is therefore called the cmMgy^^ 
ous ease. We Siiy that two triangles can be generaify found in 
pnler to have reg-anl to the exceptions ; for the triangle may be 
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right cmgled, and then only one triangle can bo found, or the 
triangle may be impossible, 

234. The aniMguoics case may be illustrated by figures. 

a 





Let CAD bo the giyen angle A, and AG the given side 5 ; sup- 
pose a circle described from C7 as a centre with radius equal to a. 
The perpendicular from C on AD is equal to 5sin^; therefore 
if a be greater than 5 sin^, the circle will meet the straight line 
AD at two points, which we will denote by B and B*. If a be 
less than b, then B and B' are on the same side of ^, as in the 
first figure; thus two triangles, namely ABG and ABC, can be 
obtained, each having the given parts a, 6, A. If a be greater 
than b, then B' and B are on opposite sides of ii, as in the second 
figure ; thus only one triangle, namely CAB, can be obtained hav- 
ing the given parts a,b, A; the triangle CAB' has an angle CAB' 
which is 180° - A instead of A, 

If a be eqiLcU to 5 sin A, the circle touches the straight line 
AD, and the two points B and B' in the first figure coincide; 
thus one triangle is obtained which has a right angle at B. 

If a be less than 5 sin ui the circle does not meet the straight 
lino ADj and no triangle exists with the given parts a^ h^ A. 
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235. In Art. 233 we first found the angle By and afterwards 
the side c ; we may however adopt another mode of solution and 
begin by finding c. For 

a* = 6* + c*-2&c cos^ ; 

therefore c* - 26c cos -4 + 6* — a* = ; 

by solving this quadratic equation in c we obtain 

c = 6 cos -4 ± ^(a' - 6' sin* -4), 

and we shall now discuss the values thus found for c 

K a is leas than 5 sin A, the values of c are impossible^ and no 
triangle exists with the given parts. 

If a is equal to h sin A, we obtain c = 5 cos A, If ui be an 
acute angle, c is positive and one triangle exists with the givea 
])arts. If ^ be an obtuse angle, c is negative^ and this indicates 
that the triangle is impossible ; and in fact a is less than h^ since 
it is equal to 5sin^, and so A cannot be an obtuse angle in 
a real triangle. 

If a is greater than h sin Ay then two values occur for c, and 
these will both be positive if il be an acute angle and 6co8^ 
greater than ^(a*-5'sin*^); the latter leads to the conditioii 
6*cos*ii greater than a* — 6* sin' -4, that is, V greater than a*. 
Hence we see as before that there ai*e two triangles if ui be an 
acute angle and a be greater than h sin A and less than h. 

236. To solve a tricmgle having given the tiiree sides. 
Let s denote half the sum of the sides ; then by Art. 217, 



A^ / (s-^h){s-c) A__ 77535 

^2"^V be ' ^^^2"V he ' 



A_ / (g-6)(g-c)\ 
l^V 8(s-a) ' 



and similar formulse are true for the other half angles. 
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The formulae for the tangents of half the angles will be the 
best to use with logarithms, because then we only require the 
logarithms of ^, « — a, « — 6, and « — c, in order to find all the 
angles ; whereas if we use the formulse for the sine or cosine we 
shall require in addition the logarithms of the sides. 

237. When all the sides of a triangle are given, the angles 
may also be found by dividing the triangle into two right-angled 
triangles. 

Thus, with the left-hand figure of Art. 214, we have 

AD' = AB'-BJ)% and also ^AC^CJ)'; 

therefore AB'-AC^BD'-- CD', 

therefore (AB + AG) {AB ^AC) = (BD + CJ)) (BD -CD); . 

from this we can find BD—CD, and then since BB + CD is known 
we can find BD and CD ; then 

J, BD ^ CD 

cosB^jj^, cos(7 = 2^; 

thus B and C are determined. 

With the right-hand figure of Ai-t. 214 we have as before 

{AB -hAC) {AB ^AC) = {BD + CD) {BD - CD) ; 

from this we can find BD + CD, and then since BD - CD is 
known we can find BD and CD ; then 

cosJ5 = ^, cos(180»-(7) = ^; 

thus B and C are determined. 

238. We have seen in Chap. xii. that the Tables of trigo- 
nometrical functions cannot always be used with advantage ; this 
circumstance guides us in selecting the method -of solution* of a 
triangle to be adopted whien more than one method is theoretically 
applicable, and leads us to modify the method, of solution in some 
cases. For example, suppose we have to fijid A from the ec^uatLoiL 
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sin ^ = 71, where n is nearly equal to unity ; this is am inoonYe- 
nient equation for determining A, because the difference of oonae- 
cutive sines is nearly insensible when the angles are nearly right 
angles. "We have however 

■ VC-^) ■ 7(4-") ' 

and this formula is free from the objection. 

Similarly if we have to find A from the equation 

cos A =71, 

where n is nearly equal to unity, we may advantageously traxisform 
the equation thus 



or thus 



sm 

li V 

1 — cos A 1 — w 



1 + cos A 1 4- 71 



therefore tan — = / ( -, ) . 

2 V \l + w 



EXAMPLES. 

1. Find the values of the angle A having given 8ini?s*25 

2. One side of a triangle is half another and the iaclnded 
angle is 60" : find the other angles. 

3. The sides of a triangle are in the ratio of 2 : ^6 : 1 + ^3 : 
determine the angles. 

4. If -4 = 30", b = 100, a = 40, is there any ambiguity 1 

5. Having given A = 18", a = 4, 6 = 4 + ^/(80), solve the 
triangle. 
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j/ 6. Having given A = 15\ a =4:, 5 = 4 + ^(48), solve the 
triangle. 

^ 7. If a, h, Ahe given, and a be less than 6, and if c, c' be the 
two values found for the third side of the triangle, then 

c* - 2cc' cos 2 A + c" = 4a* cos* A. 

8. Find the sum of the areas of ihe two triangles which satisfy 
the conditions of the problem in the ambigiLoiis case. See Ai*t 247. 

9. If B^, C^, and j?^, (7, are the ougles of the two triangles 
in the a7nhigu<yu8 case, then 

sin (7, sin C. ^ . 

-. 5* + -; ^ = 2 COS A. 

10. In the CMfnhigiwus case the area of one of the triangles is 
n times that of the other; shew that if 5 be the greater of the 

given sides oud a the less, - is less than =- . See Art 247. 

a n — k 

11. If log a + 10 = log h + L sin A, can the triangle be ambi- 
guohs? 

12. If be an angle determined from the equation 

cos = , prove that in any triangle 

c 

A- B _ {a ■{■}>) BmO A +B csm6 

cos-^ 2J(ab) ' '^''^ ""2~ " 27P) ' 

13. If tan <^ = ^ \ sin ^ , then c = (a - 6) sec <^. 

14. In a triangle ABC in which a =18, 5 = 20, c^22, find 
Ztan^, having given log 2 = -3010300, log 3 = -4771213. 

15. The sides of a triangle are 32, 40, 66 : find the greatest 
angle, having given 

log 207 = 2-3159703, log 1073 = 3-0305997, 

Z cot 66^ 18' = 9-6424342, diffl for 1' = -0003431. 
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16. The sides of a triangle are 4, 5, 6 : find B, having given 
log 2 = -3010300, Z cos 27" 53' = 9-9464040, diff for 1'= -0000669. 

17. Apply the formula 008-5-= / \ 1. — \ ^ ^^'^ t^o 

greatest angle in a triafigle whose sides are 9,^ 6, 7 feet respect- 
ively, having given 

log 6 = -7781513, 

L cos 39' 14' = 9-8890644, difil for 60" = -0001032. 

18. Two sides of a triangle are 18 and 2 feet respectively, 
and the included angle is 55' : find the other angles, having given 

log 2 = -3010300, Z cot 27' 30' = 10*2835233, 

X tan 56' 56' = 10-1863769, difiT. for 1' = -0002763. 

19. Two sides of a triangle are in the ratio of 9 to 7, and the 
included angle is 64' 12' : find the other angles, having given 

log 2 = -3010300, L tan 57' 54' = 10*2025255, 

Z tan 11' 16'= 9-2993216, Z tan 11' 17'= 9-2999804. 

20. If a = 70, 6 = 35, (7 = 36' 52' 12", find the other angles, 
having given log 3= -4771213, Z cot 18' 26' 6"= 10-4771213. 

21. The ratio of two sides of a triangle is 9 to 7, and the 
included angle is 47' 25' : find the other angles, having given 

log 2 = -3010300, Z tan 66' 17' 30" = 10*3573942, 

Z tan 15' 53' = 9-4541479, diff for 1' = -0004797. 

22. In a triangle a-= 30, 5 = 20, and the contained angle » 22* : 
find the other angles, having given 

Z cot 11'= 10-7113477, Z tan 45' 48' = 10-0121294, 
Z tan 45' 49' = 100123821, log 2 = -3010300. 

23. Given 6 = 14, c = ll, -4= 60', shew that .B = 71* 44' 29^ 
iiaving given 

Z tan 11' 44' 29" = 9*31774, log 2 = -30103, log 3= -47712. 



EXAMPLES. CHAPTER XIV. X71 

/ 24. The sides of a triangle are 7, 8, 9 : determine all the 
angles, having given 

7~ log 2 = -3010300, 

L tan 24* 5' 40" ='9-6505069, L tan 24* 5' 50" = 9 -6505634, 

L tan 29* 12' 20"= 9-7474183, L tan 29* 12' 30" = 9-7474677. 



/ 



2^, In a right-angled triangle the hypotenuse c = 6953 and 
6 = 3: find J5, having given 

log 3-475 = -5409548, log 6-953 = -8421722, 

L sin 44* 59' 15" = 9-8493902, diE for 1" = -0000021. 

26. Two sides are 80 and 100 feet, and the included angle 
60® : find the other angles, having given 

log 3 = -47712, L tan 10* 53' 36" = 9-28432. 

/^ 27. Two sides of a triangle are 3 aad 5 feet, and the included 
angle is 120* : find the other angles, having given 

log 4-8 = -6812412, 

Z tan 8* 12' = 9-1586706, m. for 60" = -0008940. 

I 28. A side of a base of a square pyramid is 200 feet and each 
edge is 150 feet : find the slope of each face, having given 

log 2 = -30103, Xtan 26* 33'= 9-69868, Z tan 26* 34'= 9-69900. 

29. Find the other angles, having given =- = 1 '2, (7 = 60*, 
log 3 = -4771213, Zcot 9* 49' = 10-7618797, difil for 1' = -0007514. 

30. Ka = 2, c = 3, Zsin^ = 95228787, find (7; log3 being 
-4771213. 

J 31. Shew how to solve a triangle having given the base, the 
height, and the difference of the angles at the base ; these angles 
being supposed both acute, 

32. Shew how to solve a triangle having given the three per- 
l)endicalars from the angles on the opposite sides. 
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XV. MEASUREMENT OF HEIGHTS AKD 

DISTANCES. 

239. We shall now give a few examples which 'will shew a 
practical application of some of the preceding formulse ; we shall 
assume that by means of suitable instruments an observer can 
measure the angle subtended at his eye by the straight line joimng 
two visible objects. For a description of the requisite instru- 
ments, and the method of using them, we must refer the student 
to treatises on the instruments used in surveying. 

240. To find tlie height and the distcmce of cm inaccesaibU 
object on a horizontal plane. 




Let P be the top of an object, and let it be required to find its 
height FG, and the distance of the object from a point A in the 
horizontal plane through C. At A observe the angle PAO ; then 
measure any length AB directly towards the object, and at B 
observe the angle PBG. Then in the triangle AFB the side AB 
is known, and the angle PAB; also the angle PBA is known, 
since it is the supplement of PBG ; therefore AP can be found. 
Then PG^APsia PAG, and AG = AP cos PAG ; thus the height 
PG and the distance AG are determined. 

If however it is not convenient to measure the length AB 
directly towards the object, we may proceed thus; measure the 
length AB in any direction from A; at A observe the ambles PAO 
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and PAB, and at B observe the angle PBA» Then in the triangle 
APB the side AB and the angles PAB and PBA are known; 
therefore AP can be found. Then, as before, PC = AP sin PAC, 
and AC =^ AP COS PAC. 

241. To find the distance between two visible but inaccessible 
objects. 

Let P and Q be the objects, A and B two accessible points 
from which both the objects are visible. At A observe the angles 
PAQ and QAB, and if A, 7?, Q, P are not all in the same plane 
observe also the angle PAB, At B observe the angles PBA and 
QBA, Measure AB, Then in the triangle APB the side AB and 
the angles PAB and PBA are known : thus PA can be found. 
Again, in the triangle ABQ the side AB and the angles QAB and 




QBA are known; thus AQ can be found. Lastly, in the triangle 
PAQ the sides AP, AQ, and the angle PAQ are known; thus 
PQ can be found. 
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242. Hbe lengtJis of tlie straight lines which join three points 
A, B, C, a/re known ; at any point P in the same plane as A, B, C, 
the a/ngles APC and BPC are observed : it is required to find the 
jdistance of Y from, each of tlie points A, B, C. 

Let the angle APC be denoted by o, the angle BPG by /5, the 
angle PAG by x, and the angle PBG by y; then a and P are 



/ 



/Vv 



/ 



/ 
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known, and when x and y are found the required distances PJ, 
PB, PG can be found j for in each of the triangles PAG and PBC 
two angles and a side will then be known, "We will shew how x 
and y may be found 

Since the angles of the triangles APG and BPG are together 
equal to four right angles, we have 

x-^-y^^TT-a-P-G ] 
thus the sum ofx and y is known. 

From the triangle AGP we have 

pn _ '^^ ^^ PAG _ 6 sin 05 
sin-4P(7 " sin a ' 

from the triangle BGP we have 

BG sin PBG a sin y 



PG = 



smBPG "" ship' 
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.1 - & sin re asiay 

therefore — : = —. — ^ : 

sin a mnp 

., « sin 05 a sin a 

therefore r-. — = , . ^ . 

sin y 6 sin p 

Now assume tan U = -.— : — 7. , then the value of 6 can be found 

; 6 sin ^ ' ^ 

from the Trigonometrical Tables ; thus 



sin'os 



siny 



= tan<^; 



^, - sma; — smy tan 6—1 ^ /, ttX 

therefore -^ w— - = 7 — r — ^ = tan ( 6 - 7- ) : 

sin a; + sin y tan<^ + l \ 4/ 

therefore (Art 88) gi^) = tan (<^-|) ; 

from the last equation we can determine x-y, since aj + y is 
known ; thus x and y can be found. 

243. It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any error which may exist in the given parts ; 
such questions are best treated by the assistance of the Dififerenti^il 
Calculus, but we will give here two simple examples which will 
shew how they may sometimes be treated without going beyond 
the limits of the present subject 

244. Suppose that the height of a building is determined by 
measuring a horizontal straight line from its base, and by observing 
at the extremity of this straight line the angular elevation of the 
top of the building above the horizon ; if a small error be made 
in ojbserving the angle, required the error in the estimated height 
of the building. 

Let a be the length of the measured straight line, the 
observed angle, x the estimated height of the building ; 

then xssatajiO. 
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Let -hhhe the true angle, and x + $ the true height^ 
then x + ( = a tan (6 + A) ; 

by subtraction, ^=a{tan(^ + A)-taii^}= — 7^ — j^ 2. 

If A be small we may put A for sin ^ in the numerator, and 
cos 6 for cos (d + h) in the denominator ; thus approximately 

ah 



f = 



cos*^ 



t/l > 



this gives the error in the height consequent upon an error in the 



angle. 



The ratio of the error to the estimated height 
ah ^ ^ h 2h 



cos*^ * sin ^ cos ^ sin 20' 

thus this ratio is least for a given value of h when sin 20 is great- 

TT 

est, that is, when 20 = ^ . 



245. A triangle is solved from the given ports, A, b, e ; H 
there be a small error in A, find the consequent small error in B, 

We have for connecting B with the given quantities the 
formula 

sinJ5 = -sin(7 = -sin(-4+^) (1). 

c c 

Now suppose that h denotes the circular measure of the error 
made in estimating A, and k the drcula/r measure of the conse- 
quent error in B ; then instead of (1), the correct formula is 

sin(^ + A:)=-sin(-4+J5 + A + ^) (2). 

c 

By subtraction, 
Bm(J5 + A;)-sinJ5 = --|sin(-4+-B + A + ^)-sin(ii + J5) >•; 

from this equation we have approximately (Art. 181) 
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ifecos J5 = - (h + k) cos (-4 + ^) =- - (h+k) cos (7; 

V C 

m 

thus ife (cos B + -cosO = cos (7: 

^ c ' e 

4,1. ^r ^ 1 / -n smB ^^ A sin ^ cos C 

therefore k (cos J5 + -v— 71 cos Cf) = r— 7= : 

^ smC7 ' sm(7 

. , - , A sin ^ cos (7 

therefore k = ; — -. , 

sinui 

thus the ratio of A; to A is found. 



EXAMPLES. 

1. A person standing on the bank of a river observes the 
angle subtended by a tree on the opposite bank to be 60**, and 
when he retires 40 feet from the river's bank he finds the angle to 
be 30® : determine the height of the tree and the breadth of the 
river. 

2. From a station B at the base of a mountain its summit A 
is seen at an elevation of 60® ; after walking one mile towards the 
summit up a plane making an angle of 30® with the horizon to 
another station C, the angle BOA is observed to be 135®. Find 
the height of the mountain in yards. 

3. The altitude of a tower is observed to be 30® at the end of 
a horizontal base of 100 yards measured from its foot. Find the 
height of the tower. 

4. The angular elevation of a tower at a place A due south of 
it is 30® ; and at a place B, due west of A, and at the distance a 
from it, the elevation is 18® : shew that the height of the tower is 



V(2 + 2V5)- 

T. T. Vi^ 
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5. A spherical balloon whose radius is r feet subtends at an 
observer's eye an angle a, when the angular eleyation of its centre 
is j3 : determine the height of the centre of the balloon. 

6. A person wishing to ascertain the distances bet'^een three 
inaccessible objects A^ B, C, places himself in a straight line with 
A and B ; he then measures the distances along which, he must 
walk in a direction at right angles to AB until A, O and JBy G 
respectively are in a straight line with him, and also observes in 
those positions their angular bearings : shew how he can find the 
distances between A, B, C. 

7. Two posts AB and CD are placed at the edge of a river at 
a distance AC=AB, the height of GJ) being such that AB and CJ) 
subtend equal angles at jE', a point on the other bank exactly oppo- 
site to A : shew that the square of the breadth of the river is equal 

AB* 
to -^^a — i~»T > *"^^ *^^^ ^^ ^^^ ^^ subtend equal angles at JS. 

8. A flag-staff a feet high stands on the top of a tower h feet 
high. Find at what point on a horizontal plane passing through 
the base of the tower an observer must place himself so that the 
tower and the flag-staff may subtend equal angles, the height of 
the eye being h. 

9. A tower situated on a horizontal plane leans towards the 
North ; at two points due South and distant a, 6, respectively fix)m 
the base, the angular altitudes of the tower are a and p. Shew 
that if ^ be the inclination of the tower, and h the perpendicular 
height, 

b cot a- a cot j3 ' cot ^ — cot a * 

10. An object a feet high placed on the top of a tower sub- 
tends an angle y at a place whose horizontal distance from the foot 
of the tower is b feet : determine the height of the tower. 

11. On the bank of a river there is a column 200 feet high 
supporting a statue 30 feet high ; the statue to an observer on the 
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opposite bank subtends an equal angle with a man 6 feet high 
standing at the base of the column : required the breadth of the 
river. 

12. The height of a house subtends a right angle at an oppo^ 
site window, the top being 60® above a horizontal straight line : 
find the height of the house, taking the breadth of the street 
to be 30 feet 

13. Two chimneTS are of equal height. A person standing 
between them in the straight line joining their bases observes the 
elevation of the nearer one to him to be 60". After walking 
80 feet in a direction at right angles to the straight line joining 
their bases he observes the elevations of the two to be respectively 
45" and 30". Find their height and the distance between them. 

14. An object is observed at three points A, By C lying in a 
horizontal straight line which passes directly underneath the object ; 
the angular elevation at j^ is twice that at A^ and at (7 is three times 
that at ^ ; AB = a, BG = h : shew that the height of the object is 

f6^^{(« + 6)(36-«)}. 

If the tangent of the angle of elevation at A be \, shew that , 
5a = 136. 

15. A vertical tower whose base is in the same horizontal 
plane with the observer, is observed from a station A to bear 
directly North and to subtend an angle of 15"; the observer then 
walks 100 yards so that the tower always subtends the same angle, 
and then it bears North-east : fijid its height and distance from A. 

16. A person walking along a straight road observes that the 
gi*eatest angle which two objects subtend is a; from the spot 
where this is the case he walks a distance c, and the objects now 
appear as one, their direction making an angle fi with the road. 
Shew that the distance between the objects is 

2c sin a sin )3 
oosa + coB^ * 
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17. A fortress was observed by a ship at sea to bear East- 
north-east, and after sailing 4 miles to the East it was observed to 
bear North-north-east: shew that tiie distance of the ship ficom 
the fortress at the first and second observation was ^^(16 + 8 J2) 
and V(16 - 8 ^2) miles respectively. 

18. A ship sailing towards the North observes two light- 
houses in a line due West j and after an hour's sailing the bearings 
of the lighthouses are obsei-ved to be South-west and South- 
south-west. The distance between the lighthouses being 8 miles, 
£nd the rate at which the ship is sailing. 

19. From the top of the mast of a ship 64 feet above the level 
of the sea the light of a distant lighthouse is just seen in the 
horizon ; and after the ship has sailed directly towards the light for 
30 minutes it is seen from the deck of the ship, which is 16 feet 
above the sea. Find the rate at which the ship is sailing, con- 
sidering the earth as a sphere of 4000 miles radius. 

20. A man ascends a mountain by a path which is the shortest 
distance between the base and the vertex. The inclination of the 
path to the horizon at first is a, but afterwards suddenly increases 
to Pf and then continues the same. On reaching the vertex he 
finds by the barometer he has ascended n feet in altitude, and 
observes the angle of depression y of the point from which he 
started. Shew that the distance he travelled in the ascent is 



wcos 



(^-) 



cos ^-—^ — sm y 

21. If from two points in a horizontal plane an object be 
seen at angles of elevation a, ^y and if from a third point between 
the two points and in the straight line joining them and at dis- 
tances a, h from them respectively the object be seen at an angle 
of elevation y, shew that the height of the object above the hori- 
zontal plane is 

sin a sin ^ sin y {a5 (a + 5)}« 

[a sin'a (sin'y — sin'jS) + h sin*)8 (sin*y - sin'a)}* 
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22. A person walking along a straight road observes the 
angles of elevation a, a' of the summits of two hills in front of him, 
one behind and partially hid by the other. After walking e miles 
the flBuiiher hill becomes entirely hidden, and on observing the 
elevation of the lower hUl after walking another mile he finds it 
to be ^. find the heights of the two hills. 

23. A tower is surrounded by a circular moat. At noon on 
a certain day the shadow of the top of the tower is observed to 
project 45 feet beyond the edge of the moat. When the sun is 
due West on the same day the shadow projects 120 feet beyond 
the moat. The distance between the extremities of the shadow is 
375 feet. The angle of elevation of the top of the tower from any 
point of the edge of the moat is 60^ Find the height of the tower 
and the altitude of the sun at noon. 

24. A tower stands upon an inclined plane, meeting it at a 
point A; Sit a, point G in the plane the tower is observed to subtend 
an angle a ; on proceeding to a point 1) in the straight line AC 
such that CD — ACy the tower is observed to subtend an angle j8 : 
if ^ be the angle between the tower and AG^ shew that 

cot ^ = 2 cot a — cot )3. 

Also if similar observations be made in another straight line 
AG'jy^ it is found that tan a = 2 tan p\ the angle GAG'^ y : prove 
that if d be the inclination of the plane to the horizon, 

sin sin y = cos ^. 

25. In a triangle ABG having given A = 30®, h = 3^3, a = 3, 
solve the triangle ; and supposing that an en*or of 2!' is made in 
observing the angle A, find approximately the corresponding error 
in the angle B, 

26. The dL<)tance between two objects on the opposite bank of 
a river is known to be c. An equal distance is taken anywhere 
along the bank on this side and the angles subtended by c at the 
extremities of this distance are a and j9. Find the breadth of the 
river, the sides being parallel 
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27. A person wishing to obtain the breadth of a square fort oa 
a distant hill, observes that when he is due South of one comer, 
the face towards him subtends an angle a. He then, walks due 
West, and at a distance of a feet &om his first position, finds that 
the face subtends the same angle as before. On walking b feet 
further, he is due South of the other comer of the face. Shew 
that the breadth of the fort is 

(a + 5) sec 6 feet, where tan 6 = r- , 

28. A and A' are the peaks of two mountains, and JBC is a 
straight horizontal road ; shew that if the nearer of the two peaks 
just conceals the more distant at some point of the road, then 
sin a sin p' = sin a' sin j3, where a is the altitude of ^ as seen from 
any point B of the road, ^ is the angle ABC, and a', ^ are Rimilftr 
quantities for the peak A^ as seen from any point B' of the road. 

29. A and B are two objects in the same horizontal plane, 
JP is a point in the same plane at which the angle a subtended by 
AB is observed ; from F two persons walk in this plane in directioins 
at right angles to FA, FB respectively, to points Q, E, at each of 
which the angle subtended by AB is a ; the distances PQ, PR are 
a, 6. Find the length of AB, 

30. Ay Cy B are three objects in the same plane as an ob- 
server; AG — CBy and AG, CB are at right angles to each other. 
At the point 0, AG, GB subtend angles a, fi respectively. The 
observer moves from in the direction OCX at right angles to CO 
through a space 00'= d; here he finds that AC, CB subtend angles 
a, p respectively. Find the distance AB, 

31. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane upon which it stands. Find the Son's 
altitude, having given 

log 2 - -3010300, L tan 63** 26'= 103009994, 

L tan 63* 27'= 10-3013153. 
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32. A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55' with a horizontal straight line drawn from his eye ; (/ 
receding backwards 30 feet he then finds it to subtend an angle 

of 48*. Determine the breadth of the river, having given 

L sin 7'= 9-08589, L sin 35°= 9-75859, 
Z sin 48'= 9-87107, log 3= -47712, 

log 1-0493 = -02089. 

33. A rope-dancer wishes to ascend a tower 100 feet high, by 
means of a rope 196 feet long. K he can do so, find at what incli- 
nation he must be able to walk up the rope, having given {/ 

log 2 = -30103, L sin 30° 40^ = 9-70761, 
log 7 = -84510, L sin 30" 41' = 9-70782. 

34. Two hills rise at the same point, with inclinations of 60° 
and 40^ to the horizon. At a distance of 64 feet from the base of 
the latter hill the angles of elevation of the bottom and top of a 
vertical object on the former hill are 40° and 70°. Find the height 
of the object, having given 

L tan 20° = 9-5610659, Xcos 40°= 9-8842540, 

log 2 = -3010300 ; log 26940031 = 7-4303981. 

35. A vessel observed another a° fr^m the North sailing in a 
direction parallel to its own. After an hour's sailing its bearing 
was )8°, and after another hour y^ from the North, Find in what 
direction the vessels were sailing. 

36. In the problem discussed in Art. 242, shew that if 

IT 

a + )8 + C = IT, then ^ = 7 , 
and the solution cannot be obtained from the data. 
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XVL PKOPERTIES OF TRIANGLEa 

246. The present Chapter will contain some misoellaneous 
pi'opositions relating chiefly to the properties of triangles. 

247. To find expressiona for the area of a triangle. 

A triangle is half a rectangle on the same base and altitude; 
thus if ABC bo any triangle, and AD the perpendicular from A on 
the opposite side, we have (see the figures in Art. 214) 

ai'ea of triangle = ^BO . AD^ 

and AD = AB^hiBy 

therefore area of triangle = ^acsin A (1) ; 

thus the area of a triangle is half the product of two sides into 
^^ the sine of the included angle. 

• By Art 218, sin J? =- V{« («-«>(«- ^) («-<?)} ; 

substitute the value of sin ^ in (1) and we obtain 

area of triangle = ^{«(« — a) (« — 6)(«-c)} (2) ; 

this furnishes a convenient expression for the area when all the 
sides are known ; the expression J{8 {a — a) (a — b) (s — e)} is often 
for abbreviation denoted by S. 

■D A^ oiA hsmA 5 sin (7 

By Art. 214, a=-^, ^ = 1-^", 

substitute these values in (1) ; thus we obtain 

^' rx^: 1 6* sin ^ sin (7 ,^. 

area of triangle = — 2smB — ^^' 

thus we can find the area when a side and two angles are giveD, 
for if two angles are given the third angle is also known. 
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248. 



To find ike raditts of the circle inscribed in a tricmglcn 

/^,?. - /t^ - -^ ^ 

2a ^' r^ 2"^ '' 




J6,.^.L-(R« 



/7. 









Let ABO be a triangle, the centre of the circle inscribed in 
the triangle and touching the sides at the points D, E, F. Join 
OB, OB, and OF. The angles at B, E, and F are right angles 
by Euclid iii. 18. Let r denote the radius of the circle ; then 



ar 



area of triangle BOG^^BO. 01) = -^, 

hr 
area of triangle COA = ^GA. 0F = -^, 



area of triangle AOB = ^AB, 0F=-- ; 



therefore, by addition, 



(a + 6 + c) s = area of triangle ABO = /S, (Art. 247), 
It 

o 
that is r3 = S. therefore r = - . 

The radius of the inscribed circle is thus equal to the area of 
the triangle divided by half the sum of the sides ; and henc^ dif- 
ferent forms can be obtained for the radius by employing tho 
different expressions already given for the area of the triangle. 

It is easy to shew by Geometry that 
AE^AF^B-^a, BF=^BD^B-h, CD^CE^b-c. 



.': vv 
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249. We may also obtain the value of r in anotiier form, 
vMch will be often UBeful. 

B7 Euclid IV. i, the straight lines OA, OB, OO bisect the 
angles A, B, respectively. Thna 

D fy / H C^ 

£D = rcot-^, CD = rcot-q, therefore r( cot -^+ oot^ 1 = 0, 



therefore rain- 



.(.-.)t. 



350. To find ihx radius o/ike circle which louehea ona tida ^ 

'e and the other sidei prodtuxd. 




Let ABC be a triangle, and let be the centre of the circTe 
which touchoa the aide EG, and the other aidca produced, at the 
pomta D, E, F. Join OD, OE, and OF. The angles at D, B, 
and F are right angles by Euclid iii. IS. Let r, denote the r&diiu 
of the circle. 
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The quadrilateral OB AG may be divided into the two triangles 

c h 
GAB, GAG ; therefore the area of this quadrilateral is k^, + ^^i* 

Again, the same quadrilateral may be divided into the triangles 
GBG and ABG \ therefore the area of this quadrilateral is 

-cr. ^-aSI Thus 

c h a ci 

therefore (c + 6 — a) -^^ = /S", that is r^ (5 — a) = Sy therefore r^ = 



It is easy to shew by Greometry that 

AF = AE = 8, ^D = BF=8'-c, GD = GE = 8'-h. 

Tlie centre of the inscribed circle is also on AG, and the dis- 
tance between it and G subtends a right angle at B and at Q, 

Similarly, if r^ be the radius of the circle which touches GA 
and the other sides produced, and r^ the radius of the circle which 
touches A B and the other sides produced, 

S S 

A circle which touches one side of a triangle and the other 
sides produced is calleu an escribed circle. 

251. We may also obtain an expression for the radius of an 
escribed circle similar to that in Art. 249 for the radius of the 
inscribed circle. 

For, in the figure of Art. 250, the straight line GB bisects the 
angle which is the supplement of B, and the straight line GG 
bisects the angle which is the supplement of G Thus 

^2) = r, cot ^90*^ "I), CD = r, cot ^90"-^; 
therefore r, [tan - + tan - j = a ; 
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B G B G 

a cos ^ cos 3 a cos -= cos r- 

wore ..=_|-^=-^:^. 

Or thus: r, =^^taii-^ s^tan-^-. 

252. jTo ^nc? tli^ radios of tlie circle described rouni a tri- 
angle. 




Let ABC be a triangle, and the centre of the circle described 
round it. Draw OB perpendicular to BG, then BG is bisected at 
2) by Euclid iii. 3. Let JR denote the radius of the circle. 

The angle BOG is double the angle BAG, by Euclid ni. 20; 
therefore BOD = A ; 

and ^i> = ^sinii = ^; therefore JR = j^-^--j; 

thus i? is expressed in terms of a side and the opposite angla 

-r- , therefore E = -r^ 
be 4o 



By Art 218, sin ^ = — , therefore E^-t-^, 



253. Many theorems have been demonstrated with respect to 
the circles which have been noticed in Arts. 2 48... 25 2; as an 
example we will find an expression for the distance between the 
centres of tlie inscribed and circumscribed circles of a triangle. 
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Let ABG be a triangle/^ let be the centre of the circum- 
Bcribed circl& 







J \ 



\- \f 



From draw a perpendicular OD on BC, and produce it to 
meet the circumference of the circle at E, Then the arc BE is 
equal to the arc CE ; and therefore the straight line AE bisects 
the angle BAG. Thus the centre of the inscribed circle will be 
on ii^; let the point / denote it. Join 01 and 10. 

The angle EIO=^{A'{-0) by Euclid i. 32; and the angle 
EOI^EOB + BOI = i (il + (7) : therefore the angle EIG = the 
angle ECI : and therefore EI = EO. 



And 



Hence 



A A 

EC = 2Esmjr-; therefore EI =2R sin -^ 

^/x/4 = 2i2sin^ X— ^-*=2/?r. 

sm^- 



And 
therefore 



{R - 01) {R + 01) = 2Rr, by Euclid ,iii. 35 ; 

Or^B'-2Rr. "" 

If we suppose IE produced through J^ to a point J such that |' 
EJssEI, the point J will be the centre of the escribed circle ,\. 
which is opposite the angle A ; and we shall have ' 

0J'^R''¥2Rr^. 
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254. To Jmd the area of a quadrilateral which can be ir^ 
scribed in a circle. 

Let ABC J) be the quadi-ilateral ; let 




The figuFC can be divided into the triangles ABG^ ADO ; its area 
therefore 

= i (a6 sia -B + cc/sin D) = \ {ab + cd) sin B, 
for the angles B and D are supplemental by Euclid iii. 22. 

Now from the triangle ABCf 

AC'=a^+b^-'2abcoaB, 

and from the triangle CDA, 

AC^ = c' + d' -2cdcos I) :^ c' '^d' -^ 2cd coaB ; 
therefore c* + d' + 2cd cos 2? = a' + 5' - 2a6 cos B, 

aJ^ + b^-c^-d!' 



therefore 



cos-B = 



2 {ab + cd) ' 
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{2{ah + cd) + c'-^d'-'a'-'h']{2{ah'\-cd)--c'-d'-^a'+h' } 
~ 4 (a6 + cdy 

_ {{c + dy^ (a - by) {{a + 5)' - (c -- <^)'} 

4 (a6 + c(Z)' 

4 (a6 + erf)* • 

Now let J (a + 6 + c + rf) = « ; thus 

4(a6 + crf)' 

Hence the area of the quadrilateral 

^sl{{B^a){8^h){s-c)(8-d)Y , 

If we substitute the value of cos -5 in the expression for AC*, 

, , . .^, , „ 2crf(a* + 6'-c«-rf») ^' "^ ^x . 

we obtain ^C' = c' + rf« + — ^^^^-j-^^^ ^^T' 2^ ^^ 

= c'+rf* + — ^ 1 , Vi* /tA.^/^.w^r^ ^Coi 

ab-hcd 

(oc + 6rf) (grf + 6c) X^^ff,,^f. ^ 
Similarly it may be shewn that t At i ^ ^'^ ^' ^' "^ **" ■ 



cos -4 = 



2(arf + 6c) ' ,^a' f f^r 



j>jya_ {ac + bd) {ah + erf) 
ad + bc 

The radius of the circle described round the quadiilateral may 
be easily expressed ; for this circle passes round the triangle ABO, 
hence by Art 252 its radius 



AC 



2sin^ 



_ 1. /( {ab -i- cgf ) {ac 4- bd) {ad + be) ) 
"iV t(«-a){«-6)(«-c)(«-*rf)r 
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255. To find the radii of the inscribed amd eweunuortbed 
circles of a regular polygon, that is of a polygon which has M 
its sides equal amd all its angles equal. 




Let AB be the side of a regular polygon of n sides ; let be 
the centre of the circles, OD the radius of the inscribed drde, OA 
the radius of the circumscribed circla 

Let AB = a, OA^R, OB^r, 

The angle AOB is the n*^ part of 4 right angles, that is, 

^0^ = — , AOB = '^. 
n n 

AB = 2r = i?sin-=r tan - : 
2 n n 



therefore 



R^ 



a 



2. TT 
sin- 
n 



r = 



a 



2tan- 
n 



256. The area of a regular polygon may be expressed by 
mean9 of the radius of the inscribed circle, or of the radius of the 
circumscribed circle. For with the figure of Art 255, the 
of the triangle AOB 

2 2 n 4 n 
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therefore tlie area of the polygon 

= -7- cot - = nic sin - cot - = 7: -«' sin — . 
4 91 n n 2 n 

Also the area of the polygon = nr^ tan* - cot - = wr* tan- . 

* 

257. To find the a/rea of a circle. 

The area of a regular polygon of n sides described about a 
circle of radius r 

= wr* tan - . 
n 

Now suppose n to increase without limit, then the area of 
the polygon approximates continually to the area of the circle as 
its limit, and therefore the area of the circle will be equal to the 
limit of the above expression. But when n is indefinitely great, 

ntan- = ir, (Art. 119); 
therefore tJbe area of a circle of radius r^vr^. 

258. To find the area of a sector of a circle. 

Let be the circular measure of the angle of tlie sector; then 

area of sector _ 6 .^ ,., ««x ^ 

area of cii-cle " 2jr ' ^ 

■•* 

f^O 
therefore the area of the sector = wr* x ^r- = -^ . 

Since 6 is the circular measure of the angle of the sector, the 
length of the arc of the sector is r$; hence the area of a sector is 
equal to half the product of the length of the arc into the radius. 

The area of a segment of a circle can now be found. For a 
segment of a circle which is less than a semicircle is equal to th^ 
T. T. '^'^ 
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difference between a sector and a triangle; so that if be the ciiv 
cular measure of the angle of the sector the area of the seffmerU is 

— (^-sin^. A segment of a circle which is greater than a 

semicircle is equal to the difference between the circle, and a 
segment less than a semicircle. 



EXAMPLES. 

f 1. The sides of a plane triangle are 2i, 30, 18 : find the 

2. Two angles of a triangle are 15° and 45°, and the included 
side is 10 feet: find the area. 

3. The sides of a triangle are equal to 3 and 12 reepeotivelj, 
and the oonjbained angle is 30°: find the hypoteojaae of an equal 
right-angled isosceles triangle. 

4. The area of a triangle = J (a* sin 2^ 4" &' sin 2A). 

Vn^^' ^ rm. r x^ 1 a' -5* sin -4 sin j5 

^ ^^ 5. The area of a tnangte = — rr r— t-j — =-, 

® 2 sm (-4 - jB) 

a rpu ^ ^- 1 2aftc ABC 

6. The area of a triangle « = cos 77 cos tt co« «■• 

° a+b+c 2 2 2 

7. Shew that the triangle whose sides are proportional to 

gh{k'-h^), Mif + hr), (hk + gl)(hZ-gk) 
has its area and the trigonometrical ratios of its angles rationaL 

8. The sides of a triangle are in arithmetical progression, and 
its area is to that of an equilateral triangle of the same perimeter 
as 3 is to 5. Find the ratio of the sides and the value of the 
largest angla 

9. If the alternate angles of a regular hexagon be joined ao as 
to form another regular hexagon, and again the alternate angLes of 
the latter hexagon be joined, and so on, shew that the sozn of ibe 

areas of all the figures so formed = — , where S is the area of tiie 

original Bgare^ 
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10. If we proceed with a regular figure of n sides, and of 
area S, as with the hexagon of Example 9, and 2 denote the 

sum of the areas so formed, shew that S sin — sin - = iS^cos* — . 

n n n 

Explain the cases where «»» 3 or 4. 

1 1. If an equilateral triangle be described with its angular poin^ 
on the sides of a given right-angled isosceles triangle^ and ona^side 
X)arallel to the hypotenuse, its area will be 2a' sin 60° (sin 15% 
where a is a side of the giyen iadangle. 

12. Shew that, with the notation of Arts. 248 and 250, 

« 

^1 Va = ^' CO*' 2 ^** 2 ^^*' 2 • 

13. The straight lines which bisect the angles A, C o£ b, 
triangle AJBO meet the circumference of the circumscribing circle 
at ihe points A\ (/: shew that A'G^ is divided by CB, BA into 
three ports, which are in the proportion 

sm"-^ : 2an^Bm5-sin^ : sm'— . 

14. If ^ be the difference between the sides containing the 
right angle of a right-angled triangle, and S its area, the diameter 
o£ the oimnmflcrihang circle is equal to J(h^ + 4lS). 

15. The sides of a plane triangle are 3, 5, 6: compare the 
radii of the inscribed and circumscribed circles. 

IB. is the eentre of the circle circumscribed round an aoute- 
aiq^ed trian^, asd AO is produced to meet BC at D: shew that 

DO(xm{B''C) = AOcobA. 

17. A circle is inscribed within a given triangle, and another 
triangle formed by joining the points of contact; within this latter 
triangle a circle is. inscribed, and anoliier triangle is formed as 



V 



»/ 
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before, and so on continually : shew that the triangles thus formed 
ultimately become equilateral, 

18. The sum of the diameters of the inscribed and circum- 
scribed circles of any plane triangle is equal to 

a cot -4 + 6 cot jB + c cot (7. 

19. Perpendiculars are drawn from the angles A, £, C id 
an acute-angled triangle on the opposite sides, and produced to 
meet the circumscribing circle: if those produced parts he cl, fi,y 
respectively, show that 

- + 7i + -=2 (tan -4 + tan jB + tan (7). 
a p y ^ ' 

20. In any triangle the area of the inscribed circle is to the 

ABC 
area of the triangle as tt is to cot ^ cot ^ cot ^ . 

21. On each side of an acute-angled triangle as base an isos- 
celes triangle is constructed externally, the sides of each being equal 
to the radius of the circumscribed circle : if the vertices of these 
be joined a triangle will be formed equal and similar to the original 

22. If ^ be the radius of the circumscribed circle of a triangle^ 
a cos -4 + 6 cos J? + c cos (7 = 472 sin -4 sin -B sin (7. 

23. is the centre of the circle circumscribed about a triangle 
ABG\ from the perpendiculars OB^ OE, OF are drawn to the 
sides: shew that 

4 (02)" + OE* + OF") ^ a" cot'^ + 6" cot* jB + c* cot* C. 

24. If r be the radius of the circle inscribed in a triangle^ 
and Ta the radius of the cii'cle inscribed between this circle and 
the sides containing the angle J, shew that 

, A / A . A\* 



1 , A f A . A\ 
1-sm^ (^cosj-smjj 

^•"''. . ^"^7 A TTy- 

l + sin^- (cos — + sm2-j 
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25. If r be the radius of the circle inscribed in a triangle, 
and r^9 r^j r„, the radii of the circles inscribed between this circle 
and the sides containing the angles Ay B, C respectively: shew- 
that 

N/(^«n) + N/(nO + n/(^cO = »•• 

26. If a triangle A' BO' be formed by joining the feet of the 
perpendiculars let fall from A, B, G on the opposite sides, shew 
that BV is numerically equal to ^ sin 2^, where B is the radius 
of the circle circumscribed about ABO. 

27. Perpendiculars drawn from the angular points of an 
acute-angled triangle to the opposite sides meet those sides at the 
points Dy Ey F\ shew that if M and E^ be the radii of the circles 
described about the triangles ABO and DEF respectively, and r^ 
the radius of the circle inscribed in the latter triangle, 

R^—^R, and r^ = 272 cos -4 cos -B cos (7. 

28. If r, r^ r,, r^ denote the radii of the inscribed and 
escribed circles of a triangle, shew that 

tan' 7^ = * 



T r 

2 z 



29, If -4 be the area of the circle inscribed in a triangle, 
Ai , -4,, A^ the areas of the escribed circles, then 



1 1 1 

+ -T-r + -.-r . 



J A J A, JA^^JA,^ 

30. If the sides of a triangle be in arithmetical progression, 
the i)erpendicular on the mean side from the opposite angle, and 
the radius of the circle which touches the mean side and the other 
two sides produced, are each equal to three times the radius of the 
inscribed circle. 

31. The distances of the centre of the circle inscribed in a 
triangle from the centres of the three escribed circles are respoo- 

tively equal toasec^, 6sec^, csec^. 



1'98 BXAMPLES. cHAFraai Tcn. 

92. Two similar triai^es bare -a ^omtttoii ^escribed- wde 
toudbing sides mot homcdogous o^, h^. Shew iihht 

a^ : a^ = sin B + sin C — sin A : sin A + sin C — sin J?. 

33. If Oi, Oa, O3 are the centres of the escribed circles of a 
triangle, then the area of the triangle Ofifi^ 

■earea of triangle- -4-5(7 -{l + 7 H r + = >. 

*=' ( 6 + c-a a + c-6 a + 6 — c^ 

34. The centres of the three escribed circles of a triangle 
are joined: shew that the area of the triangle thus 'formed is 

-^y where r is the radius of the inscribed circle of ike origimd 

triangle. 

35. A\ JB^y C are the centres of the escribed circles of a tri- 
angle; A!y By C" are joined so as to form a triangle: if r and r' be 
the radii of the circles inscribed in ABG and A'B*C' respectively^ 

/ cot^-cot^cot^ 



r A B ^' 

cos ^ + cos ^ + cos 5- 



36. If r be the radius of the circle inscribed in a triangle 
ABCy 28 the sum of the sides, /, 28 similar quantities for ^e 
triangle which is formed by joining the centi'es of the escribed 
circles, shew that 

rs ^ , A . B . 

-7-7= 2 prn -- Sin-x- Bin ;r. 

37. Let a, a^ be the distances of the angle .4 of a triangle !from 
the centres of the inscribed circle, and the circle touching the aide 
a and the other two sides produced ; /S, /S^ similar quantities for 
the angle B; y, y^ similar quantities for the angle 0: shew that 
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38. Shew also that — « + 771 + — «= 1. 

«i Px 7i 

39. Shew also that a" ^1 -1^ 4-/3" Q -^) +?' (^ -^) = ^• 

40. Shew also that — ? + tttf + — r = 0* 

Otti W cy^* 

41. There is only one point within a triangle, such that if 
perpendiculais be drawn from it to the sides, circles can be in- 
scribed in each of the three resulting quadrilaterals: prove tkis, 
and if p^^ p,, p^ be the radii of those circles, and p that of the 
inscribed circle <£ the triangle, then 

V^ P/\ft p) \Pa pJ\Ps p) \pz pJ\Pi pJ^p'' 

42. A circle is inscribed in a plane triangle ABC. Another 
circle is inscribed so as to touch the two sides AJB, AG, and the 
last circle; again, a third circle is inscribed so as«to touch the 
same two sides AB, AC, and the second circle, and so on. Circles 
are also inscribed in the same way so as to touch BO, BA and 
CA, CR, Shew that the area of the inscribed circle is to the sum 
of the aceas of all the other circles as 1 is to 

. .B + G A . .C-^A B . .A-k-B G 

sm* — -. — cosec -zr- + sin* — . — cosec -s- + sm* — . — cosec ^ . 
4 2 4 2 4 2 

43. and (/ are respectively the centres of the circles 
described about and inscribed in a plane triangle ABC. Join 
OA, OB, 00, O'A, OB, CO, and let R^, jB„ -ff., r., r^, r„, be respect- 
ively the radii of the circles circumscribing the triangles BOG, 
GO A, AOB, BO'G, GO' A, AUB. If R be the radius of the circle 
circumscribing the given triangle ABO, shew that 

yg^^c ^ ^ and — + — +-^= — . 
ohc a + 6 + c' R^ R^ R^ R^' 

44. From any point P within or without a triangle ABC, 
perpendiculars FA', FB, FC are dropped on the sides BO, CA, 
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AB; and circles are described about the triangles PA'jy, PB(j^ 
PC'A\ Shew that the area of the tiiangle formed by joining the 
centres of these circles is one-fourth of the area of the triangle 
ABC. 

45. Three circles touch each other externally : prove that the 
square of the area of the triangle formed by joining their centres 
is equal to the product of the sum and product of their radiL 

46. If the sides of a triangle be in geometrical progression, 
and the per][)endiculars from the angles on the opposite sides be 
taken as the sides of a new triangle, then the angles of this new 
triangle will be equal to those of the original triangle. 

47. If a, j3, y be the ratios which the sides a, J, c of a triangle 
bear to the perpendiculars on them from the opposite angles 
A,B, C, then a" + )8V/-2(a^ + i8y + ya) + 4 = 0. 

48. On the sides of any triangle equilateral triangles are 
described externally, and their centres are joined: shew that the 
tiiangle thus formed is equilateral. 

49. The sides of a triangle are 65 and 25, and the difTerence 
of the opposite angles is 60°: £nd all the angles, having given 

log 3 = -4771213, log 2 = -3010300, 

i tan 52** 24' = 10-1134508, L tan 52*' 25' = 10-1137122. 

50. If perpendiculars be drawn from the angles of an acute- 
angled triangle to the opposite sides, shew that the sides of the 
triangle formed by joining the feet of those perpendiculars are 
a cos A, h cos B, and c cos C; and thence shew that 

a' cos* -4 — V cob'B - c* cos' (7 



26c cos B cos G 



= coa2A. 



51. Six circles are .inscribed between the three esciibed circles 
of a triangle and the angular points, each touching a* side and 
a side produced: shew that the products of their radii taken 
alternately are equal 
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52. Straiglit lines are drawn from the angles -4, By C of a 
triangle through any point P meeting the opposite sides of the 
triangle at the points A\ j5', C" respectively: shew that 

AS^ . BC . CA'=:ACr . BA' . CB". 

53. Shew conversely that if the relation just expressed holds 
then the straight lines AA\ BBf, CG^ meet at a point. 

54. Shew that the perpendiculai's from the angles of a tii- 
angle on the opposite sides meet at a point. 

6^. Shew that the straight lines which bisect the internal 
angles of a triangle meet at a point. 

56. Shew that the straight lines which join the angles of a 
triangle with the middle points of the opposite sides meet at a 
point. 

57. Shew that the straight lines which join the angles of a 
triangle with the points where the inscribed circle touches the 
opposite sides respectively, meet at a point. 

58. Let a straight line be drawn from the angle A of & tri- 
angle to the point where the escribed cii*cle opposite to the angle 
A touches the side opposite to it; let similar straight lines be drawn 
fix)m B and with respect to the other escribed circles: shew that 
these straight lines meet at a point. 

59. In the figure of Art. 250 shew that the straight lines 
BBy CF, and AD produced meet at a point. 

60. A quadrilateral figure is so taken that a circle can be 
described about it and inscribed in it. If its sides be produced in 
both directions, and r^, r^, r^, r^ be the radii of the circles, in- 
scribed in the triangles formed on two sides, and esciibed on the 
other two sides, then rj'^r^r^ = r\ where r is the radius of the 
circle inscribed in the quadrilateraL 
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XVIL USE OF SUBSIDIARY ANGLES IN SOLVING 
EQUATIONS AND IN ADAPTING FORMULiE 
TO LOGARITHMIO COMPUTATION. 

259. We shall now shew how to obtain the numerical values 
of the roots of a quadratic equation by the aid of Trigononietrical 
Tables. 

(1) Suppose the equation to be 

Qi? - 2^ + g' = 0, 

where ^ and q are both positive; from this equation we obtain 

« = 2» * v(p' - (?) =i' {i * y (i - J)} . 

Now if g' is less than ^' assume ^ = sin'tf ; thus 

6 6 

a; = p(l±cos5) = 2^cos*^, or 2psin*-. 

If ^ is greater than p* the roots are impossible; we may then 

assume -i = sec'^ : thus 
P 

« = P{l*N/(-l)tane}. 

(2) Suppose the equation to be 

re" — 2px — g' = 0, 
where p and q are both positive; from this equation we 

«=i'*^/(p•+<?)=;>{l-y(lH-^,)}. 

Now assume tan'tf « ^ : thus 

P 

.^ ^. costfsfel , COS^t^l 
XT^p (1 "fcsec B) =p ■K—^Jq — r— 2— 

6 9 

^Vs^cot^ or-^gtan^. 
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(8) If the equation is of the form af-^^pas-^q^^Qy^here 
p and q are positive^ we can solve the equation a^ — 2/K6 + 7 = 0, azid 
then change the signs of the roots (Algebra, Ai-t 340). 

(4) If €he equation be of the form a" + 2px — q = 0, where 
p and q are positive, we can solve the equation x" — 2px ^q = 0, 
and then change the signs of the roots. 

260. In like manner we may obtain the numerical value of 
the roots of a cubic equation by the aid of Trigonometrical Tables; 
we will exemplify this by considering one case. 

Let the equation be a^''qx-r = 0, and suppose 27r' less than 
Aq\ Put X = ny; thus 

therefore y'-^-^ = 0. 

Now by Art, 91, cos'a — j cos a j — = 0; 



r cos 3a 

■ • 

4 ' 



assume 2^ = cos a, t = -^; then -5 

thus n=(-^j, cos3tt=4r(j-j j 

the last equation determines 3a, and thus a is known, then 

y*ooBa and a; = ncosa=[-^] cos a. 

The value of cos 3a is less than unity, since we have supposed 
27r» less than V. 

It appears from Art 105 that wo might also suppose 
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consistently with the value of cos 3a given above; thus finally the 
three roots of the cubic equation are 

2 ^1 j cos a and 2 ^|j cos (y* *) > 



=i © • 



261. ''If in mathematical researches equations like those that 
have been given of the second and third degree, presented them- 
selves to be solved, their solution would be conveniently effected 
by the preceding methods, and by the aid of the Trigonometrical 
Tables; but the truth is, in the application of Mathematics to 
Physics the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical Formulsa is to be considered as a matter rather ci 
curiosity than of utiKty." — (Woodhouse's Trigonometry,) 

262. To the examples which have already occurred of the use 
of subsidiary angles we will add two more. See Art. 231. 

(1) Hequired to adapt a + 5 to logarithmic computation. 
If a and b are necessarily positive we may proceed thus : assume 

- = tan*^: then 

a ' ' ■ 

a + 6 = an+-) = a(l+ tan' 6) = a sec* 0, 

If a and b are not necessarily both positive we may proceed 

thus: ai-sume - = tan^: then 

a 

/, b\ ,, /,, aJ2/cos9 sin^\ 



= -^ sm ( ^ + J ) . 
cos6 \ 4/ 
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(2) Bequired to adapt a cos a bl 6 sin a to logarithmic 
computatioii. Let -stand; thus 

acos a^bmia = a f cos a<i: - sin a j = a (cos a ^ tan 6 sin a) 

= ;;COs(a-tf) or 7rC0S(a + ^). 

cos^ ^ ' cos 6/ ^ ' 



lilSCELLANEOUS EXAMPLES. 

1. Solve a:"-6aj + 4 = 0. 

2. Shew that the roots of the equation a:" — 3a; — 1 = are 
2cos20^ -2sinl0'', -2cos40^ 



3. Shew that the roots of the equation sc* —px^ + ya — r = 

5\t 



axe 2 (I) coso, 2(||j cos^-^±aj, and 2 ^|j cos^-^*aV 



where cos 5a 



'10' 



4. Find the roots of the equation 

aj'-10»» + 20aj-8 = 0. 

5. A person wishes to ascertain the side BO of a triangular 
field ABC, but is only able to make measurement of lines within 
the boundaiy of a circle which passes through A and touches BG: 
shew how after measuring four straight lines he may determine BC. 

6. Two men standing at the same point C observe the hori- 
isontal angle subtended by two objects A and B; they then both 
move away, one in the direction AC, the other in the direction BO, 
until each observes the horizontal angle to be half what it was 
before. The distance each walked being given and the horizontal 
angle at C, determine the distance AB, 
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7. The altituide of a balloon is cibserved at three places 
Ay By G simultaneously to be 45°, 45°, and 60° respectively; A and 
B are I'espectively West and North of C : form an equation, for 
determining the height of the balloon. 

8. The distances h and c of a station A from two other 

stations B and G are known, and the angle BAG is required. It 

not being practicable to observe the angle BAG, the angle BOC 

(a) and the angle AOG {^) are observed at a position O situated in 

the plane ABG, at a small known distance n from Ay such that 

the triangle ABG is entirely within l^e triangle OBG. Sliew that 

if ^ be the circular measure of the angle (BAG —BOC) then 

approximately 

^^^/sin(a-ff)^sin^|^ 

9. At a distance of 50 feet from the foot of a tower the elevar 
tion of its top is 45° : if the elevation and the distance be correctly 
measured within V and 1 inch respectively, find a^nozknataly 
the greatest error in the height. 

10. A person standing at a distance a from a tower sur- 
mounted by a spire, observes the tower and the spire to subtend 
the same angle : if 6 be the known height of the tower, ezpresB 
the height of the spire (c) in terms of b and a. 

If y be the error in the height of the spire corresponding to a 
small error j8 in the height of the tower, shew that 



^f{-S}• 



IL The side a of a triangle and the opposite angle A remain 
constant: shew that the small variations of the other sides y and 
p are oonneeted by the relation 

y sec (7 + j8 sec -B = 0. 

12, The angular altitude and breadth of a cylindrical towar 
•OB. a level iplane- are observed to be a and fi xespeoHyd^; and at a 
poiat a feet^nearer the tower they axe dbserved. to be^a' and ffi 
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find the height and the radius of the tower. Find abio the relation 
existing between a, a', p, ^. 

13. In the preceding Example if the observed angular breadth 
be subject to an error 8, and if p be the greatest consequent error 
in the calculated radios (r), shew that p will be giv^n bj the 
equation 

— =3 cot J (jQT — )9) •! cosec ^cosee ^ - cot ^ cot ^ J- 8. * 

If i5=60^ )8'=120^ 8 = the circular measure of 6', find approid- 
mately the ratio of the greatest error in the calculated radius to 
the radius. 

14. JP, Q, R are three known positions in a straight line, and 
FQ, QR are observed to subtend equal angles at a certain point S: 
find the error in the calculated distance of S from Q in conse- 
quence of a small error a in the observed angles. 

XVIIL INYERSE TRIGONOMETRICAL FUNCTIONS. 

263. The equation sin a; = a asserts that a? is an angle of 
which the sine is a; it is found convenient to have a notation for 
expressing this relation in which x stands alone. The notation 
used is this, a; = sin"*a. Similarly the equation a; = cos~*a ex- 
presses that 0? is an angle of which the cosine is a; and a? = tan'^a 
expresses that a; is an angle of which the tangent is a; and so on. 

264. Experience will prove that the notation here given is 
often convenient; and we mayvshew that it is not altogether an 
arbitrary notation, but one that naturally presents itself. For, let 
any function of a; be denoted hj f(x); then the same function of 
y* (sc), that is, /{/{x)}, may be briefly and conveniently denoted by 
/'{x). Thus, for example, the logarithm of the logarithm of x 

may be denoted by log'a;. Similarly /[/{/(a?)}] ii^y he briefly 
and conveniently denoted hy /^(x); and so on. Thus with this 
notation we have, when m and n are positive integers, 

/y{x) «/"+-(«)• 
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Now we may examine what meaning it will be necessary to 
ascribe to f^{x)y in order that the relation just given may hold 
when m or n is zero. Suppose n = 0, then the relation becomes 

this leads us to settle that/^(a;) shall be considered equal to ae. 

Again we may examine what meaning it will be necessary to 
ascribe \o /''\x) in order that the relation /"*/*"(«) »/'"'*"(«) may 
hold when m or w is — 1. Suppose m = 1 and w = — 1 ; thus the 
relation becomes 

so that /^^(x) must denote a quantity whose function y is as. 

Thus sin'^o; should denote a quantity whose sine is x; and 
this is the meaning which we have already assigned to the symboL 

It will be observed that consistently with the remarks here 
made, sin' x should stand for sin (sin a:), and not for sin x x sin x. 
But £U3 sin (sin a?) is a function which rarely occurs, it is custom- 
ary to use sin* x for what should be denoted by (sin x)', 

265. Any relation wliich has been established among trigo- 
nometrical fimctions may be expressed by means of the inverse 
notation. Thus, for example, we know that 

^ ^. 2tan^ 

this may be written 

_,/ 2tan^ \ 
1 * f I • 



2^ = tan' 



/ 2tang \ 
U-tan»^y^ 



let tan^ = a, so that ^ = tan~'a; thus 



« . -1 , -1 2a 
2 tan *a = tan 



!• 



1-a 

Similarly the relation sin 3^ = 3 sin ^-4 sin' tf may be ex- 
pressed thus^ 

3 sin"'a = sin'^Sa - 4a"). 



EXAMPLES. CHAFTEB XYIH. 200 



EXAHniES. 

1. Shew that tan"* f = 2 tan"' J. 

2. Find the value of sin (sin"* ^ + cos"* i). 

77 3 8 

3. Shew that sin"* ^ « sin"* ^ + sin"* y^ * 

4. Find the value of tan (tan"** a? + cot"'*a5). 

5. Shew that tan"* J + tan"* ^ + tan"* f + tan"* | = ^ . 



TT 



til ^ 6 o '^ G 

6. Shew that tan"*a = tan"* -z ^ + tan"* - — r- + tan"*c 

1 + a6 1 + oc 

1 1 1 TT 

7. Find the tangent of 3 tan"* - + tan"* ^ + tan"*7r^- v 

7 o 22b 4 

8. Shew that 

tan-*{(^2 + 1) tan a} - tan"*{(^2 - 1) tan a} = tan-*(sin 2a). 

0. If tan (^ - a) tan {6-p) =tan»^; then 

_j2 8inasin/? 

tf = Atan *— T— 7 5^-' 

^ sin (a + P) 

9 v/(41) «r 

10. Shew that cos"* „^^. + cosec"* -V-\— ^ = -- . 

/s/(82) 4 4 

^1 CIT- XT- X • -1^ • -1 ^ . _1 16 * 

11. Shew that Sin 'r- + sm '-r^ + sin ^=H' 

13 65 2 

11 1 

12. Shew that 3taQ"*T + tan"*K7T =T-tan"' 



4 20 "4 1985* 

, 2a ~ 6 , 26 — a 7 

13. Shew that tan"* . ,^ -f tan"* y^ ^ -x . 

14. Shew that tan (2 tan"* a) = 2 tan (tan"* a + tan"* a'). 

15. Shew that 

tan"* (i tan 2A) + toa"* (cot A) + tan"* (colfii) = 0. 
T. T. "V^ 



26 . 
— s=tan 
a 
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16. Shew tliat 

17. Shew that 

|%osec» (i tan-» ^) + ~%ec' (i tan-» ^) = (a + 6) (a* + 6'> 

Solve the following Beven equations in x: 

I ' 

--^- 18. sm 'sc + sin 'tt = 7, 
1 i 4 

■I A • — 1 ^^ • —I ^^ A J —1 

19. Sin *r i + srn *= — n = 2tan *«:. 

1 + a* 1 + 6' 

20. tan"* (a - 1) + tan"* a: + tan"* (aj + 1) = tan"* 3«. 

2 1 . sin"* ^x - sin"* a; ^3 = sin"* oj. 

22. tan"4 + 2tan"4 + tan"4 + tan"*- = j. 

X Tt 

23. sin 2 cos"* cot 2 tan"* a; = 0. 



24. tan"* =- = tan"* -+tan 



a-1 a; a' — a:+l' 

4 1 3 

25. If sec — cosec tf = -« , shew that ^ = « sin"* ~ . 

26. If fiin (ir cos tf) = cos (ir sin tf), shew that Q^^\ sm*"' J. 

27. Shew that if sin'0 + sin'<^ « j , then (2n + 1) ^ ia one < 
the values of ^ which satisfy the equation 

^ = sin"* (sin tf + sin <^) + sin"* (sin fl - sin <^), 

28. iElnd X from the following equation, 

1 11 

3 tan"* -z. 7^ — tan"* — = tan"* « . 

2 + ^3 a? 3 * ' 
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29. Shew that one of the expi'essions 

sin * ±2sin * ^ /( ) 



w 



is an odd multiple of -^ . 

30. Find all the positive integral solutions of 

tan"* X + cot"* y = tan"* 3. 

31. Shew that if c be a positive integer, the equation 

tan"* X + tan"* y = tan"* c 
has no positive integral solutions; while the equation 

cot"* X + cot"* y = cot"* c 
has as many as there are different divisors of 1 + c*. 

32. Shew that tan"* - = tan"* i^i^::^+ tan"* ^^lZ^. 

■I- tan"' ^'"'^' I +tan"' ^*"^-l -f-tan'^l, 

c,c,+ l c.c.-i+l «. 

where e^f c,, c« are any quantities whatever. 

33. Shew that we can express the sum of any number of 
angles of the form sin"* T ,, , Bin"*-JJ — tth in the foi-m 

sin"*—- i, where m and w are rational functions of a, 6, a\ 6',... 

34. Write down the general value of sin"* ^ ' , where m 
is an integer. 

35. Write down the general value of cos"* ^ ^^ , where m 
is an integer. 

36. Write down the general value of tan"* (- 1)"*, where wi 
is an integer. 



f l-'"- t. *>i^ ^ 



4 ' > :. •• 
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XIX DE MOIYRE'S THEOREM. 

266. The student has already learned from Algebra that 
although the square root of a negative quantity is idie symbol 
of an impossible operation^ yet such roots are of great use in 
mathematical investigations. It is usual to adopt the convention 

that J{ — a") = a V( "■ ^)y *"^^ *^* ^^^^ expressions as a jy( — 1) 
shall be subject to all the laws of algebraical transformations. 
In the remainder of the present work it will be found that J(^ — 1) 
occurs very frequently in our investigations; we shall fear tlie 
present assume that this expression may be freely used like any 
real algebraical expression, and hereafter we shall give soma re- 
marks on the question of the validity of demonstrations which are 
obtained by tiie use of the symbol ^(—1). (See also Algebra^ 
Chap. XXV.) 

It is becoming usual in mathematical works to employ a 
simpler symbol instead of ^(-1) in order to save room; the 
letter i is very convenient for this purpose, and we shall ac- 
cordingly employ it in some of the subsequent Chapters. 

267. Be Moivr^B Theorem, Whatefver he the valtie cf n paai- 
live or negative, integral or /ractionalf coan0-{'fJ{^l)iaxLn0 is 
one of the values of {cos ^ + ^ — 1) sin 6}\ 

Multiply cos a + ^( - 1) sin a by cos )8 + ^( - 1) sin^; 
the product is 

COS a COS j8 - sin a sin )8 + ;y( - 1) {sin a cos )8 + cos a sin fi}^ 

that is, cos (a + j8) + ^(~ 1) sin (a + j8) ; 

multiply the last expression by cosy + ^(- l)siny; the pBodoiGi 
18 C08(a +^+y) +,J{- 1) 8iii(a-\- P-¥-yV 
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By proceeding in this way we obtain the product of any num- 
ber of fkctors of the form cos a+ ^(— 1) sin a. Suppose there are 
n of these fiaotors^ each factor being cos + ^(— 1) sin ; we thai 

have 

{cos + ^(- 1 ) sin ^}' » cos wtf + J^- 1) sin «ft 

This proves De Moivre's theorem when nisa positive integer. 

Next, let n be a negative integer; suppose n^ — m, then 

{cos e + Jir 1) sin BY = {cos + ^(- 1) sin 6}-^ 

^ 1 ^ 1 , 

{cos + ^(- 1) sin 6}" cos mO + ^(- 1) sin m6 ' 

multiply both numerator and denominator by 

cos m6 — ^/(- 1) sin tw^, 

., -^ . cosmd— ^(-l)sinm^ 

thus we obtam = — ^^ . , — r — : 

cos nw + sm mQ 

that is cosmtf— ;y(-l)sin7»^; 

that is cofl(-m^)+ ^( - 1) sin ( - m^), 

or cofl?i^+ ^(-l)sinwtf. 

lliiB proves De Moivre's theorem when 9i is a negative integer^ 

Thus, since when n is any integer, 

{cos tf + ^( - 1) sin Oy = cos n^ + ^( - 1) sin nd, 
it follows that cos ^ + ;y( — 1) sin ^ is one of the values of 

{cos ntf + /iy( — 1) sin n^Y^ when n is any integer. 
Lastly, let 91 be a fraction ; suppose n = - , then 

{oostf+V(-l)sin^}- = {costf + ^(-.l)sin^}« 

■ X 

= {cos;>* +>/(-!) ^anpBYf 
and^ by what has just been shewn, one of the values of l&e last 

expression is cos — + ^( — 1) sin ~ • 

Thus De Moivre's theorem is completaly estaibliski^ 
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268. We have shewn in the preceding Article that when 
n is fractional, cosw^+ ^( — 1) sinw^ is one of the values of 
{cos ^ + ^( — 1) sin ^}" ; we shall now shew how all the values of 

the last expression may be obtained. Suppose »=^. Now both 

cos and sin remain unchanged when $ is increased by any 
multiple of 27r, while by putting $ + 2rn- instead of 0^ and 
ascribing to r in succession different integral values the expression 
cos nO-^ J(—l) sin nO assumes q different values and no more. 

For suppose r successively equal to 0, 1, 2, S'— 1; then we 

obtain the series of angles 

p$ p{0+2'n) p{0+ Aw) ;) (^ 4- 277r - 27r) 

and we know that no two of these angles can have tlie same sine 
and the same cosine, because no two of these angles are equal or 
differ by a multiple of 2ir. (See Art. 93.) Hence we obtain 
q different values of the expression cosw^ + ^(- 1) sinn^. "We 
shall not in this way obtain more than q different values, for if 
r = 8+ mq, where m is any integer positwe or negative^ 

cos n{fi -¥ 2r7r) and sin w (^ + 2nr) 

are respectively equal to 

cos n{6-\- 257r) and sin n (0 + 2«jr). 

"We can thus find q different values for the expression 

p 
{cos^+^(-l)sin^p; 

that is, we can find q different expressions, which by being raised 
to the q^ power, produce cos jo^ + ^( — 1) sin pO. And it is known 
from the theory of equations that there must bo q values of «, and 
no more, which satisfy the equation a' = c, where c is either real 
or of the form a + 6 ^( - 1) ; thus we infer that we know all the 
values of the expression 
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269. De Moivre's theorem may be usefully employed in ex- 
tracting any assigned root of an expi*ession of the form a + 6 ^( — 1). 
Suppose for example we require the cube root. Assume 

a = r cos Ofb = r sin 0; so that 

r* = a' + 6*. and tan 6= - . 
r a 

Then a + b J{-'l)=:r{cosO -^ J{'^l)sme}; 

and thei-efore {a + 6 V( - 1)}* = »•* {cos ^ + ^( - 1) sin 0}^. 

One value of {cos + J{'' 1) sin 0}^ is cos « + ^( — 1) sin - ; and 

•i 3 

the other two values are respectively 

cos — ^— 4- ^( - 1) sm —J — and cos — 5 — + J (- 1) sin . 

270. We proceed to deduce some important results from De 
Moivre*s theorem. In the equation 

cos w^ + */( - 1) sin inB = {cos tf + ^( - 1) sin $}*, 

suppose n a positive integer. Expand the right-hand member by 
the Binomial Theorem, and equate the ^lossible and impossible 
parts of the two members ; thus 

cos nO = cos" ^ - ^(^"J) cos-'^ sux'O 

+ — ^-Vi — -^ ^cos" ^9sin*0^ 

sinng = ncos"-'^sin^- ^^^"'!^^^""^^ cos"--'gsin'g 

w(w-l)(w-2)(n-3)(n-4) ,.,. . ,^ 
+ — ^ ^-^^ j^ ^-^ -^cos '^sm'^- 

271. The preceding formula hold whether n be odd or even, 
but the last terms of ilie expressions on the right-hand side are 
different in the two cases, and it will be useful to distinguish the 
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If 9ft be eyen, the laat term of the expansion of {cos 6-^iJ{—l) sin 0]^ 

n 

is possible, namely, (— l)'sin'*^; and the last term bat one 

n-l 

is impossible, namely, n(-l)' cos^sin""*^, which may be 
written J{-l)n{ — l) ' cos ^ sin""* 6. Thus when n is even the 

n 

last term of cos nO is (— l)*sin"^, and the last term of sinn^ is 
n-a 

w(-l) * cos ^ sin**-* ^. 

If n be odd, the last term of the expansion of {cos 0-^ ^/{''l) sin 0]* 

n 

is impossible, namely ( — l)'sin**^, which may be written 

n-l 

,y(— 1)(-1) * sin*^; and the last term but one is possible, 

n-l 

namely n(-l)* cos ^ sin*"* ^. Thus, when n is odd, the lut 

n-l 

term of cos w^ is w ( — 1) ' cos sin*"* 0, and the last term of 

n-l 

sinwtfis(-l) " sin*^. 

272. From the fonnulsB for sin nO and cos nO we can deduce 
an expression for tan nO in terms of the powers of tan 6. 

smnO 



YoT tsjinO = 



cosn^ 



w cos*-* ^ sin ^ ^ 1^^ ^cos* '^sm'fl + ... 

cos*^- ^^r";^^ cos*"*^sin'^+... 

Now divide both numerator and denominator of this expres- 
sion by cos*^ ; thus we find for tann^ the expression 



|3 ni 



i-!!i^)wg^!ii"-^H»-^)(n-^)tea.7i::: 
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If n be even, the last term of the numerator of tann^ 
is w ( - 1) * tan""* 0, and the last term of the denominator is 

n 

(-l)'tan"^. If n be odd, the last term of the numerator is 

n-l 

(«1) ' tan'd, and the last term of the denominator is 

n(-l)^tan*'*^. 

^ese results follow from those established in Art 271. 

]/ 273. We may also obtain general formulse for the sine, cosine, 
and tangent of the sum of any number of angles which are not 
all equal We have seen (Art. 267) that 

{cosa +J{ - 1) sin a} {cos)8 + ^( - 1) sinj5} {cos y + ;y( - 1) sin y} 

= cos(a + j5 + y+ )+iy(-l)sin(a + j8 + y+ ). 

Now cos a+ iy( - 1) sin a = cos a {1 + ^( - 1) tan a}, 
cosj8 + V(-l)aia)8 = cos)8{l+V(-l)tan)8}, 



thus we obtain 

cosacos^cosy.,.{l+iy(-l)tajia}{l+iy(-l)tan)8}{l+;y(-l)tany}... 
= oo«(a + /8+y + ) + V(-l)sui (a + i5 + y+. .....)• 

Let *, denote the sum tan a + tan j8 + tan y + ; let s^ 

denote the sum of the products of the tangents taken two at 
a time; let 8^ denote the sum of the products of the tangents 
taken three at a time ; and ao on. 

Then by multiplying together the factors 1 + /^( - 1) tan a, 
1 4. ^( . 1) tan ^9 1 + iy(-* 1) tan y, ....•• and equating possible and 
impossible parts we obtain 

cos(a + j8 + y+ ...}sCOSacos/3cosy ... {1 — «, + «4 — «, + ...}, 
rin(a + j8 + y+ ...} = oosaoo8j3cosy ... {«|-«, + «5-«, + ...}. 



<« ^ 
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By division, 

tan(a + /? + y+ ...) = =^ ^ * ^ . 



»-s 



If 71 be even, the last term in the numerator is (— 1) * «^,, 
and the last term of the denominator is (- 1)*^»^; if n be odd, the 
last tenn in the numerator is ( - 1) * «^, and the last term in the 



n-l 



denominator is ( — 1) ' «^_,. If the angles a, /?,... are all equal, 
the formula will coincide with that idven in Art. 272. 



O" 



274. We shall now prove formulaj for the expansiou of sin a 
and cos a in series of powers of a. 

We have, when w is a positive integer, 
cos 7tO = cos"*^ - — !^^^ cos-'^ sin'^ 

n(7i-l)(n-2)(n-3) ,.,. . ^^ 
+ _\ lA. — Lh icos" ^^sm*d- 

li 



Jjot nO = a; and suppose n to increase without limit, and let 
6 so change that n may remain a positive integer and nO be always 
equal to a ; thus must diminish without limit. The preceding 
equation may be wiitten 



cos a = cos" 



^._V_ieos« 'e[^) 

^ a(a-^)(a-2^)(a-3^) ^^^^g/Bin6k^ 

KoT7 when n increases without limit, and, therefore, dimi- 

• /J 

niiihes without limit, — ^— is equal to unity, and so is evory power 

^sin^ . /sin^\" , /i • -i. j • ^ 

of ~-T— up to ( —^ ] ; also cos ^ is unity and so is every power of 
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COS up to cos"fl (Art. 150). Hence the above formula becomes 



.a a a 
COS as 1 — r — TT +r-r —.-::+ 



1 . 2 1 4 [6 
Also 

8inn^ = ncos''-'gsin^- ''^''"'fj^''"'^^ cos*-'^sm'^4. 

^, . «-i/»Bin^ a(a-^)(a-2^) ^-,^/sin^V 

thus sinassacos*^*^— ^ ^ j-J^ ^ cos* ^f-^j + 

Hence, by supposing n to increase without limit, we obtain 



8 5 7 

a a air 



sin a = a — .-77 +r5 — J7; + 

13 2 d 

The results of this Article are of the gi*eatest importance ; we 
shall make some remarks upon them in the next three Articles. 

275. It must be obsei'\'ed with respect to the formulse estar 
blished for the expansion of sin a and cos a, that a is the circular 
measure of the angle con8idei*ed; for it is only when an angle is 

estimated in circular measure that — ^— is unity when 6 is indefi- 

u 

nitely diminished. It is easy to ol)tain the requisite modification 

of the formulae when any other unit of angular measurement is 

adopted. Thus, for example, 

a a 
Binn =a— r:r +.— - 



13 !£ 



nv 



where o is the circular measure of the angle of w* ; thus a =y^ , 
and we Lave 

•^"°i8o"(iw *(6U8o; " 

Kmilarly ccsn'^l-l(^^\^(^Q) - 
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276. The aeries for sin a and cos a are oonvergerit for off 
valibea of a. 

The 71*** term in the series for sin a is A — yk- ^ i hence the 

\2n^ 1 

numerical value of the ratio of the (ti + 1)*^ term to the n* is 

a' 

;r — 7- r^ ; and whatever be the value of a we can take n so 

2/1 (2?!+ 1) 

laxge that i(x such value of n and all greater values 



a* 



27»(2n + l) 

shall be less than any assigned quantity ; hence the series is con- 
vergent {Algdyra, Art, 559). 

Similarly it may be shewn that the series for cos a is always 
convergent. 

277. The proof given in Art, 274 involves one point that 
may not at first appear quite satisfactory. The (r + 1)**^ term of 
cos a is strictly 

/ ,v,»*(^-l)(n-2)...(w-2r+l) ^..^ . ^^ 
( - 1)'— ^ '-^ 1^^^-^ '- QO&''^6 m^e ; 

this we write in the form 

(- i), °(''-g)(«-2g)...(a-2rg + (?) ^^^ /8in<?\> 

Now it is proved in Art. 150 that the limit of oos""*'tf is 

(sin^X** 
—^ j is unity; the only ques- 
tion is whether the limit of 

a(a-tf)(a-2^)...(a-.2r^ + ^) . a*" 

^ ^|2r 

for all values of r. This is obviously true when r = 1 ; that is, 
the limit of — ^-^ — - is -? ; and we can shew by indnctiaoL thttk tiie 
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required result is always true. For assume that 

g (g-^) (g- 2^) ... (a- 2r^ + 6) g*" ^ 

I2r -(^*^ 



where ^ diminislies without limit when does so, so that the limit 

of the right-hand member is .-rr- ; introduce a new factor -^5 r- ; 

\Zr Ar+ 1 

g(g-.^)...(g-2r^)^rg^ |r^a_^Jrg_| 
^"* |2r+l \^ A2r+1 2r+lj 



g*"** Ea 2re 



2r+l 2r 



?g 2re (^ J^ 

+ 1 2r+ril2r"*' J' 



and when 6 diminishes without limit all the terms on the right-: 

hand side yanish except rs r- > which is therefore the limit of the 

^ 2r+l 



left-hand member. Similarly we can shew that when another 
factor — J5 — is introduced the limit is r^ g ; and so on. 



2r + 2 2r + 2 



278. The following example will shew how the series for 
cos 6 may be practically useful Suppose two sides a and 6 of a 
triangle are known, and the included angle C; if (7 be a very 
obtuse angle we can give a convenient expression for the third side 
of the triangle. 

For suppose tt— ^ to be the circular measure of the angle C, 
so that 6 is very small ; thus 

<j* = a* + 6* - 2a5 cos (7 = «■ + 6* + 2a6 cos tf 
= a* + 6* + 2ab ( 1 - -q ) ^]^^^oiaa,te\j, 

.(a + 6)--«W-(a+6).{l-^}. 
Hence, by extracting the square root, 

c = (a + 5) 1 1 -07 TTaf approximately. 



\ 
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EXAMPLES. 

, 1. Extract the square root of cos 4-i + ^( - 1) sin 4^. 

. X 2. Find the values of ( - 1)*. 

< 3. Obtain the six values of ( — 1)*. 

.. 4. rind the three values of { 1 + ^( - 1)}*. 

5. Given —^ = St^tt* shew that B is nearly the circular 
measui'e of 3°. 

6. Given sinTp + ^js'Sl, find approximately the value of 
^, neglecting powers of Q above the second. 

7. If tana5 = a.a: + -r'L- + it- + 

[3 [5 

shew that % 

(2n + 1) 2n (2n + 1) 2w (2w - 1) (2n - 2) 
«8»*i = 172 ^•"-' 14 ^•— ■ "*" ••" 

+ ... + (-l)"**(2/i + l)a, + (-l)-. 

8. If tfcot^ = a^ + a,^* + a^^+... 
shew that 

"«• |3_ [5 ^-^ |2n+l ^ |2n ^ 
hence find ^ cot ^ to four terms. 

9. If secd = a^, + a,^ + a4^+ ... +a^^*' + ... 
shew that 

"*-- [2 [4 ^-'^ [2^- 

10. If cos 2a + ^( — 1) sin 2a be substituted for a in the ex- 

he 

pression -; jt-t 1 . and similar quantities for h and c, and the 

^ (a + 6)(a + c)' ^ . ' 

result reduced to the form A-^ B J{^\)y find the values of A and 

-ff in terms of a, )8, y. 
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1 1. Shew that 

{cos ^ + cos <^ + ^( - 1) (sin d + sin <!>)}*' 

+ {cos tf + cos <^ - ^( - 1) (sin ^ + sin </>)}** 
= o..(eos^J^)-cos!L(^. 

12. Shew that if a; = e*^^"^>, and ^(1 ~ O = wc - 1, 



1 +ccos^ = 5r- (1 +»a:)(l+- ). 
2n^ ^ \ xj 



13. Prove the following rule for finding the length of a 
small circular ait; : from eight times the choi*d of half tlie arc sub- 
tract the chord of the whole arc, and one-third of the remainder 
will give the length of the arc nearly. 

14. Shew that the following inile for finding the length of a 
small circular arc is more accurate than that in the pi*eceding 
example : to 256 times the chord of one-fourth of the arc add 
the chord of the arc ; subtract 40 times the chord of half the arc, 
and divide the remainder by 45. 

15. From the identical equation 

(a;- 6) (p'-i^ {x -c) { x- a) {x-a)( X'-b) 
(a- 6) {a-cy (6-c)(6-.a) "*" {c''a)lc^b) " ' 

deduce the following by assuming 

a; = cos 2fl+ V(- 1) sin 2^, 

and corresponding assumptions for a, b, and c: 

sm(a — j3)sm(a-y) ^ ' 

sin(^-y)sin(0 ~a) 
^8in()3-y)sin(/J-a)^-'^^ ^^^ 

sin (fl - a) sin (^ - j8) . „ .^ . ^ 

•*- -• -/ (- • -/ — o\ sm 2 (d - y) = 0. 

sm (y-a)sm(y-^) \ if ^ 
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XX. EXPAKSIONS OF SOME TRIGONOMETRICAL 

FUNCTIONS 

279. Let X denote cos ^ + ^( — 1) sin ^; then 

aj cos^+,y(-l)sm^ ^^ ^ ' 

thus a + - = 2 cos tf, and x — =2^(— l)sin^; 

X X 

also aj'* = {cos^ + ^(-l)sin^}" = cosw^+ ^(-l)smn^, 

1^^ 1 ^ 1 

or '{cos^+ V(-l)sm^}"~cos7i^+^(-l)sm«^ 

= cosw^-^(-l)smw^; 
thus 35** + — = 2 cos 71^, and a;'*--;j=2^(-l)sia7i^. 

X X 

We shall £nd this notation useful in the following investi- 
gations. 

280. To express cos"d in terms of cosines of m/uUtplea- of $ 
wlien n is a positive integer. 

2'»cos'»^=fa; + iy = af» + naf'-\-+^?^^^af-«^ 

\ xj 05 1 . 3 scr 

n(TO-l) . 1 11 

+ 1 — o ^•IS=5 + »*^•z;^^+r:i• 
Now rearrange the terms on the right-hand side, pattuig 
together the first term and the last^ the second and the last but 
one, and so on ; thus we obtain 

but 35'*+— = 2ooBntf, af"*+-;^ = 2cos(w-.2)tf, and so on; 

mT X 
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therefor© 

2""* cos"^ = cosn6 + ncos (n-2) ^-f ^y "I ^ cos (w- 4) fl + ... 

+— ^ ^—7-^ ^cos(7i-2r)^ + ... 

The last term of the series on the right-hand side will take 
different forma according tam ia even or odd. In the expansion 

of ( a; + - j by the Binomial Theorem there are ti + 1 terms ; thus 

9 + 1 ) > 
which is 

n(7i--l)...(n-J7i-^l) J 2. . that is ^(^"l)-(J^-*-l) 

li!L 'J' li!L ' 

Hence, when n is even, the last term of 2"~* cos" 6 is 

w(w — 1) ...(^n + 1) 

When n is odd suppose it = 2m + 1 ; there are two middle 
terms in the expansion of (x + -'j , namely, the (m + 1)*^ and 
(m + 2)*** : their sum is 

n{n^l) ... (n-^m-hl) / 1\ 

Hence when n is odd, the last term of 2"*' cob" 6 is 

281. "We shall find that sin"^ can be expressed in terms of 
cosines of multiples of ^ if w be an even positive integer, and in 
terms of sines of multiples of ^ if w be an odd positive integer; 
this will appear in the following two Articles. 

T. T. "^"^ 
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282. To express sin'd in terms of cosines of multiples of 0, 
when nis a/n even positive integer, 

2-(-i)W».(.-!)".^-»^'.5..iii^^.^ + ... 

Now rearrange the terms on the right-hand sidOy patting 
together the first term and the last, the second and the last but 
one, and so on ; thus we obtain 



Therefore 



2--»(-l)^sin"^ = cosnfl-ncos(n-2),tf + 2^?-J^co8(n-4)fl 

^(,l)-^ ^(^-^)->-^^l) eos(n-2r)(9^... 

./ Tx| n(w-l)...(^w4-l) 
^^"^> 25^ • 

283. To express sin" in terms of sines of multiples of $ 
when nis an odd positive integer, 

n{n^l) ,1 11 

1.2 * •i^'*"*^-5^»"a-- 

Now rearrange the terms on the right-hand side, putting 
together the first term and the laat, the second and the last but 
one, and so on ; thus we obtain 
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but a^-i:=2^(-l)8mn^, 

«"^--i,= 2^(-l)sm{»-2)«, . 
and 80 on ; therefore 

2«-» (- l)^'fim»^ = sin w(> - w sin (n - 2) fl + — (!^^ 

284. If 71 be not a positive integer, the expressions for cos" B 
and sin" ^ in terms of the cosines and sines of multiples of B are ^y 
very complicated. For these we may refer to the Theory of 
JCqtuUians, Chapter xxxt. 

285. In Art. 270 it is shewn that when n ia & positive 
integer, 

cos n^ = cos- - ViilLlp. cos-*tf sin* 

^n(n-l)(.-2)(n-.3)^^^„.^^.^^ 
[4 

since sin* ^ = 1 - cos* $, sin* tf = (1 — cos* ^)*, 

and 80 on, it is obvious that cos nO can be expressed in terms of 
powers of cos j we will now give a direct investigation of this 
expression. 

286. To express cos nO in a series of descending powers of 
cos $ when nis a positive integer. 

Let a: = costf + ^(- l)8intf, 
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so that a: + - = 2 cos tf , and 0^ + -— 3:2coBntf: 

X or ' 



now 



where c=2cos0. 

Take the logarithms of both members ; thus 

log(l -aa) + log (l -|) = log{l -«(c-«)}; 
therefore zx + \s?Qf + Jamas' +...+- + ^-3 + ^-8 + .- 

In this identity we may equate the coefficients of ^. On 

the left-hand side the coefficient of «^ is -fa^ + rs), iliat ii 

n\ aT/ 

2 

-cosnd: the coefficient of z* on the right-hand nde aansfe be 

obtained by pickii^ out the coefficient of ^ from the expansioii of 

- ig" (c — «)■ and of the terms which precede it. 
n 

1 c" 

The coefficient of «" in -«" (c — «)" is — ; 

w n 

the coefficienb of «" in ^ — r^ — is r- (n - 1) c""" ; 

the coefficient of «" in ^ — ^ — is -g.- ^si -if^i 

and generally the coefficient of «" in «■"''' (c - «)***" is 

(- iy (n^r){n^r^l)..,{n^2r+l) ^^ 

— Q . 

n-r ^ • 



EXPANSIONS OF SOME TBIQONOMETBICAL FXTNCTIONS. 229 
Thus 2 coane = {2 cos Oy--n {2 COS ey--' + ^^-^^^{^ 

The series on the right hand is to ooatuave so long as the 
powers of 2 cos ^ are not negative. 

287. It is obyions either from the above series or from that 
in Art. 270, that when n is an even positive integer cos 7^$ can be 
arranged in a series of powers of sin' 0, Thus we maj assume in 
this case 

cosnO^^l •\- A^Bui' $ + A^mn^ 6 + A^Bm' O-^ ... + -4^ sin* ft 

It is clear that the first term must be unity, because when 
^ = we have sin d=s and cos9^ = 1. Kow we shall adopt an 
indirect method of determining the values of the coefficients 
A^, A4, Change 6 into d-f A; thus cos 9^ becomes 

cos 71^ COB TiA — sin n^ sin nA j 

now put for coa nh and sinriA their values in terms of nh by 
Art. 274 ; thus the above expression becomes 

COB n$-nh em nO — ^-coswtf + ... 

Again in the term A^^ sin"^ change $ into $-bh; we thus get 
il^ (sin cos A 4- cos ^ sin A)% that is, 

A' 
.i^(8intf+Acostf--5-'*"^^" •••)*'• 

If this be expanded in powers of A the term involving A' is 
^^r2r^2r^ 

Equate the coefficients of A' ; thus 
- J COB wd = il, {cos'tf - Bin*tf } + J, {2 . 3 sin'tf cos»^ - 2 sin* tf} 

+ ...+iiJ ^''^^^^'^^ sin«-'^cos'^-rsin«-g| + ... 
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Now put 1 — sin* B for cos' 6 on the right-hand side ; then the 
term containing sin" 6 will be 

. f2r (2r-l ) \ . (2r-f 2)(2rH- 1) 

"'^•'l 1.2 •*-7-*-^-^« r72 '* 

and this coefficient must be equal to that of sin*^ B in the series 

w' . n* 

for — -^ cosnd, that is, to — -^ -4^ ; thus 



2 



^. = 2rM^-^...(^+l)(2^+l). 



therefore A^^^^—-^ rrTo-^— m-««r- 

{3!,r + 1) (2r + 2) "^ 



■«f+a 



By means of this law we may form the coefficients in sucoes- 
sion ; we may consider A^^l; then 

A A 

«"'"1.2 '^ 1.2' 

A ^'"2\ _n'(rt'-2') 
*" 3. 4 -""1. 2.3.4' 

and so on. 

Hence, finally, 

cos«tf = l-^— 7rsm*^+ — ^-i ^sm*^ ^^ r^ ^Bm*tf+... 

1.2 [4 [6 

In the above process by equating the coefficients of h "we shall 
obtain 

- wsinn^ =-4,2sin^ cos^+ul44sin'tf cosd+.. +-4,^2r sin""' d cos d + ... 

Substitute the values of A^^ A^,,.] thus 

• ii /if • /) ^'-S* . a/, K-2«)( 7^'~4') . .^ =) 

8mn0 = ncos^<smd r^ — sm'^+^ p^ ^sin'^— ... v. 

When n is odd, we may start by assuming 

ainnOr=A^ sinfl-f ilj^sm'O + A^8i!i*^+ ... +J^sin"(9; 
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then, by proceeding as before, we shall find 

sin7W = wsm^ ^-rx — - sin' & + — ^ ^ sin* ^ - , . . 

[3 [5 

COS w = COS ^ < 1 - ^j — ^ sin' ^ + ^ ^r^^ '- sin* v - ... >. 

288. In the four formulaa obtained in the preceding Article 
change into h - ^ j thus we have, if n be an even integer, 

(~l)^cos^ = l~yCos'g + '''('''-^') cos*g-... 

(-1)' smn^=wsm^jcos^ — r^ — cos'fl+^ ^ — ^cos'^-... >; 

and if ?i be an odd integer, 

(-1) * cosw^ = wcosfl ^5 — ^cos'd+-^^ i^^ ^cos'tf-... 

[3 [5 

(-l)"smwfl = smfljl — J — j5-cos*fl + ^^ ^r^^ ^ cos* tf -...>. 



MISCELLANEOUS EXAMPLES. 

. 1. Expand (sin 0)*"** in terms of cosines of multiples of $. 

^ 2. Expand (sin 0)*^*^ in terms of sines of multiples of 6. 

r 3. Expand (cos Sf^ in terms of cosines of multiples of B. 

4. Prove that in any triangle 

g * cos \ { B- C) b'coai{G-A) c' cos ^ (ii ~ jg) 
cosi(i + (7) "** coBiiC-i-A) ■*■ cosi(il+^) 

= 2 (ab + 5c + ca). 

5. From the angles of a triangle ABCy perpendiculars AD, 
B£, CF are let fall on the opposite sides : prove that 

aan{BAD-'CAD)-\-baii(CBE''ABE)-hcmn(ACF-BGF\^(^. 



'\ 
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6. From A and B two acute angles of a triangle draw AD 
and BD at right angles respectively to AC and BG. If p be the 
radius of the circle inscribed in ABD, then 

AB = p (sec A + seoB-^- tan A + tan B), 

7. Three eqnal circles of radius a touch each other : shew 
that the area of the space between them is 



(js-iy 



8. The area of a regular polygon inscribed in a circle is a 
geometric mean between the areas of an inscribed and of a 
circumscribed regular polygon of half the nimiber of sideB. 

9. The area of a regular polygon circumscribed about a circle 
is an harmonic mean between the areas of an inscribed reg^idar 
polygon of the same number of sides, and of a circumscribed 
regular polygon of half that number. 

10. If the side of a pentagon inscribed in a circle be c, the 
radius is t^r. — • 

11. Three circles whose radii are a, h, c touch each other 
externally : prove that the tangents at the points of contact meet 
at a point whose distance from any one of them is 

ahc \i 



/ cU>c Y 



12. The sides taken in order of a quadrilateral whose opposite 
angles are sopplenientary are 3, 3, 4, 4 : find the area and the 
radii of the inscribed and circumscribed cirdos. 

13. The area of a regular polygon inscribed in a circle is to 
that of the circumscribed polygon of the same number of sides as 
3 is to 4 : find the number of sides. 

14. If the radii of three circles which touch each other be 
a, b, Cy and a, fi, y be the chords of the arcs between the pointB 
of contact in each, shew that 



afiy \a b/xj) ci\c a/* 
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15. Shew that the liinit of (^^Y, when * is indefinitely 
dinnnished, is e, 

16. The two dia^nals of a quadrilateral figure whose oppo- 
site angles are supplementary cannot be equal unless some one of 
the sides be equal to the opposite one. 

17. Two circles whose radii are a and 5 cut one another at 
an angle y : shew that the length of the common chord is 

2ab sin y 
J{a' + 2ab cosy + 6") * 

18. The radius of the circle inscribed in a triangle can never 
be greater than half the radius of the circle described about the 
triangle. 



XXL EXPONENTIAL VALUES OF THE COSINE 

AND SINE. 

289. If we expand ^ and «"*" by the exponential theorem 
we obtain 

If it were possible to make A^s— 1, so that ife^=l, ife'=:*l, 
and so on, then the right-hand member of the first equation would 
be the expansion of cosx, and the right-hand member of the 
second equation would be the expansion of sin a; (see Art. 274). 
Hence we are led to these results, 
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• 

The meaning of tliese equations is simply this : if we expand 
e^'^^ and e">^^^^, by the exponential theorem, in the same way 
as if «y(~ 1) were a real quantity, we shall by the above formula 
obtain the known series for cos x and sin os. 

These expi*essions for cos a; and sin a; are called the ea^MmenUtd 
values of the cosine and sina 

290. From the exponential values of the cosine and sine we 
may deduce similar values for the other trigonometrical functiona. 
Thus, for example, 



tana; = 



7(-l){e'VW> + e-'V<-"}- 



We shall now use the exponential values in establishing certain 
results. In the remainder of this Chapter and in the next Chapter 
we shall employ the letter t instead of tlie symbol ^(—1). 

291. To expand $ in powers of tan B. 
By Art. 290, ttan^ = J^;; 

1 + 1 tan d e^ ^ 

therefore -= 7 — z = z.-dL = ^ • 

1 - 1 tan 6 e^* 

Take the logarithms of both members ; thus 
2 ^i = log ( 1 + 1 tan ^) - log ( 1 - 1 tan ^) 

therefore tf = tantf -« tan'tf + ^tan*tf- ... 

This is called Gregory's Series. 

Let taiitf = aj, so that tf = tan"*a5; 

ihua tan"*a5 = aj- ««* + ^a!*- ... 

o 
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292. The preceding investigation is im satisfactory, because it 
gives no indication of the extent to which the result may be relied 
upon as arithmetically intelligible and true. The n^ term of the 

last series is ^ — ~ — - — : hence the numerical value of the ratio of 

2n — 1 

the (w + 1)*^ term to the n"* ia-^ =-0*: therefore the series is 

^ ' 2n + 1 ' 

convergent if a; be less than unity (Algdyra^ Art. 559). The series 

is also convergent when x is equal to unity {Algebra^ Art. 558). 

For values of x greater than unity the series is not convergent, 

and is therefore not aiithmetically intelligible. 

293. Moreover tan"' a; has an infinite number of values corre- 
sponding to the same value of Xj so that one member of what 
appears as an equation admits of more values than the other; 
this {x>int is left unexplained in the investigation which has been 
given. 

The subject of series cannot be adequately treated without 
using the Di£ferential Calculus. The student must therefore be 
referred to treatises on that subject for a satisfactory demonstra- 
tion of Gregory's Series. It is there shewn that so long as 6 lies 

IT IT X 1 

between — -7 aiid -T f the result ^ = tan^ — irtan'^ + p tan'tf — ... 
4 4' 3 5 

is alisolutely true. (See Differential Calcidtis, Chapter VII.) 

IT It 

If, however, $=mr + <l>, where ^ lies between - ^ and j , then 
^ = tan^ — ^tan'<^ + ^tan*^— ... ; 

that 18, tf-wfl-s tantf-otau'tf +^tan*^- ... 

6 

IT IT 

294. In Grcgory^s Series put ^ = 7J then siace tan^^ly 

ir_, 1111 
4" 3"*'6"7"*"9""" 
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This series might be used for calculatiiig the iralae of «-; bi 
it is very slowly conyergent, so that a large zmmber of teen 
would haye to be taken to calculate «■ to a close approxixnotiosu 



295. Euler^a Series. 



1 1 

+ « 



tan~^ ^ + tan~* ^ = tan"* , = tan"' 1 = t ; 

"^■"6 
., 7r_^l 1 1 1 

1 1 1 1 

296. MaMrCa Series, We shall first shew that 

-7 = 4 tan~* •=■ — tan~* ttttx . 
4 5 239 



2tan '^ = tan ' j- = tan *^=tan.»y^. 



^-25 



10 



A^ -il o^ -1 ^ ^ -1 12 . .,120 

4 tan Sr = 2 tan ^^ c^tan * ^^ = tan 

5 12-_25 IW 

144 
Hence 4 tan~^ ^ ^ ^ little greater than ^ j suppose 

4 tan~* •? = T + tan~* a?, 
4 

then r^nr = *an | -7 + tan ' « ) = ;; : 

119 \4 / l-a? 

fh)m this we find x = 



239' 



therefore ^^^ta^'^F-tan"* «^w^. 

4 ^o9 
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Therefore J==4{1 -31^3+ ^ -7^,+ ...} 

r 1 1 1 1 \ 

(239 3(239)» "*" 5(239)* 7(239)^ "*" ••'/ ' 

297. It may be shewn that tan"' ^^ = tan"' =^ - tan"' ^ ; 

thus J = 4tan-'i-tan"'^ + tan-'^. 

1 1 

The series for tan"' =7r and tan"' ^ are conyenient for pur- 

poses of numerical calculation. 

The value of w has been calculated by two computers inde- 
pendently to 500' places of decimals, and by one of them to 707 
places of decimals : see ContribtUions to Mathematics.., hj William 
Shanks, London, 1853 ; and the Proceedings of the Royal Society y 
YoL zxi. page 319, and Yol. xxii. page 45. 

180 
The value of has been calculated to 52 places of dedmaJs : 

IT -^ 

see the Proceedings of the London Mathematical Society, YoL iV. 
page 30& 

298. Given sin a; =: n sin (a; + a), required to esqmnd x in 
potoers qfn. 

Here e* - 6"-* = w {e^'^^ - «r<***>»}, 

therefore e** - 1 = n {e^*^^ - e*^*}, 

therefore e*" (1 -n««*) = 1 -n^', 

I'-ne-^ 



therefore e**=. 



l-TW" ' 



therefore 2a;i=log(l-ne-«)-log(l-fw") 



n* . ^. .... n* 



n* ti' 

therefore «= n sin a + -5- sin 2a + -5- sin 3a + .,...• 



\ 
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As an example, suppose a = ir~2x, then n^l; thus 

a = sm2a; — ^sin 4a5 + ^ sin 6a: — -j sin 8aj + ... 
J o 4 



299. Given tan x = n tan y, required to find a series far z, 

e^+e-^^'^e'^' + e'^'' 



Here 



therefore -^^ — r = ^ "vc ■ i > 

the^fore e'-=il^ ">C."^ "^^ 

(1 - 7i) e-** + 1 + n 



therefore 



^, 1 + m^»^ , 1 - n 

= 6*''x-= r—f where 7»=i ; 

1 + me""' ' 1 + n ' 



2ict= 2yt + log (1 + me-***) -log (1 + m^) 



therefore x — y-m sin 2y + -^ sin 4y — o-sin 6y + ... 

300. To find tlie coefficient of x* in Uie expansion of ^ oob &t 
in powers ofx. 

Here e" cos 6a; = J c"* (e**' + e"*^) = \ e'*^*" + J e'-^* 

Expand these two exponential expressions by the exponential 
theorem ; then the coefficient of a;" is 

2nWr r J \r r J ) 

n h 

Now suppose - = cos 0, - - sin ^, so that r^tsa^-i- b\ 
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Thus the coefficient of a;" becomes 

n 

^^4^' {(cos ^ + 1 sin ey + (cos ^ - 1 sin $)-} 
2\n *^ / \ 

n 
/ f , ia\3 

=^— jjT — - (cos n^ + 1 sin n^ + cos nd - 1 sin n0) 

2\n ^ ' 

= -^ — i ^ cos nd. 

Similarly the coefficient of a^ in the expansion of ^sin^ in 

. . (a* + 6f . . 
powers of a; IS ^ — i sin n6. 

301. The series in Art. 298 may sometimes be of assistance 
in the solution of triangles. 

h b . 

We have sin B = - sin A=-sm(B + C); hence, by the formula, 

^ = - sin C +-57-5 sin 2C + ^—, sin 3(7 + ... 
a 2a' 3a' 

If 6 be less than a the series is convergent, and if - be a Eonall 

° a 

fraction a few terms of this series may give ^ to a sufficient degree 
of i^proximation ; the series gives the circular mea^wre of B, and 
the measure in degrees or minutes or seconds may be deduced by 
the aid of Art. 22. 

302. Owen two sides of a triangle and the vnchided emgle, to 
find a series for the logarithm oftfie tidrd side. 

Suppose a and h the given sides and C the circular measure of 
the given angle ; suppose h less than a, we have 

c* = a'-\-b'- 2ab cos C = o* + 6* - oft (e^' + «-^) 
= (a-5e^')(a-60 
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thiis 21ogc = 2 loga + log(l — e^^-hlogfl - - ^^\ 

= 21oga-|(e<^' + e-^')-^(6«<^' + «-^')-...; 

therefore log c = log a — cosC-^r-^cos2C-^-=coB3C'- ... 

This series is convergent since h is supposed less than a, and 
if - be small a few terms may give logc to a snfficieiit degree 
of approximation. 



EXAMPLES. 



1. Apply the exponential values of the sine and cosine to 

, , ?!tiTi 26 ^ 

shew that ^i ^ttj = cot 0. 

1 — cos 26 

2. If the sides of a right-angled triangle be 49 and 51, shew 
that the angles opposite to them are 43" 61' 15" and 46" 8' 45" 
nearly. 

3. If the angle (7 of a triangle be given, and the other two 
adjacent sides a, & be nearly equal, shew that the other angles are 
nearly equal to 

2 V \a + b 2 3\a + b 2// 

4. In any triangle, if ^ — ^ be small compared with C, shew 
that the circular measure of J. — J? is equal to 

2^gixiJ? + (?ZL^y sin 2J? nearly. 

5. If a and h be the sides of a plane triangle, A and JB the 
opposite angles, then will log b — log a 

I 

«cos 2-4 - cos 2£ + ^(cos 44 - cos 4-8) +^ (cos 6A — coe 6B) + ... 
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111 

6. Shew that 3 = = — 5 + =—;. + ^ . , + ... 

8 1.3 6.7 9.11 

7. If -4 4- A = log (m + wi), shew that 

taa J? = — , and 2ii = log M + 7/1*). 

8. ■ Beduce 00s ifi + ^i) to the form a-k- fiu 

9. Beduce siii (^ + tjn) to the form a+ftu 

10. If w = (a + ftt/**', express log u in the form a + jSt. 

1 1. Reduce (a + 6i)'*«' to the form a + )8i. 

12. Prove that 

{sin (a - ^) + e*« sin Sy = sin*"* a {sin (a - n6) + 6*»» sin nS], 



XXII. SUMMATION OF TRIGONOMETRICAL 

SERIES. 

303. To find tJte sum of the sines of a series of angles which 
are in aritfinietical progression. 

Let the proposed series consist of the following n terms, 
sin a + sin (a + )8) + sin (a + 2)8) + ... + sin {a+ (w- 1) /?}. 

We have 



COB 



cos 



COB 



ra-^)8J-cos^a+2/^) = 2sin^^sina, 

^o + ^i8Vcos^a + -2i3)=2sin^^sin(a4-^), 

(a+|)8)-cos(a + |i8) = 2sinli8sin(a + 2i8), 



008 fa + ^" )8 j - COB (a + ^^ — )8 j = 2 sin 2 iS sin {a + (n - 1 ) j8J. 
T, T. ^.^ 
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Let S denote the proposed series ; ihen^ by addition, 



cos 



(.-i#)-»o.(«4.2!Lj^).2S,i„l(j; 



COS 

therefore S = -^- 



asinl^ 



. / n-1 „\ . np 
sm ( a + — 5— ^ 1 sux -jj- 



• 1/? 



304. To find the sum of the cosines of a series of angle 
which are in arithmetical progression, 



Let the proposed series consist of the following n terms, 

COS a -f cos (a + /?) + cos (a + 2/3) + ... + COS {a + (n — 1) ^}. 
We have 

sin f a -f ^ ^ j — sin f a - ^ /? j = 2 sin ^ )3 cos a, 
sinra + ^/3j-sinra + ^/?) = 2sin^j8cos(o.+ )3), 
smfa + ^Pj-mi(a + -^l3j = 2 sin ^ /? cob (a + 2^, 



Binfa + — ^— /3j-smfa + — 2— i^ ) = 2 sm ^ jS cos {a + (n - 1) /8}. 
Let S denote the proposed series ; then, by addition, 



therefoi-e S' 
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.{..'-^,). 



305. 8upfx»e in Arts. 303 aad 301 thttit j3 = — ; tihen mux 

. nfi 
em -^ = sm ir = 0, the sum of ihe amea or tihe sum of the coHiaea of 

the Bones of angleB a, a-\ , « + — ,...o+— = '— is zero. 

This is a veiy important result, and the student should paj great 
atteation. to it. Moreover we may give this wide extension to our 
result : Ut m and n be positive inCegera, m being less than n, (md 
^ = — , t!ien lAeJidlowing wum ie a number imlependenl ofwnghe, 

gin-<i+ Bin" (a + /3) + sin" (a + 2j3) + ... +Biil'' (a +»-l^ 
The same theorem is true when sine is changed iato cosine. The 
theorem is established by the aid of Arts. 280. ..283. Suppose, 
for escample, we take m = 1. We Lave 

Bin* o = J {ooa 4ii — 4 coa 2ii + 3}, 

and SO on. 

Thus the proposed aeries can be replaced by other series j de 

• terms of cos 4a + cos (4a + 4^)+ ... is zero by Art. 304; 

the mm to n terms of cos 2a + cas (2a+ 2^) •«- ... is zero by the 

s Article; thus the propoeed series reduces to -^ . 
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The condition that m is less than n ensures that the denomi- 
nators in the expressions for the sums of the sines and cosines do 
not vanish. 

306. The seiies in Art. 304 may be deduced from that in 

IT 

Art 303 by writing a + ^ for a ; the sums of these series are re- 
quired so often in the solution of problems, that the student 
should be able to quote them from memory. As we have just 
intimated, if the first result be known it is sufficient, since the 
second can be obtained from the first by changing sine into eosim 
in the first factor of the numerator. It will be seen, that the 
results are obviously correct when n =: 1, and when n = 2 ; thus 
there is a test of the accuracy with which the formuks are quoted. 
The cases in which P = a may be specially noticed ; we have then 

. w + 1 . na 

sin a + sin 2a + sin 3a + ... + sin no = j 

. a 

w + l . na 
cos-y-asiny 

cos a + cos 2a + cos 3a + . .. + cos na =— — — . 

. a 

sin^ 

2 

307. We may now deduce the sum of the following n tenns : 
sina-sin (a + iS) +sin(a + 2)5) - ... + (-.l)"-»sin{a+ (n- l)iff}. 

This series may be written 

sin a + sin (a + j8 +ir) + sin (a + 2j8 + 2ir) + ... + sin {a+ (n-1) (/8+x)}. 

We have then only to change j3 into j3 + n* in the result of 
Art 303. 

Hence the required sum is a . 

sin^-s— 



COS 
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Similarly 
COS a - cos (a + )3) + cos (a + 2p) -... + (- 1)""* cos {a + (w - 1) j8} 

308. To find the sum of tlis following n terms : 
cosec 0$ + cosec 2j; -f cosec 4a; •*- cosec 8x + ... + cosec 2'*~*as. 

We have cosec a? = cot ^ — cot oj, 

cosec 2a; = cot 0$ — cot 2a;^ 



cosec 2""*aj = cot 2*"«a;- cot 2""*«. 
Let S denote the proposed series ; then, bj addition, 

^=cot|-cot2-»aj. 
309. To find the swn of thefoUowing n terms : 

1 -OS X OS \ X 

tana? + ^ tan 2 + 2«*®^2""*" "• '*"2^^*^2^* ' 

We have taiia;=cota;-2cot2a;y 

1 a; 1 0? 
jtan^-^cot^-cot*, 

1 X 1 X 1 X 

2-**^2"*"2«'^*2»""2'^*2* 



1^ X I . X 1 .05 

2.~i *^ 2""> ^ 2"~* 2-"' "■ T^ 2-" ' 
Let ^ denote the proposed series ; then, by addition, 

^«2^-i«>*^-2cot2a. 
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The term 2si:YCot^=-co8^^^, where /5=^; if we 

Q 

suppose n to increase indefinitely, cos /3 ss 1, and . ^ =1. 

Thus the limit of the proposed series, when n is indefinitely 
increased, is — 2 cot 2x, 

X 

31 0. To find the sum of the/oUomng n terms : 
sin a + c sin (a + j8) + c* sin (a + 2)3) + ... + <^"* sin {a + (n — l)j8}. 

Let S denote the proposed series; substitute for the rines 
their exponential values : thus 

2uy = e" + ce(*+^H + c2e(*+2i5)t + . . . + c«-ie(*+"^-/5)* 
We have now two geometrical progressions ; thus 

1— C«^t 1— C6 P* 

jai«e-at_c{g(a-^)i_g-(a-P)tJ_Cn|g(a+ti^)t«e-(«+n/5)tJ+^+l|g(wp+«-/5)*_^-(«^^ 

therefore 

„ _ sin a - c sin (a - ^) - c" sin(a + np) + c"** sin {a + (» — 1)^ 

l-2ccos)3 + c" "• 

If c be less than unity, then when n is indefinitely increased 
c" and (^'''^ diminish without limit ; hence if c be less than unity, 
the limit of the proposed series when n is indefinitely increased is 

sin a — c sin (a — ^) 
l-2ccosj& + c* 

Similarly we can shew that 
cosa + c cos (a + /?) + c*cos (a + 2)3) + ... + «^"' cos{a+ (»- l)fiy 

cos g - c cos (a-)8) -c*cos (a + yi)3) + c^*^ cos {a + (n- l)fi} 

l-2ccoBj3 + c» 
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This result may also be obtaiaed fivm the preceding hj changi 
ing a into a + 5 . If c bo less tban unity the limit of the proposed 
series, when n is indefinitely increased, is 



l-2o 
311, To siun the infinite series 



/S + c" 



«(. + ffl + ^co>(a + 2ffl + 



> + 3« + 



Denote the former series by 5' and. the latter by C ; multiply 
the former by 1 and add it to the latter : thus 

(7 + tS' =«*(■+«+"' 

= e^"^- 1) = e'^e'™p+«'*i3 - 1) = 
= e'"'«{co8{a + csin^) + iain(a+esin|8)!-(cosa + [sin<i). 
Eipate the real and imaginary parts : thus 

(7 = e'"'Saos(a + csiny3)-coso. 
^'=e«"is sin {a + c ainjS) - ain a. 

The method of this Article might be used in Art. 310 ; 
method of that Article mighb be usad bet's. 

313. "We shall not solve any more examples of the summa- 
tion of Trigonometirical Series ; the student will find n 
ctse of this kind in the collection of examples for practice. Xn 
many cases the summation is effected by the artifice which i 
employed in Arts, 308 and 309, by which each term of the pro- 
posed series is resolved into the difference of two terms. Practice 
alone will give the student readiness in effecting such tranaforma- 
tioos. If he cannot discover the necessary mode of resolution in 
any example, he will find no difficulty in recognizing it when 
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he sees the restdt of the summation given in the oollectioii of 
answers. Thus, for example, required the sum of the following 
n terms: 

sec a sec 2a + sec 2a sec 3a + sec3asec4a+...+ 8ecnasec(n + l)a. 

The result is coseca{tan(n + l)a — tana}; and hy puUvng n = l 
this suggests tlie necessovry ^rans/ormation, namely, 

sec a sec 2a = cosec a{tan 2a — tan a} ; 

then, sec 2a sec 3a = cosec a {tan 3a — tan 2a}, 

and so on. 

The student who is acquainted with the Differential and In- 
tegral Caldulus, will be able to deduce numerous series from known 
seriea by differentiation or integration ; and when the results are 
obtained they can frequently be established by more elementary 
methods. Thus, for example, differentiate both members of the 
equality established in Art 309 ; then 

\ OB \ X 1 SC 

sec'a: + j,sec*2 + 24 sec*2,+ ... +2is=f se<5*2^^ 

Again in Art 310 put fi=^a; thus 

= — TT 5= sin a + c sm 2a + c sm 3a + c sin 4a + . .. 

1 — 2c cos a + c 

Integrate with respect to a ; thus 

1 c (^ <^ 

— ^ log (1 - 2c cos a + c") « cos a + ^ cos 2a + s- cos 3a + J- oos 4a + . . . 

No constant is required; for when a is zero both sides are 
equal 

EXAMPLES. 

1. Find the sum of n terms of the series 

sin* a + sin*(a + /?) + sin* (a + 2^) + ... 

X 2. Find the sum of n terms of the series 

sin" a + ain"(a + (3) + sin' (a + 2p) + ... 
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3. Find the sum of n terms of the series 

cos* a + cos* (a + j3) + cos* (a + 2/?) + ... 

A sin ^ + sin 3^+ sin 5^ +... to » terms 

. ^ 4. Shew that tan tw = 7 575 ^^— t 1 . 

cos d + cos od + cos 0^ -f . . . to 71 terms 

5. Sum to n terms the series 

cos tf cos (^ + a) + cos (^ + a) cos {$ + 2a) + COS (^ + 2a) COS (^ + 3a) + , . , 

6.' Shew that 

sin^ — sin 2d + sin3d— ... to n terms . n-\-l , -, 

7 -^ jtt; = tan — ir— (ir-hB). 

cos^ — cos 2^ + cos 3^— ... to 71 terms 2 ^ ' 

7. Sum to n terms the series 

sin (p + 1) tf cos ^ + sin (p + 2) ^ cos 2tf + ... 

8. Sum to n terms the series 

sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + ... 

9. • Deduce from the result of Example 8 the sum to n terms 
of the series 

1.2 + 2. 3 + 3.4+... 

10. Sum to n terms the series 

sin 3^ sin + sin 60 sin 2^ + sin 12^ sin 40 + . . . 

Sum to infinitj the following series contained in the Examples 
from 11 to 16 inclusive : 

,, ^ COS0 -J- cos*0 „^ cos*0 .^ 

11. COS0 + — J— cos20 + - — ^- cos30 + — 1»— cob40+ ... 

. ^ 8in20 sin30 

12. smg- ^ ■*'""^3 ••• 

- cos 20 cos 40 

3 4 5 

14. 2 cos + 2 cos* + g cos' + J cos* + ... 

'A A sin20cos*0 Bin30cos'0 

15. 8U10COS0+ J— 2 + |o + — 

,- ^ sin0 „^ sin*0 „^ . 

16. COB0 + — p cos 20+ y-^- COB 30+ ... 
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17. Shew that cos tf-^ cos 2tf + ^ cos 3^- ... = log T 2 cos^j. 

18. Shew that cos2d + ^cos6d + gCO8lO0 + ...^KlogCooi^ 

19. Shew that 

. ^ jc* sin 2^ a* sin 3^ ^, /cosec & ^ A 
ajsin^ s + o ... =cot M +cot0j. 

20. Shew that 

logcos^ + logcos2+logcos2a+ ...=logf ^^ \. 

Sum the following series to n terms contained in the Szamplfls 
from 21 to 35 inclusiye : 



21. sin 



in^Tsin^j +2sin2rsinjj +4sin j^singj + ... 

22. tan^sec^ + tan--sec^ + tan^sec-r+ ... 

23. cot 6 cosec ^ + 2 cot 20 cosec 20 + 2* cot 2*0 cosec 2*0 + ... 

91 1 1 1 

sin ^ sin 2^ ■*■ sin 2^sin 3^"*" sin3^sin4fll'*"*" 

25. _1 __.]__.. 1 



sin ^ COS 2d cos 2d sin 3d sin 3d cos 4d 

•C on 

27. tan"* a; + tan~* ^^ ■= — -. + tan"* ■= — = — = — s + - .. 

1 + 1. 2. a" 1 + 2. 3. aj*^"' 



. a . 3a . a . 3a 
^sm-^+sm^,sm-^ 



28. sinasin 3a + sin7^sin-7r +sin7r,sin-^ + ... 



29. 1 , 1 , ^ , ... 

COS d + COS 3d cos d + cos 5d oosd + cos7d 

„-. sind sin 2d sin 3d 

003 2d + cos d cos 4d + cos d cos 6d + cos d 



^ V 
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1 + 


2 CO 


S' lH.2oo.3«' 


1 + 2 


0.3-D 






cot- 


■(2= 


"' + a)+oot"'(2a- 


■ + 3a) 


+ cot- 

+cor 


(2,.- 
{2»- 


+ 101.) + 


5" 


= » + 


i,«,«.«.2» + i 


i»c«. 


ci2«seo2'» 


+ ... 



34. -log ton 25 + 53 log taa 3'9 + ^ log tan 2'5 + ... 

35. cos^^3ca.-coS2-. + 2'c^^co«^,ooB2,+ ... 

36. An equilateral polygon ia inaoiibed in a. circle smd &om, 
any point in the circumfei-ence chords are drawn to the angular 
points : find the sum of the squares a£ iha chorda and the sum of 
the foui'th powers of tLo cliordfi. 

37. Circles are inscribed in fcrianglea, wiose bases are the 
iH of a regular polygon of n sides, and whose vertices lie in 

one of the angular points : shew that the sum of the radii of the 






.2.(: 



i the radius of the cii'cle 



(rircumscribing the polygon, 

58. Circles are inscribed in triangles whose bases are the, 
sides of a regolor polygon of n sides and whose vertices lie in one 
of the angular points ; r ia the radius of the circle circumscribing 
the polygon : shew that the sum of tlie areas of the circles is 

lG:rrsui'_J-sin2-^-g-j. 
39. Bhew that if n be a positive integer 

nBin9 + (ji-l)Bin29 + (w-2)sin30+... + 
n + l ^6 Biii(rt + l)fl 
°-2-°°^2- , ..^ ■ 



40. Shew that if 
(«+l)7.siafl+nC^-l); 




( 252 ) 



XXm, BESOLTJTION OF TRIGONOMETRIOAL 
EXPRESSIONS INTO FACTORS. 

313. It id known from treatises on the Theory of Eqnatioiu 
that the expression x" — l, where n is a positive integer, can be 
resolved into n factors, each of the form x — a, where a is either 
a real quantity or an expression of the form a + j3^( — 1), where 
a and P are real: and there is only one such set of fectors. We 
proceed now to resolve the expression a;**— 1, and some similar 
expressions, into component factors. The factors of the eoqfrestian 

m 

aj"— 1 are found by solving the eqriation a;" — 1 = ; every root of 
the equation determines one factor of the eicpression : thos if a 
denote a root the corresponding factor is a; — a. 

314. To resolve af* -l into /actors. 

The expression cos »fc ^( - 1) sin , where r is any in- 
teger, is a root of the equation a:" = 1 ; for the n^ power ot this 
expression is by De Moivre's Theorem cos 2rw^ J( — 1) sin 2nr, 
that is 1. 

Fii-st, suppose n even. If we put r = we obtain a real 

root 1, and the corresponding factor is a; — 1; if we pnt r^^ 

we obtain a real root — 1, and the corresponding &ctor is a; + 1. 

If we put for r in succession the values 1, 2, 3, o""^ 

we obtain n— 2 additional roots, since each value of r gives 
rise to two roots. These roots are all different^ for the angles 

2nr 

are less than v and all different, and thus cos cannot 

have two coincident values. Therefore a;" — 1 = (a?— 1) (a? -i- 1) P, 
where Fia the product of 9»~2 factors obtained by ascribing 
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to r in succession the values 1> 2, 3, -^- 1 in the expression 

« — COS — T^{-l)sm — . 

The product of the two factors a; - cos \/("-l) sui , 

and a; — cos - — + ^(- 1) sin — , is the real quadratic factor 

(05 -cos — ) +sin* — , that is, o^- 2a; cos — + 1, 
n J n n 

Hence when n is even 
ac"- 1 = («-!)(« + 1)^0'- 2aj cos — + lj[a^- 2acos~ +1 j... 

..Ja:*-2aJC08 ir + 1 U a:* - 2aj cos «• + 1 >..,.(!). 

Secondly, suppose n odd. The onlj real root of as* = 1 
is now 1 ; the other n-X roots are obtained by giving to r 

in succession the values 1, % 3, ^ in the expression 

2nr . // «\ . 2?^ 
COS — * J(r 1) sin — . 

Hence when n is odd 
a^-l = (a;-l)ra^-2«cos~ + lj [«*- 2a:cos — + Ij... 

... •|a:*-2a:cos— ^^ir + l Uar*-2a;cos ir + l > ....(2). 

315. To resolve as* + 1 irUo/actors. 

niL • 2r + l ,/ ,v . 2r+l , 

The expression cos 7rtfc^(-l)sm ir, where r is 

any integer, is a root of the equation a^ = ^l; for the n^ power 
of this expression is cos(2r + l)ir*^(-l) sin(2r+ l)ir, by De 
Moivre's Theorem, that is - 1. 
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Eirst, suppose n even; there is no real root of the eqiuitum 
a;" = — 1 ; the n roots are all imaginary, and are found by giving to 

r in succession the values 0, 1, 2, 3, ^- 1, in the ezprenaon 

2r + l „ IX . 2r+l 
cos IT **/(— 1) sm V, 

The product of the two factors aj— cos ir— ^(— l}«in — §— r, 

and oj — cos ir+^(-l)sin ir, is the real giUMbatio fiactor 

n ^^ ' n ^ 

/ 2r+l V . ,2r+l . , ^ . . « ^r + l , 
(aj-cos tt) +sm" ir, that is, ar— 2a;oos » + l. 

Hence when n is even 
af + 1 = (a;*- 2aj cos -+ 1 Va:"- 2a; cos — + ljfa^—2« COB —+ 1 J 

... ra;*-2a;cos ir + lU a' -2a; cos ir+ 1 J...(l). 

Secondly, suppose n odd. The only real root of abTss-I 
is — 1 j the other n—l roots are obtained by giving to r in 

succession the values 0, 1, 2, 3, — ^ — in the expressioD 

2r + l ,/ Tx . 2r+l 

cos TT «fc Ji— 1) Sin IT. 

Hence when n is odd 
a^ + 1 = (a; + 1) [a;* - 2a; cos - + 1 j (a;* - 2aj cos — ^^ + 11... 

...ra;*-2a;cos '7r+ 1 J (a;" - 2a; cos ir +1 j (2). 



316. The four formulss established in the two 
Articles are identically true; we may deduce many particakr 
results by supposing particTilar values assigned to ox ThtiB in (1) 
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of Art. 314, diyide both sides by a?— 1 ; the quotient on the left- 
hand side will be «*~* + af~*4- ... +«+L Now put « = 1; thus 
whennie evem 

«=r22n-cos— Vl-cos~j...n-oos--^^ irYl-cos^^^a-j ; 

and bj extracting the square root, 

/ o^* . 2ir . 47r . w-4 . fi-2 ,-. 

Jn = 2 * sin jr-sin^r- ... fiin-T;^ — irsin-Tr — ir (1). 

^ 2n 2n 2n 2n ^ ' 

The positive sign of the radical must be taken on the left- 
hand side, because the right-hand side is obviously positive. 

Again, in (2) of Art. 314, divide both sides by x—l, and 
afterwards put x=l; thus when n is odd 

n = 2 • f l-cos — j( 1-cos — J...( 1-cos irj( l-cos tt); 

and by extracting the square root, 

/ • o^* . 2ir . ^ir . n-3 . w-1 ,<.. 

Jn^2 • sm^r- sm^r- ...sin-^ — wsui-t; — v ... (2). 
'^ 2n 2n 2n 2n ^ ' 

Again, in (1) of Art. 315, put x=l; thus when n is even 

3 « 2*~{ 1 - ooB - j n — COB — j ... Tl - cos IT jn - cos — ^^ lA ; 

and by extracting the square root. 



-1 



IT . Ztt .n — 3 .w— 1 



1 = 2 ■ sin^- sin ^r-... sin -5 — vsin-^; — ir (3). 

2n 2n 2n 2n ^ ' 

Again, in (2) of Art. 315, put a; « 1 ; thus when n is odd 
2 = 2^*(l -cos^)(l -oos^)...(l -oob!^^)(i -coB^^); 

and by extracting the square root^ 

1 oT^ . IT . 3ir . n-4 . w-2 ,.. 

l = 2«sin^Bin^...sm-2^irBm.2^ir (4). 
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Four other results may apparentlj be deduced fi:x>in the four 
formulsa of the two preceding Articles bj' putting afs= — 1; batil 
will be found on trial that these results do not difier really from 
those already deduced. Thus, for example, in (1) of Art. 314^ 
divide both sides by x-^l, afterwards put a; = — 1, and extntft 
the square root ; thus lolien n is even 

, ,.5^* 27r 47r w-4 n-2 

Jn = 2 * cos-— cos -V - ... cos -r; — TTCOs— s— «• : 

this however is the same result as that in (1) of the present Arti- 
cle, the factors on the right-hand side being merely difforentlj 
arranged; for 

27r . w-2 4ir . n — 4 

cos---=8m-7T — TTy cos^-=sin— = — w, 

2n 2n ' 2n 2n ^ 

317. To resolve a;*" — 2a;" cos ^ + 1 into /odors. 

If cos ^ = 1 the expression becomes (aj" — 1)', and if cos tf =» - 1 
it becomes (a;" + 1)'; in these cases the resolution into foictOTB k 
efifected by what has already been given in Arts. 314 and 315, and 
we will therefore suppose these cases excluded from what followa 
If we put 

a;*" - 2a;" cos tf + 1 = 0, 

we obtain a;" = cos ^ ± J{— 1) sin ^ ; hence 05 is an n*^ root of 
co6d+^(— l)sin^; the n^^ roots are found from the expressioii 

cos^^^ tfc^(— l)sin^^ by ascribing integral values to r, 

for it is obvious from De Moivi*e's Theorem that the n^ power 6t 
the last expression is cos (2r7r + 9)^ ^(- 1) sin (2nr + 0), and if r 
be an integer this i-educes to cos ^ ^ ^(— 1) sin $. If we ascribe 
to r in succession the values 0, 1, 2, ... n-1 in the expression 

cos cfc^(-l)sin we obtain 2n different values for 

n ^ ^ ' n 

the expression. For if r=p and r=q could giv6 the same value 

to the expression we should have 

2pir-\'0 J. -. . 2pir-^B 2qvArB „ .., 2o^ + 
oos-^^- *J(-l)sm-^^- = cos-^ *j(-l)an-2 1 
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DOW by Artw 93 we cannot have cos -^^- s=cos-^ and 

•^ n n 

. 2pvi-e . 2q7r + 2»7r+^ 20^+0 , 

gin -£ = sin — : nor can cos -^ = cos -^ and 

n n n n 

sin — = — sin — , for that, by Art. 94, would require 

^ + -^ to be a multiple of 27r, so that B would be a 

n n 

multiple of ir, and this value of has been expi-esslj excluded 

above. Thus we obtain 2n different values of o^ 

The product of the two factors a;— cos ^(- 1) sin , 

and X - cos + ,J{^ 1) sin , is the real quadratic fex^r 

(aj-cos ) +sm' , that is, ar-2a5COs +1. 

\ n J n n 

Thus a;*"-2a;"cos^ + l 
e^f ar — 2a3cos- + l j (a;*-2rBcos + 1 J (a;" — 2a; cos +1 j 

...{«:'-2.co. <^-;^>-^^ l}{a;'-2»coB (^'*-;)-^^ l}. 

318. We shall now deduce some important results from the 
preceding general theorenu. Suppose a; » 1 ; then 



^1_C08 ). 



IT 

Let = 2n<& and 77- « a; extract the square root ; thus 

gin n^ = 2*~' sin <^ sin (2a + <^) sin (4a + <^) sin (^^ml - 2a + ^). 

T.T. "VV 
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"We shall now prove that the wp-per sign must always be taken 
on the left-hand side. First, suppose <^ to lie between and 2a; 
then every factor on the right-hand side is positive, and so is 
sinwc^. Next suppose ^ to lie between 2a and 4a; then every 
factor on the right-hand side is positive except the last, and 
sinn<^ is negative. Next suppose <^ to lie between 4a and 6a, 
then every factor on the right-hand side is positive except the last 
two, and sinn<^ is positive. By proceeding in this way we see 
that for every value of <^ between and 2na, the upper sign must 
be taken, so that we have ^br aU values of ^ between and v 

min^ = 2""* sin ^ sin (2a + <^) sia (4a + <^) sin (27ia — 2a + ^). 

We shall next shew that this formula is true for all valtta 
of <l>; for suppose <^ = m-n- + i/r where m is any integer, positive 
or negative, and if/ is between and w; then we know that 

sin ni/r = 2""* sin i/r sin (2a + j/r) sin(4a + i/r) sin(27ia— 2a + ^); 

but sin nil/ = sin (ntji — nmir) = sin rKJ} cos nmir = (— 1 )*" sin n^, 

sin if/ = sin (<^ — rmr) = sin <^ cos mir = (—!)*• sin ^, 

sin(2a+i/r)=sin(2a+ 0-m7r)= sin(2a+<^)cos7»7r = (—!)"• sin (2a+^), 
and so on. 

Substitute these values of svn.m[/, sin?/r, sin (2a +^), in 

the formula which expresses sinwi/r in factors; then divide both 
sides by (— 1)"*" and we obtain the required formula for sinn^ 
whatever may be the value of <^. 

In the expression for sinn<^ change <l> into <l>-¥a; then n^ is 

IT 
changed into rKJ}-^^; hence 

cos n<^ = 2""* sin (<^ + a) sin {<!> + 3a) sin (<l> + 5a) ... sin (27ia — a + ^). 

In the last result put <^ = ; thus 

1 = 2"~* sin a sin 3a sin 5a sin(27ia-a), 

where a = o~ • 

2n 
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Again we have 
?!i?^ = 2"-*sm(2a + <^)sm(4a+<^). sin (2«a - 2a + <^) ; 

now let 4> diminish without limit: then since the limit of — ; — 7- 
^ ' sin^ 

is n we obtain 

n = 2"~* sin 2a sin 4a sin 6a sin {2na — 2a), 

These two formulss are sometimes useful; the first includes 
(3) and (4) of Art. 316^ and the second includes (1) and (2) of 
Art. 316. 

If we divide the expression for sm n<l> by that for cos n<l> we 
obtain an expression for tan 9^; wlien n is odd this takes a 
simple form which we may obtain more readily thus: m the 

expression for sin n^ change <^ into <^ + ^ > '^^ obtain 

COS n<f> sin -^ = 2*"* cos <^ cos (2a + <^) . . .cos (2wa — 2a + <^). 
Divide the expression for min<i> by this; hence wlien n is odd 
tann<^ = (-l) * tan^tanr<^ + -j tanf <]^ + irj. 

319. The expression for sinn<^ in Art 318 may be put into 
a diflferent form; for 

sin (27ia — 2a + <^) = sin (tt -. 2a + <^) == sin (2a — <^), 

sin (2na — 4a + <^) = sin (ir — 4a + <^) = sin (4a — <^), 

and so on. 

Then by multiplying together the second factor and the last, the 
third and the last but one, and so on, we have 

8inn<^ a 2"^ sin <^ (sin' 2a — sin* <f>) (sin* 4a — sin* <^)... 

It will be necessary to examine separately the cases when n is 
even and when n is odd. 
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First suppose n even; then the factor sin(na+^)y that is, 
cos <^, will occur without any factor to multiply it: hence if n be 
even, we have 

Bin w<^ = 2""* sin <l> cos <^ (sin* 2a — sin' <^) (sin* 4a — sin* ^) . . . 

. .• {sin* (?i - 4) a - sin* <^} {sin* (n — 2) a — sin* ^}* 

Kext suppose n odd; then we have 

sin n<f> = 2""* sin <^ (sin* 2a — sin* <^) (sin* 4a - sin* <^) . . . 

...{sin* (n - 3) a - sin* <^} {sin* (r» - 1) a — sin* ^}. 

Similarly from the formula 
cos n<l> =■ 2"~* sin (<^ + a) sin (<^ + 3a) sin (<^ + 5a) ... sin (2na — a + <^) 
we obtain if w be even 
cos nffi =s 2"~ * (sin* a — sin* <^) (sin* 3a — sin* <^) . . . 

. . . {sin* (ri - 3) a - sin* <^} {sin* (w - 1 ) a — sin' ^} ; 
and if n be odd 
cos n<f> = 2"~* cos <^ (sin* a — sin* <^) (sin* 3a - sin* <^)... 

... {sin*(n-4) a-sin*<^}{sin*(w-2) a — sin'^}. 

320. We can now resolve sin $ and cos $ into their factors. 
Suppose w<^ = and that n is odd; then by the preceding Article 

sin ^ = 2"-* sin - (sin* 2a - sin' - ) (sin* 4a- sin* - | . .. 

Q 

Divide both sides by sin- , and then diminish indefinitely; since 

Q 

the limit of sin ^-i-sin ^ is n we obtain 

n 

n = 2""' sin* 2a sin* 4a. . . ; 

therefore by division, 

sm0 = wsm-l 1--? 



n\ sin* 2a 
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Now suppose n to increase without limit ; then since * = tt: 

. , e 

sin- sm- 

the limit of , ' is -, the limit of . , is r^— , and so on: 
sm 2a IT sin 4a 27r 

thus finally, 

sux« = <^(l_5)(l-^.)(l-5j.)... 

We shall obtain the same result if we begin by supposing n even. 
Similarly we may shew that 

*" V " ?) "3v)v "5v) •••• 



COS 



321. In the same way as a;*" - 2aj" cos ^ + 1 was decomposed 

in Art. 317 we may decompose «** — 2a3"a" cos ^ + a*", and each 

quadratic Victor of the last expression will be of the form 

2rir + ^ 
ac* — 2xa cos + a', where r is an integer ; and all the feictors 

are found by giving to r in succession the values 0, 1, 2, ... n— 1. 

, , 2{n^\)ir-\-e ^ir-O 2(w-2)ir+^ 47r-d 

And cos— ^ =cos , cos— ^^ = cos , 

n n n n 

and so on; thus all the factors will be found if we take 

2nr^ 6 

05* — 2xa cos h a*, and use both signs and give to r in sue- 

n 

^ 1 

cession the values 0, 1, 2,... up to — ;j— if n be odd, and up to 

- if n bo even ; in the latter case when r = ^ we must take only 
2 J 

(mA factor or — 2a:a cos + a . 

n 

j» ft 

Now suppose »= 1 + ^- , and o = 1 - — ; thus 

(-fJ-K'-wT-'K'-i)' 
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is the expression to be decomposed into factors ; and the general 
form of the factors is 

that IS, 4 sin' -^— {l + ^. cof -^^^ j- 

Suppose 71 to increase indefinitely ; then 
(^ ■" A)" = *"' (^ - £)" = '"' ^^^'^''' Art. 552), 

and by putting « = we obtain 



- = 4 sm 27- 4 sin — ^ — 4 sin — ^ — .. 
2 2n 2n 2n 



thus fbally 

Let I stand for ^(— 1) ; then we may put 

e^ - 2 cos ^ + e~ = 2 (cos u? ~ cos ^) = 4 sm ^ sin — 5- : 

it will be a useful exercise to resolve sin— ;r — and sin — - — 

J 2 

into factors by Art. 320, and to shew that the result agrees with 

that which has just been obtained. 

For 6 put "Tr + <^ ; thus we can obtain a formula for resolving 
d'-f'2 cos <l> + e"* into factors. 
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322. It is iLsual in works on Trigonometry to give a lirief 
though unsatisfactory demonstration of the results of Article 320- 
in the following manner. 

Since sin vanishes when ^ = 0, or ± tt, or * 27r, ,,,it follows 
that sin^ miist he divisible by 0^ O + ir, O — tt, d + 27r, d-2ir, ... ; 
therefore we niay assume that 

sin ^ = .4^ (^ - ^) (^ -i- tt) ((9 - 27r) (^ + 27r) (^ - 37r)(^ + Stt)... 

where A is some quantity independent of 9; thus we may 
suppose 

where a is also some quantity independent of 0, Divide both 
sides by and then suppose ^ = ; thus a = 1, and consequently 

Again, since cob 6 vanishes when ^ = ife-, or ■*=-n~> ••• t^ 
follows tluU cos must he diinsible by ^-h, ^+o> ^~-n"> 

^ ^ 2s 

^ + -^ , ... therefore we mxiy assume that 



cos 



»-^(''-|)(»-i)(»-T)(»4)('-T)(«*T)- 

where A is some quantity independent of $; thus we may 
suppose 

where a is also some quantity independent of ; and by putting 
^ = we find o = 1 ; thus 

The portions of the preceding investigations which are pi'inted 
in italics involve assumptions which cannot be considered legitimate!. 
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333. De Moiwe's property of &e Cirde. IJet O be the ocntae 
of a circle, P aaj point 'witbitx it or without it ; diTide the whtlt 




circumference into n equal arcs SO, CD, DE, . 

any point B, and join and F -with the points of dinsiou 

J}, C, D,... Let FOB = 6 ; then wiU 

OP^ -20?" . OB'cMne + OB^ = FB' .FC . FD*... to n &cton. 

For Fff = 0F*-20F. OBcose + OB', 

FC = OF' ~20F.0C cos (e + ^^ + OC, 

I'D' = 0F'- 20P . OD cos (^ + ^) + OD', 



and the radii OB, 00, 6)i> are all equaL 

Thus, by Arts. 317 and 321, the product of all the t 
the right-hand side of these equations is 

OP^-SOF". 0-S"cosnfl + 05"; 

thitt proves the proposition. 
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The particular case when P is on the circumference may be 
noticed; then 

WB^&m-jr-^PB .rO .PD ... to n factors. 

Cotes' 8 properties of tlie Circle. These are particular cases of 
De Moivre*s property of the circle. 

Let OF produced if necessary meet the circle at A, and sup- 

pose AB = BC = — : then nO = ^ir. Thus we obtain 

n 

{01^ - OBy = FB\FC\FjD' ...ton. factors ; 
therefore OF^-^OB^ ^FB.FC .FB ... to n factors. 

Again, let the arcs AB^ BCy ... be bisected at a, b, ..,; then 
by the theorem just proved, 

OF"'-'OB^ = Fa.FB. Fb.FC ... to 2n factors; 

therefore by division, 

OF* + OB^ = Fa.Fb. Fc ... to n factors. 

324. It has been stated in Art. 169, that the tables of the 
logarithms of Trigonometiical functions can be calculated without 
the use of the tables of the Natural functions ; we will here briefly 
indicate how this may be effected. We have 

sin^ = ^(l-Q(l-^^)(l-3^)...; 
put — ;- for $ and take logarithms ; thus 
log Bin- 2 =log- + log 2 +log {I - ^.) 



^°sO-2*^) + ^*'80-3^) 
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The terms in the last line maj be expanded by Art. 145 in 
series which will converge with sufficient rapidity; thaa we shall 
have if fi denote the modulus 

log sin— ^ =log7r+logm+log(2n+m)+log(2n-m)-3(log2+logn) 

/J. j^ 1 \m« 



3 U*'*"6*'^8*'*'"7 n^ 



m rr 



Similarly we may find log cos - - . (Airy*s Trigonometry.) 
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1. Sum the infinite series 

1111 

2. Sum the. infinite series 

1111 

4. 4. J J. 

1* 2* 3* 4* "" 

3. Sum the infinite series 

i A 1 L 

1* 3' 5* 7« • 

4. Sum the infinite series 



1 I 1 1 . 



5. K a = -7— , shew that 
4w 



flin a sin 5a sin 9a sin (4n- 3) a = 2"*"**, 



EXAMPLES. CHAPTEB XXni. 267 

6. A polygon of n sides inscribed in a circle is such that its 
Bides subtend angles a, 2a, 3a, ... na at the centre : shew that the 
ratio of the area of this polygon to the area of the regular 

inscribed polygon of n sides is equal to that of sin -^ to n sin ;r . 

7. The product of all the straight lines that can be drawn 
from one of the angles of a regular polygon of n sides inscribed in 
a circle whose radius is a to all. the other angular points is 7ia"'\ 

8. If jt)j, Pa9"'Pan^i9 Pam ^ ^® perpendiculars drawn from 
any point in the circumference of a circle of radius a on the sides 
of a regular circumscribing polygon of 2n sides, shew that 



«• 



PiPiPs • • • Pan-i + PaPi '"Pa» = 2^9 • 

9. A polygon is described about a circle touching it at the 
angular points of an inscribed polygon ; the product of the perpen- 
diculars drawn to the several sides% of the inscribed polygon from 
any point in the circumference of the circle is equal to the pro- 
duct of the pei'pendiculars drawn from the same point to the 
several sides of the circumscribed polygon. 

10. Shew that 

16 cos^cos (72*-^) cos (72*+^) cos (144*-^)cos(14r+^)=cos5ii. 

11. From the expression for sin ^ in factors shew that 

36 144 324 576 
''"' 35'143'323*575 

12. Shew that 

«' + e' 



•-('^^('*^)o^^)- 



13. Shew that 



^-e-'=2.(l4)(l.^f-:)(l.^)^.. 
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14. Find the sum of the series formed by multiplTiiig to- 

1111 
gether every two of the terms of the series ■=, jr,- , ^ , 71 , ... 

JL ^ o 4 

15. If n be even shew that 

tan<^tan(^ + -j taiir<^ + — j ... tan (<j> + -^- wj = ( — 1)\ 

1 6. Shew that sin 6 A — cos 5 A 

= 16 cos(^ - 27") cos {A + 9*^) sin(.l + 27**) sin(^ - 9°) (cos ^ - sin J). 

17. Shew that 

7r_ 2.2.4.4. 6.6.8.8... 
2"1.3.3.5.5.7.7.9... 

18. By aid of the fonnula cos 6 = . deduce the expression 
for cos $ obtained in Art. 320 from that for sin 0, 

19. Shew that 

.^ 4.36.100.196.324... 
^ 3.35. 99.195.323...' 

20. Shew that 

V3_ 8. 80. 224. 440... 
2 9.81.225.441..." 

21. Shew that cos x + tan f sin a; = ' 

22. Shew that cos x — cot ^ sin x = 
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33. Shew that 52££zf£iy = 

1 — COS y 



K 2/vi^"P^i^'}r P^rr^jr" (*»•*- y)'ir (^T+y/j- 



24. Shew that ?^?^±^^= 

1 + COS y 



25. Shew that 5^^±^Bi^= 

siny 

26. In Example 21 by expanding both sides in powers of x 
and equating the coefficients of a;, shew that 

, y 2 2 2 2 2 2 

2t ir — y TT+y ott — y oir + y Oir — y otr +y 

27. Shew in like manner from Example 22 that 

,y 2 2 2 2 2 

cot ^ -T + 7i z + 



2 y "lir — y 2ir + y 47r— y 47r + y 

28. Shew that 

-n- ,111111 



3 ^3 2 4 5 7 8 10 

29. Shew that 

IT 1 1 _^2. J_ JL } ^ 



2^3" 5 7 11 13 17 19 

30. Shew that -. — = 

smy 

11111 1 I 1 

— ^ « I- 4. _^_ — 4.,.. 

y v-y 2ir-y v + y '27r + y ^ir — y iw — y 3ir + y 
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XXIV. MISCELLANEOUS PROPOSmONa 

■ 

325. Many demonstrations have been giyen of the yerj 
important formulae of Arts. 76 and 77; see, for example, the 
Messenger of Mathematics^ YoL iii. pa§es 100 and 123. The 
demonstrations which we have adopted have the great adyantagB 
of being readily applicable whatever may be the size of the angka. 
The following process is very simple for the case of angles whidi 
are not too large. 




Let the angle COD be denoted by A^ and the angle CBO 
hj B; draw (7iV pei-pendicnlar to- OJD, and DM perpendicular 
to 00 produced. 

Then the angle J)OM= A + B. 

Now by similar triangles, or by two expressions for the area 
of the triangle 002), we have 

OO.DM^OD.GN. (1). 

DM OP, ON {ON A- 1^3)01^ 
Therefore qj) - qq^cD'^ 00. OD 

^CN^ND ON CN 
"00* Ob '^00' CD* 

that is, sin (wi + ^) := sin wi cos ^ + cos ^ sin B. 

Again, by similar triangles, or by Euclid, iil. 36, Cor., 

OO.OMr^ON.OD', 
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therefore OG.CM+ DC* ^ON .NB->t OJP, 

therefore 00 .GM^ON' .ND -CN^ (2), 

., - OM ON' ND OF ON 

therefore C2> = W ' (7^- O^* 05' 

that is, cos(^ + j5) = cos-4 cos J5 - sin -4 sin -5. 

Again, from (1) and (2), 

DM 00 .DM OD.OJSr (ON-h ND) ON 

CM'^ 00 .GM" ON.ND-- CN^ "ON.ND-CN^ 

ON CN 



1- 



O N ND 
ON ON' 



ON • ND 



4.T,4.- 4. /A . m tanil + tanj5 

that IS, tan M + -d) = , — -r-i ri • 

' ^ ' 1 — tan A tan B 

326. Having given 

sin (-i + ^) = sin ^ cos 5 + cos ^ sin -ff, 
and cos {A + j5) = cos -4 cos jB — sin -4 sin jB, 

we can deduce the formulce for sin {A — B) and cos (-4 — B), 
Forputul + 5 = AS'j therefore -4 =aS'-jB. Thus 
sin/S'= sin {S-B) cos B + cos (aS^- i5) sin jB, 
cos aS = cos (aS' — -S) cos jB — sin (aS^ — J5) sin ^ ; 

multiplj the first by cos B, and the second by sin B, and subtract, 
and we obtain the formuliEt for sin(AS'-jB): multiply the first by 
sin B and the second by cos B, and add, and we obtain the formula 
for cos (aS^- -5). 

Similarly from the formula for tan (-4 + B) wo can deduce the 
formula for tan (-4 — B), 

We might even deduce all the other formulsB from that for 
gin (A + B), For since 

(sin^l cos^ + cosui sin^)' + (cos^ cob ^- sin il sink's 1^ 
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it follows that if sin (^1 + ^ = sin -4 cos B-hcosA sin jff, then 
cos' (A+B) = (cos A cos B — sin A sin B)', 

and therefore 

cos (A + B)=^^ (cos A cos 5 — sin -4 sin ^) ; 

and a little consideration shews that we must take the upper 

sign. 

327. In Chapter viii. we have given exact expressions for the 
siaes and the cosiaes of certain angles; we may add that the sineB 
and the cosines of some other angles can be readily obtained by 
calculating the roots of certain equations. 

For example, we know that 

sin SO** = 3 sin 10" - 4 sin» 10%- 
put X for sin 10°: thus 

^ = 3a; - ix^. 

Now by Homer's method which is explained in the Theory of 
EqvMions we can easily calculate the numerical values of the 
three roots of this equation; the least positive root will be equal 
to sin 10®, and the greatest positive root be equal to sinSO®, and 
the negative root to -sin 70°: see Arts. 105 and 106. 

It is obvious that 

sin 1 0° + sin 50° -sin 70° = 0, 
so that the accuracy of the calculation can be easily tested. 

Since sin 10° can thus be found, and sin 9° is also known, we 
can by ordinary arithmetical calculation find the sine and the oodne 
of 1°; and then the sine and the cosine of any multiple of l*. 

328. The propositions whidi are given in Chapter ix, admit 
of some extensions beyond the enunciations to which, for the sake 
of simplicity, we have there confined ourselves. It will be suffi- 
cient if we consider only positive angles. 

We have shewn in Art 116 that sin ^ is less than so long 
as ^ is less than -^ ; it is obvious then that sin is less than fw 
every value of 0. 
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Now consider Art. 120. The demonstration there given de- 

6 6 

pends on the fact that tan ^ is greater than jr . Thus it is really 

shewn that sin B is algehraicaUy greater than ^ — -j as long as 
is less than tt : on examination we shall find that this holds for 

every value of ; that is, sin^-f^--jj is always positive. For 

^« 
we find, by calculation, that -j — ^ is greater than unity when 

^ = 7r, and it increases as 6 increases beyond this value: thus 

-J — ^ + sin is always positive. And sin is arithmeticallj/ greater 

than — -J certainly as long as both are positive, that is certainly 

'IT 

up to ^ = 2, which is beyond ^ = k • 

Next consider Art. 121. From that Article combined with 
the extension just given to Art. 116, it follows that cos $ is always 

algehraicaUy greater than 1 — 77 . And from Art 121 combined 
with the extension just given to Art. 120, it follows tiiat cos^ is 
algehraically less than ( 1 — -j- ) » certainly as long as ^ is less 
than 2 : hence it follows that cos is always algebraically less 
than (l— -T-)' ^^^ ^^ expression is greater than unity if 
^ is not less than 2. But cos^ is not always a/riUimeticaiUy 
greater than 1 — -q > even if ^ is less than ^ . On the other hand 

cos 6 is arithmetically less than f 1 — -j ) , while B lies between 

TT 

and some value which is greater than -= and less than tt. 

Now consider Art. 130. In the same manner as we extended 
Art. 120 we can shew that sin ^ is algebraically greater. thau 
T. T. "V^ 
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— -^ for every value of 0, and that sin $ is ariihmeticcdlt/ greater 
than ^ — -^ > certainly up to ^ = ^6. And cos is algebraically 

less than 1 — -^ + ^ , certainly as long as ^ is less than ^/6 : 
hence it will follow that cos $ is always algebraically less 
than 1 — 77 + tt • -^^ ^^s ^ ^ arithmetically less than 1 — -o + o7 > 

certainly while ^ lies between and ^ ; for 1 — -^ + ^^ is positiye 
throughout this i-ange, and until $ = J{)^ — sj\2), 

329. We may add the following proposition to those of 
Chapter ix. : 

If he the drcula/r measure of a positive angle less than a 
right angle tan is greater than ^ + -r . 

For sin ^ is greater than O— -^ , and cos is less than 

1 — TT + KT ; therefore 

2 24: 

tan ^ is greater than ^g ^^ ' ; 

1 H 

2 24 

hence, by division, we find that 

tan 0- IS greater than fl + ■« + „ >^ . 

1-2-^24 

Kow if ^ is less than ~ both the numerator and the denomi- 

nator of the last fraction are certainly positive ; and so tan B is 

&^ 
greater than ^ + -x- . 
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Also, since 26- 2 sin is less than -5-., 

o 

and t4m $- is greater than -^ , 

we have 2^-2 sin 6 legs than tan ^ - tf ; 

1 2 

therefore ^ is less than ^ tan ^ + - sin ^. 

00. 

(Serret's Trigonometry,) 

330. The following is an extension of Art. 149: the quan- 
tity e cannot he the root of a quadratic equation with rcUional 
coejfflcients. 

For suppose, if possible, that 

ae*+he + c = 0, 

where a, h, c are integers: we may take a positive. Divide 

by « ; thus 

ae + ce"* + 6 = 0, 

111 
Eeplace e by the series 1 + 1 + ^ + — +r-2 + ... j and «"* by 

the series 1 - 1 + ^ — — + p- — ... , which we obtain by putting 

- 1 for a: in the expansion of c*: then multiply by [n. Hence 
we obtain 

=-<l + s+ ••• r * ? *!1 o + ".r- *"i integer. 

ri+l( 71 + 2 Jw + 1( w + 2 J *' 

We can always make * =• positive by taking n odd when 

c is positive, and n even when c is negative. Then by supposing 
n large enough we have a fraction on the left-hand side of the 
equation, which of course cannot be equal to an integer. 

(Liouville*s Journal de Mathhnatiquea, 1840.) 

We may add that it has also been demonstrated that no 
commensurable power of e can be a rational quantity : see Algebra, 
Art 803. 
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331. The following theorem Is gi^en for the sake of an 
important application : 

EDH is a triangle having 
the sides ED and jDj^* equal. 
Produce DH to any point 
iV; and EH to a point /, 
such that EP^WH.DN. 
Draw 'DM at right angles 
to DEf and IM parallel to 
DE. Then the circle which 
has the centre / and the 
radius IM will touch the cir- 
cle which has the centre N 
and the radius ND, 

Let DH = h, EI = i, 
DN^n\ DEH^e. 

Then EH = 2A cos B ; and from the triangle IHN 

/iVr« = (i-2Acostf)* + (w-A)»-2(?i-A)(i-2Acostf)cos5 
= i' + (7i-A)*-2t(n + A)costf + 4nAcos'^ 
= (rn- Kf - 2i (?i + 7i) cos 6^ + 1* cos' tf 
= (w+7i — icos^*. 

Thus IN^DN-IM', therefore DN^IN + IM, which de- 
monstrates the theorem. 

332. The application of the preceding theorem which we 
propose to make is this : the nine points circle of amy triangle 
Umcliea the inscribed circle and tlie escribed circles of the triangle. 

For an account of the nine points circle the student is referred 
to \hQ' Appendix to Euclid, pages 317, 318, where the following 
theorems are demonstrated : ABG is a triangle, and P is the 
intersection of the perpendiculars from Ay B, G on the opposite 
sides; the circle which passes through the middle points of 
PA, PP, PG passes through the feet of the perpendiculars and 
'through 'the middle points of the sides of the triangle; the 
•diameter of the nine points circle is equal to the radios of tht 
ciraamscribed circle of the triangle. 
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Let ABC b» a triangle, the centre of the circmnacribed 
<UTcle, H the middle point of BO ; let ^J ff be perpendicular to BC, 
let i* be the inteniection of the perpendiculars, F the middle 




point of FA.. Let OB be prodaced to meet the ciraunference o£ 
the circumscribed circle at E; join OA, AE, and FD, 

Since the nine points circle passes through D, F, G it follows 
'OoADF is a diameter; and therefore -D-F= OA Also OD^AF, 

for it may be shewn that each — ^ . ., . Hence, since the opposite 

udea of OAFD are equal, DF is parallel to OA. Thus if ff be 
the pcont of intersection of EA and FD we have BD = Dff. 

Suppose that in Art 331 the letters D, E, I indicate the 
same points as in Art 353. Let 

i=:25sin^, A-2flsin'^; thenn=.|: 

Umi JIT is the centre of the nine points circle of the triangle; and 
therefore the nine pointa circle touches the inscribed circle. 

*£»"'", suppose that in Art 331 the letters D, E indicate the 
Huns points as in Art. 353; and let / now denote what was de- 
noted by tT in Art. 233; then we see that the nine points circle 
8 the escribed circle which is opposite the angle A. 



278 MISCELLANEOUS PROPOSITIONS. 

Since the nine points circle of the ti'iangle ABC passes through 
the middle points of AB^ BF, and PA, it is also the nine points 
circle of the triangle APB; and so it touches the inscribed and 
escribed circles of that triangle. A similar remark holds with 
regard to the triangles BFC and CFA. 

333. For the following investigation of the theorem of 
Art. 286, and of a corresponding theorem, I am indebted to 
the late Professor De Morgan. 

It is easy to see that cos nO can be developed into a series of 
powers of cos 9 ; we require the law of the coefficients. 

We know from Art. 310 that if 05 be less than unity 

1 -iC* 

= — jr ^ ^'^l + 2xcos0+2a^ coa26-h2afcos30 + ... : 

1 - 2a; cos ^ + a;'' 

but without using imaginary quantities this equality may be 
demonstrated by clearing of fractions. The left-hand member 
may be expanded by the Binomial Theorem into the series 

1 — 3 + "Vi »\s 2 cos ^ + ... + 7^ ^1 (2 cos ^r+ ... ; 

1 + ar (1 + x-y (1 + a;*)"^^ ^ ' ' 

and by comparing this with the right-hand member we obtain the 

following result : tlie coefficient of (2 cos ^)"* in the development of 

2 cos n^ w eqtud to tJie coejfficient of x** in tliA eocpansion of 

(1 — x') x" . 

jz: iT^^j ^hat is to tlie coefficient of x°"™ in iJie expansion of 

^1 + x ) 

l-x * 

(1 + X') 



«\m+l • 



Hence n—m must bo even, say equal to 2r, so that w = n — 2r. 

The coefficient required is therefoi*e that of y^ in the expansion of 

l-V 
rj \n^t^\ > ^^^} ^7 *^® Binomial Theorem, this is 

,,, f (n~2r+l)(n-2r+2)...(n->r) (n-2r+l)(?t-2r+2)...(n-r-]) ) 
^~ M \r "*■ |r~l y 
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that 13 (- lYn^ < ^-^ ; — ^^ ^ , 



In the same manner, starting from 
SB sin ^ 



1 - 2a5 cos ^ + x^ 



= a; sin ^ + a;' sin 2^ + aj' sin 3^ + ... , 



we see that tJie coefficient of (2 cos 0)^ in tJie development of 
■^ ie equal to t?ie coefficient of x" in the expcmsion of 



sm 



X 

Hence we shall find that the coefficient of 



(l+x^)"^**' 

(2 cos ^)*»"*''"* in the development of . ^ is 

. T ^^ (yt - 2r) (yt - 2r + 1 ) . . . (yt - r - 1 ) 



334. The following is a very general theorem in the summa- 
tion of Trigonometrical Seiies. 

Having given the value of 

c^ + CjO; + CjOs* 4- . . . + c^oJ", 

where c^, c , ... c^ are independent of x ; required the value of 

Cq cos a + c^ cos (a + )8) + ... + c^ cos (a + nj8), 
and Cj sin a 4- c, sin (a + )8) + ... + c^ sin (a + np). 

Let y (05) denote the known value of 

c^ + o^x + CgO;* + . . . + c„a;*. 

For X put in succession e*^ and 6~'^; multiply the former 
result by 6**, and the latter by 6"*«, and add : thus 

Cq cos o + Cj cos (a + )8) + ... + c„ cos (a + wj8) 
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Similarly 

Cq sin a + Cj sin (a + )S) 4. . . . + c^ sin (a + n^) 

The expressions thus obtained on the right-hand side must be 
reduced and simplified ;' we have 

e"»/(e»^) = (cos a + 1 sin a) /(cos )8 + t sin )8), 
e~'*y* (e"*^) = (cos a — I sin a) y* (cos )S — i sin jS) ; 

and when a definite meaning is assigned to f{x) we can obtain a 
definite result. 

335. The investigations of Arts. 310 and 311 will furnish 
examples of Art. 334; for another example take the following: 
let 

thus / (05) = (1 + hx)\ 

Then /(e»^) = (1 + A cos)3 + Ji sin)8)* 

= r** (cos </> + 1 sin <;())•• 
= r^ (cos 7i</> + t sin 7i</>), 

where r cos <^= 1 + h cos 13, and r sin^ = Asinj?, 

so that r* = 1 + 2/i cos iS + A', and tan <f> =r; — ^ — ^ . 

'^ ' ^ l+Acos)3 

Similarly / (e"*^) = 7^ (cos 7i</> — t sin w</>). 

Hence finally 

cos a + TzA cos (a + ^) + — ^-^ — - h' cos (a + 2jS) + ... + A" cos (a + nj8) 

= r" (cos a cos w<^ — sin a sin w^) = 7^ cos (n<^ + a), 
and 

sin a + nA sin (a + )S) + — ^ — - h' sin (a + 2/3) + ... + A" sin (a + nfi) 

= r** sin (n<f> + a). 
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Various particular cases are included in these general results ; 
for instance we may put h = l or — 1 ; we may put a = or j8 ; 
or we may put a = my and ^ = — y or — 2y ; and so on. 

336. Algebraical identities of more or less interest can be 
obtained by ascribing special values to the angles which occur in 

Trigonometrical formulae. For instance put ^ = ^ ia the two 

formxdsB of Art. 270 ; put ^ = in the four formulsB of Art. 288, 

sin 7iO 
observing that the limit of — ; — ^ is n when ^=0; put ^ = in 

the two results of Art. 333. 

337. "We will now make a few remarks on the symbol J{— 1), 
which has been used very often throughout the latter portion of 
this book. "We may consider that the symbol has been used in an 
experimental manner, and many results have been obtained by 
means of it: the point now to be considered is how far these 
results can be received as true. 

In the first place> some of the results obtained by using the 
symbol ^( — 1) may be shewn to be true by other methods. Thus 
for example in Art. 333 we demonstrated without the use of the 
symbol ^( — 1) a result obtained in Art 286 with the aid of the 
symbol. So also the values of sin nO and cos n9 obtained in 
Art. 270 may be verified by induction. Moreover the resolution 
of an expression into factors in Art. 317 may be effected without 
the use of ^(-1): see Theory of Equations^ Chapter xxxi. 

Again, the following example will shew how in some cases 
a strict demonstration may be obtained even with the use of 
the symbol ^/(-l). Let n be a positive integer, and suppose it 
required to expand cos"^ in terms of cosines of multiples of ^; 
we may proceed as we did in Art. 280, supposing x to stand 
for c*V(-i). Now we know that 
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thus 2 |1 + _ + ij + -+... V 



u i_ 



~ [2 [4 "^ [6 ■^••• 

+ 

Now this is true for all values of y, that is, if all the operar 
tions indicated be performed, the two members of the equation 
are identically equal. "We may therefore put — 6* instead of y*, 
and the result will still be true. Thus 

2.-/1 ^ x^ r-i "'^ x**'^ 



+ m 



( (n-2)'y (n-2ry ) 

r — [2 5 - / 



Thus 2"-* cos" ^ = cos w^ + n cos (w - 2) ^ + 

See the Article Equations in the Encyclopcedia JSritanniea bj 
Ivory, and Airy*s Trigonometry, 

Finally, the student may be informed that a theory has been 
constructed which offers a complete explanation of the symbol 
ij{— 1), and thus enables us to obtain rigid demonstrations by the 
use of this symbol. It is not consistent with the plan of the 
present work to give any account of this theory; the student, 
however, is recommended hereafter to read the Trigonomefyry and 
Double Algebra of Professor De Morgan. 

338. The ratio of the circumference of a circle to the diameter 
is denoted by irj this quantity ir cannot be commensurable^ nor 
can TT*: we will give a demonstration of the latter statement, 
which of course includes the former. The demonstration, depends 
on the theory of Continued Fractions which is explained in the 
Algebra J Chapter LVii, and will be readily intelligible to a student 
who hos mastered that Chapter. 
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Let /(y) stand for 



1- 



l.y 1.2.y(y+l) 1 . 2 . 3.y (y + 1) (y + 2) ' 

then /(y+l)-/(y) = ^_/(y + 2); 

therefore .fM^^^l^-^f±^^. 

/(v+l) 1 «' J 

Put z for ' ^ V/ V » then « = ■= where p, = -7 — ^r , and 

/(r) ^ i--P,«) y(y+i) 

«i is what z becomes when y is changed into y + 1. 

Thus !./ V can be transformed into an infinite continued 

/(y) 

fraction of the second class ; see Algebray Art. 778. Put ^ for y, 

A SlTl fi 

and ^ for a? ; then/(y) = cos ^, and/(y + 1) = —jr- ; then multiply 

the result previously obtained by 0, and simplify the fractions. 
Thus we find that tan is transformed into an infinite continued 
fraction of the second class, in which the fii*st component is 0, 

the second component is -5 , and generally the r^ component is 

2r-l' 

Divide this result by 0^ then invert and transpose; thus we 

find that 1 — ^ cot is transformed into an infinite continued 

6' 
fraction of the second class in which the first component is -r- , 

«j 

and the r^ component is 5 r . 

In the last result put -^^^^ ^l ^^^ ^ (9) ^ commensurable 



m 



denote it by — where m and n are integers. Thus we have unity 



n 



equal to an infinite continued fraction of the second class, in which 
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m 



by simplifying the fractions we find the first component is «- , the 
second component is -r— , that is -p- , and the r*** component is 
that is -r =• . So that 



{2r + l)n 2r+l' 

7n 



1 = 



on 



^ mn 
On-- 



7n— ,,. 



But this result is impossible, for we know that such an infinite 
continued fraction must be incommensurable, and so cannot be 
equal to unity: see Algebra, Art. 792. 

Hence it* cannot be commensurabla 

339. There is in the investigation of Art. 320 a point which 
may require examination. 

v 

Let <^ stand for - , and B for -: then we have to find the limit 

when n is indefinitely great of . ^ ^ , where r is an integer which 

sin rp 

w— 1 
lies between 1 and — jr— inclusive. "We suppose that n is odd; 

the process is similar if n is supposed even, 

Now if r denote any j/ixed finite number, then when n is in- 
definitely great the required limit is -5—5 ; but we are not justi- 
fied in making this statement when r itself increases indefi- 
nitely with n, as for instance when r= — -^— or — ^ . The fSeujt 

however is that in such a case both . , ^^ and -5—- are indefinitely 

sm.' rp rir 

small, and we are not led into error by our use of the latter va^ 

stead of the former. This we will now shew. 
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Let m be an integer which may be as large as we please pro- 
▼ided it remain fixed, so as not to change when n increases ; then 
by the method of Art. 320 we shew strictly that 

where Q is the limit when n is indefinitely great of a set of factors 

of the type 1 — . , ^. , the integer r taking all values between 

^ "I 

m + 1 and — s— inclusive. Kow we have to shew that instead of 

Q we may take the product of a set of factors of the type 1 — -=-3 , 

TIT 

the integer r taking the same values as before. Let H denote the 
product which we propose to substitute for Q; then we must shew 
that R—Q, and this we do by shewing that each of them is equal 
to unity. 

Now we may suppose m large enough to ensure that sin ^ is 
less than sin r^ ; hence every factor in Q is positive, and less than 
unity; so that the limit of Q cannot be greater than imity. 

Let 8 = -^ m; then Q is greater than ]l :-^. — %rrn[ , 

2 ' ° I sm"(m+l))8J ' 

for every feictor of Q is greater than the first factor. But the limit 

of the last expression when n is indefinitely great is unity, as we 

see in the manner of Art. 150. 

Hence the limit of © is unity. 

In a similar manner we may shew that the limit of li is unity, 

340. There is a point in Art. 321 of the same nature as that 
just noticed with respect to Art. 320, and which we may treat in 
the same manner. It is the statement that when n is indefinitely 

great we have 

«• ,, 2r7r«feg g* 

4;?^* "^^~'(2r7r*6))"* 
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EXAMPLES. 

1. Prove that sin ^ cos x- = 8 sin ^ sin* —j— sin* — ^ — 

J J 4 4 



( cosec' ^ - 800*2 j tan ^ ~ V 2 cosec ^- seo'^Jcot 



3. Prove that 

tan 3^-tan2^-tan^ = tan3^tan2^taQ^. 

4. Find x from the equation 

tan' X + cot" 05 = m" — 3m. 

5. The circumference of a circle is divided into 2n equal 
parts at the points A^ F, (?,.... Tangents are drawn at the points 
A, F, Qy ... and pei^endiculars OAy OB, 00, ... are let fall on 
them from tho extremity of the diameter OA, Shew that 

0^*+OjB'+OC"+ = 371 (radius)". 

6. ABO is a quadrant; AF, AQ, AR ai-e three arcs in 
ascending order of magnitude, each being less than AB, and 
their sum equal to twice AB\ radii OF, OQ, OR are produced 
to meet the tangent at ^ at j9, ^, r, and a triangle is formed 
with Ap, Aq, At, Find the condition that this may be possible, 
and the inferior limit of ^^ and the superior limit of Ap, Prove 
also that in all such triangles the radii of the inscribed and 
circumscribed circles are inversely proportional. 

7. ABC is a right-angled triangle, being the light angle, 
E is the point at which the inscribed circle touches BO, and F the 
point at which the circle drawn to touch AB and the sides OA, OB 
produced meets OA ; shew that if EF be joined the triangle FEC 
is half the triangle ABO. 

8. Through the angular points of a triangle straight lines are 
drawn bisecting the exterior angles. If /S' be the area of the 
original triangle and S' that of the new triangle, shew that 

o/ 1 a ^ ^ 
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9. ABGD is a horizontal straight line. From a point imme- 
diately aboye D the known distances AB and BO ai'e observed to 
subtend the same angle a. If AB = a and BC » h, shew that the 
height of the observer's position above D is 

2ah (a + h) tan a 
(a — hy + (a + hy tan* a ' 

10. If in any arc not greater than a quadrant a point be 
taken, and from this point two straight lines be drawn^ one to the 
extremity of the arc, the other perpendicular to its chord and 
terminated by it, prove that the sum of these two sti-aight lines is 
less than the chord of the arc. 

11. Suppose a the angle of elevation of a cloud, p the angle 

of depression of the image of the cloud seen by reflection from 

a lake, h the height of the observer's eye above the lake, then 

the height of the cloud is 

A sin (j8 + a) 

sin()3-a) 

12. At noon a person standing on a cliff h feet above the 
level of the sea, observes the altitude of a cloud in the plane 
of the meridian to be a and the angle of depression of its shadow 
on the surface of the water to be )S; the sun being hehind the 
observer when he is looking at the cloud : shew that, if y be 
the sun's altitude at the time of observation, the height of the 
cloud above the surface of the water will be 

A sin y sin (a + P) 
sin)Ssin(y + a) 

13. Shew that the formula of Art. 280 may be verified by 
induction. 

14. Shew that the formula of Arts. 282 and 283 may be 

'71* 

obtained from that of Art. 280 by changing B into -r - ^. 

15. Express cos 6 (tan~* x) in terms of x. 

16. K a quadrilateral can be inscribed in a circle and can 
also have a circle described about it, the area of the quadrilateral 
is equal to the square root of the product of the four sides. 
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17. The sides of a quadrilateral figure are a, b, c, d; and 
the sum of two opposite angles Ib 0. If S denote the area of the 
Hgure, and s half the sum of the sides, shew that 

48"= («- a) (5- 6) («- c) («- (7) - ahcd COS* ^ • 

18. Shew that 

cos" ^ cos n^ = 1 ^o — ^tan 6 + -^^ ^-\-: — ^-^ ^-tan*^-... 

[2 [4 

19. Shew that 

n/j. A J. A n (n + 1) (n '\' 2) . ,^. 
cos"^smw^ = wtan^ ^ i^^ ^tan"^+ .... 

If 

20. If ^ is a positive angle less than ^ shew that -r— -« 
continually increases with 0, 

21. If ^ is a positive angle less than ^ shew that - — ^ 
continually decreases as increases. 

22. In the diagram of Ai*t. 332 if FO be joined, shew that 
it bisects DF, and is bisected by DF. 

23. Shew also that FO divides DA into parts which are 
in the ratio of 1 to 2. 

24. Shew that the following four points connected with any 
triangle are in a straight line: the centre of the circumscribing 
circle, the centre of the nine points circle, the point of intersection 
of the perpendiculars from the angles on the opposite sides, and 
the point of intersection of the straight lines drawn from the 
angles to the middle points of the opposite sides. 

25. Shew that the length of the perpendicular from the 
centre of the nine points circle on JBC is ^j jB cos (C — B), 

26. Shew that the length of the perpendicular from the 
centre of the nine points circle on AG in the diagram of Art. 332 

is i^sin((7-i?). 
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27. In the diagram of Art. 332 shew that 

OF^=^R* (1-8 cos .4 cos -B cos C). 

28. Shew that the distance of the' centre of the nine points 

It 
dxde from the angular point ^ is ^ >y/(l + 8 cos ^ sin ^ sin (7). 

29. The centre of the nine points circle cannot coincide with 
the centre of the circumscribed circle imless the triangle is 
equilateral 

30. The centre of the nine points circle cannot coincide with 
the centre of the inscribed circle unless the triangle is equilateral 



T. T. ^ 



/ 
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MISCELLA^^EOUS EXAMPLES. 

1. If an angle of 3® be represented hj '15 find how many de- 
, grees are contained in the unit of that measure. Find also what 

number will represent a right angle in the same measure. 

2. The difference of two angles ia V; the circular measure of 
their sum is 1 : find the circular measure of each angle. 

3. Find tana; from the equation tana; + a5cot a? = a + (. 

flTT 

4. If sin 3d = sin ^ cos 29 then d = -75- where n is zeix) or an 
integer. 

5. If an angle be divided into two equal and also into two 
imequal parts, the product of the sines of the unequal parts 
together with the square of the sine of the angle between the 
dividing straight lines is equal to the square of the sine of half the 
Angle. 

6. Shew that 

(sec d sec ^ + tan tan <^)' — (tan d sec + sec d tan </>)* 
2(l+tan*dtan'<^)-sec*dsec*<^ 

_ sec 26 sec 2^ 
"" sec" d sec' ^ 

7. J£A+B + C = 3G0°, shew that 

1 - cos' A — cos' B - cos* (7 + 2 cos -4 cos -5 cos C7 = 0. 

3 12 7 

8. If sin -4 = ^ , sin ^ = Yq , and sin C = ^p , where A, B, and 

C are positive angles less than 90**, find sin (-4 4- i> + C). 

* 

9. If a? = r sin ^ (d- a) and y = r sin^ {$ + a), shew that 

a* - 2x^ cos a + y* = r'' sin* a. 
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10. Eliminate $ from the equations 

(a - 5) sin (^ + ^) = (a -»• h) sin {9 - ^), a tan ^ - 5 tan ? = c. 

11. The number of degrees in one of the acute angles of a 
right-angled triangle is threo-tenths of the number of grades in the 
other: determine the angles in degrees. 

12. Shew that if the circular meaaure of au a^le is g . 

where n is any integer, the angle can be expressed by an integer 
both in degrees and in grades. 

13. If sin (a + jS) cos y = sin (a + y) cos )8, shew that j8 - y is a 
multiple of tt, or a an odd multiple of ■= . 

14. Shew that 

sin 4:A tan* A + 4 tan'^ + 2 sin 4ii tanM - 4 tan ^ 4- sin 4^ = 0. 



15. Shew that sin' 24" - sin' 6' 



V5-1 



8 • 

16. UA + B-hC^ 360^ shew that 

2 (oosii sin j8 sin (7 + cos ^ sin (7 sin ^ 4- cos (7 sin ^sin B) 

+ sin*-4 + sin* jB + sin*C = 0. 

17. If a and p are the two. values of ^ in the equation 

cos ^ cos y sin ^ sin y __ 1 

a b " c * 

shew that 

(6*+ c*-a*) cos a cos )S+ (a* + c' - 5*) sin a sin )3 = a* + 6* - c*. 

18. If siuwi = ^ , and sin jB = ^^ , where A and B are positive 
angles less than 90^ find sin 2{A +B). 

1 9. Solve the equation cos 4a; + cos 2a; + cos a; = 0. 

20. If ii + 2? + C7 + i> = 360^ shew that 

COB A +co8-a + cosC+cosi> = 4cos— s — cos —5 — cos — ^ — . 
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21. With two units of angular measurement differing by 10* 
the measures of an angle are as 3 is to 2 : determine those units. 

22. If sin a; + sin' a; = 1, find sin as; and shew that 

C0s'aJ+ cos* 33=1. 

23. Solve the equation tan* x + cot" a; = 2. 

24. [f a sin ^ + ( cos ^ = c == a cosec + & sec 0, shew that 

„. 9/5 2a6 



25. Simplify cos« {A + B) + cos« (-i --B) - cos 2^ cos 2B. 

26. If 2tan^=3tan^, then 

. ,. pv tan^ sin 2^ 

27. Solve the equation 

. n+ 1 ^ . w — 1 ^ . /, 
sm— ^r— ^ + sm— ^7— ^=»sm^. 

28. If 

tan (2a - 3/3) = cot (3a - 2j8), and tan (2a + 3/3) = cot (3a + 2^3), 

IT 

shew that both a and j8 are multiples of y^ . 

29. Solve the equation 

.X / \ l-2cos2a 
tan(a + a;)tan(a-a^=j-j;^-^5^. 

30. J£A + B+C+D = 360\ shew that 

. . ^ . ^ ' T. A ' ^+^ . ^ + ^ ,^ g + ^ 

sin-4 + smJ? + sm{7 + Bmi>=x4sm — o"®"^ — 2"^*^ — 2 — * 

31. One angle of a quadrilateral contains 60 degrees, another 

^, . 3ir 
contains 50 grades, the circular measure of another is -7- : express 

all the four angles in degrees. 
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32. If COS -4 = 2T and cos jB = ^, where A and B are angles 

33. Solye the equation sin 30 « 8 sin' 9. 

34. Eliminate $ and ^ from the equations 

a" cos* — 6* cos* ^ = c', acos0 + 6cos<^ = r, atan0 = (tan<j^. 

35. If tan^, tan jS, tan (7 are in Arithmetical Progression, 
and tan^y tanj9, tani) inHarmonical Progression, then 

tang ^^ 8sin*(J[-jg) 
tan D sin 2^ sin 2^ * 

36. Find cos a; from the equation cos a? sin* as = sin a cos* a, 
having given as one solution cos a; = sin ou 

37. Shew that 
(2cos0-l)(2cos2ff-l)(2cos2*0-l) (2cos2*-»^-l) 

2cos2*^-t-l 
2cos^ + l ■ 

38. If tan (v cot 0) = cot (tt tan 0), shew that 

tan = — 3 — ■«■ ^^-^^ -. -' , 

* 4 

where n is a positive or negative integer. 

39. Express in factors 

cos*^ + cos*-B+ cos* C — 2 cos -4 cos jB cos C — 1. 

40. If^+J? + a + i) = 360^shewthat 

'A • ». • /Y ' 7% A ^ + ^ ^+C' . 0-i-A 
am ^ — sm^ + sm(7 — smi)s4cos — ^ — cos — x — sm — 5 — . 

41. Express in each system of angular measurement the 
ang^e described by the minute hand of a watch in 25 minutes. 

42. Shew that 

(00Btf + sin^)(cos2^ + sin2^) = costf + cosr3d -5)- 
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43. Shew that 

cosec A cosec 2 A + cosec 2 A cosec 3 A = cosec A (cot A — cot SA). 

44. Shew that 

1 3 

I cot' ^ -4- cot* s -4 

sec' ^^ sec ^ =8. 

l+cot'~.l 

45. Shew that 

{sec-4 + cosec-4(l + sec-4)}|l -taji'^-4 [jl -tan'j-i}' 

= (sec ^ -4 + cosec ^-4 j sec' J -4. 

46. If 

(a-6)sec^= /f a* + -T— rrj, and {a-hh)Bec^= /(a^-h-r^j , 

then tanl(^-^)=-^^^. 

47. Eliminate ^ and ^ from the equations 

a din(A-^) c ,. ^. 6 sin^ 

-,- = . y\ — ^(, - = cos(<^-^), -=-v— r. 

48. Find cos ^ from the equation 



(M)--^" 



COS 05 cos ( T - W I = Sin /5 COS ^ . 



49. If 

cos (^ + 3<^) = sin (2^ + 2<^), and sin (<^ + 3^) = cos (2^ + 2<^), 

shew that ^ = (3m-5w)g + Yg and <^= (3n- 5m)^ + y^, 
or else fft — O ^ 2rmr — ^ ; where m and n are integers. 



50. Shew that 

(1 + sec 20) (1 + sec 4^) (1 + sec 8^) (1 + sec 2"*) 

tan 2"^ 
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51. The circular measure of a certain angle is equal to the 
ratio of the number of degrees in it to the number of grades: 
find the magnitude of the angle in degrees. 

52. Shew that 

{sin {A'-B) + sin {A + 3^)}sec 2B = (cos 2B - cos 2A) cosec {A - B). 

53. If 5^=l±f??!^,shewthatsin(3e + a) = 7sin(^-a). 

tana 1+sm'd' ^ ^ ^ ' 

54. Solve the equation 

cos 3^ + cos 66 + J2 (cos + sin ^) cos ^ = 0. 

55. Eliminate <f> from the equations 

n sin d - m cos = 2m sin ^^ n sin 2^ — m cos 2</> = ru 

56. Solve the equation 

8 8in(^-^)cos»^+8cos(^-~)sin»fl-6sm^2d-^^ = V3. 

57. Among all values of between and tt find that which 
makes sin 6 cos {fi - 0) greatest ; fi being a given angle between 

Oand ^. 

58. Shew that cos 55' + cos 65' + cos 175* = 0, 

3 
cos 55° cos G5° + cos 65^ cos 1 75° + cos 55® cos 175" = - 7 , 

cos 55^^ cos 65° cos 175° = - -~){- . 

59. If a;cos(a + jS) + cos(a-/J) 

= 05 cos ()3 + y) + cos (j8 - y) = a? cos (y + a) + cos (y - a) 

tan a tan P tan y 



then 



tang()8 + y) tan^(y + a) tan^(a + ^) 



60. If ^ + 5 + (7+2>=360°, shew that 
co8i4-cosi5 + cosC/-cosx> = 4 sm — ■= — sin — 5 — cos — ^ • 
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61. The number of (degrees in an angle ^of one regular polygon 
is to the oDLumber o£ grades in an angle of another as 3 is to 5 : 
find the number of ddes in each polygon, shewing that there 
are only three solutions. 

OB OS 

62. Solve iihe equation sec' ^ + cosec' -^ = 1 6 cot ox 

63. Eliminate from the equations 

m sin 2d = 91 sin d, pcoa2$=sq cos 6. 

64. Find 6 i&t>m the equation 

cos'd — sind = cosa — sincu 

65. Shew that if sin (^ + j8+ (7 + J9) = 0, then 

sin (^ + C) sin (^ + i)) = sin (j8 + (7) sin {B + J9). 

66. Shew that all the values of $ which satisfy the equations 

sin d + sin ^ =p, cos tf + cos ^ = g, 

are ^contained in the expression wtt— a+ {— 1)* fi, where a and fi 
are angles determined by the equations 

tana = 2 sin^ = ^^(p» + $'«). 

JT 

67. Shew that 

V 2ir Stt iir Stt Qtt 7w /IV 

cos T^ cos :r-= cos ,-= cos =-= cos ^-= cos •=-= cos =-= = I 7? J . 

lo 15 15 15 15 15 15 \2/ 

68. Shew that whatever $ may be, 

a sin* O + bsmOoosO-^c cos' $ 
lies in value between 

1 n 2 1 

2 (a + c) + ^^6' + (a- c)"and - (a + c) -^ J^* + (« - <')*• 

69. Shew that 

cos a + cos (-Q- + aj + cosf-^ — aj = 0, 

/27r \ /27r \ /27r \ /2w \ 3 

OOBocosf -5-+aJ + cosacosf -^-aj + cos(-5-+ajcos(-^-aJa«-2i 

cos 3a 
cos a cos 



/27r \ /27r \ 
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70. Eind an expression for the product 

^cos| + cos|^ ^oos ^ + cos|,j ^cos |i + cos-|„j . 

71. An angle is the excess of cf V above jp^^^ : find the ratio 
of this angle to a right angle. 

72. Solve *the -equation 2 sin' x + sin' 2x = 2. 

73. Shew that 

ton^ + 2 tan 2A + A tan iA + S cot 8^ = cot A. 

74. Solve the equation cos 2x — cos 4a5 = sin a;. 

75. If the sum of the angles A, B, C, Dhe four right angles, 
and their tangents in geometrical progression^ shew that the 
ratios— 1; or else that tan ^ tan i>= tan J? tan (7= 1. 

76. The angles A, B, C o{ & triangle are in Arithmetical 
Progression; and cosec 2 A, cosec 2B, cosec 2C are in Arithmetical 
Progression: shew that the cosine of the common difference of 



the 



angles is /g. 



ooB 2A'.sm.tr^ 
77. Shew that cos ^ + cob 2^ + cos 3^ « .. 



\A 
sin— 



78. Shew that 

2w\ / ^ 47r\ / ^ 6ir^ 



(oj— 2cos-=-j(a; — 2cos-=-j[a5 — 2cos-=-j=af + fiB'--2a;— 1. 

79. 1£A+B-^G=IS0% shew that 

fonrA + sin'-D + sm (7 = 3cos^cos7rCos-jr- + cos -5-cos -55- cos -5- . 

2t m Z AAA 

• 

80. Investigate the conditions which must hold in order 
that the equation sin' a; + 26 sin a; + =3 may give tuoo admiaHiMe 
▼aloeB for sin x^ when h is positiva 
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81. The number of the sides of one regular polygon is to 
the number of the sides of another as m is to n ; and the number 
of degrees in an angle of the first is to the number of grades in 
an angle of the second oa p la to q: determine the number of 
sides in each polygon. 

82. Solve the equation cos x + cos 7x = cos 4a5. 

83. Eliminate a from the equations 

X tan (a - ^) = y tan (a + jS), {x - y) cos 2a + (a: + y) oos 2)8 =» «. 

84. If X and y vary so that their sum is constant^ find be- 
tween what limits sin a; sin y ranges, and its greatest value. 

85. If ^ +^ + (7= 180^ shew that 
sin (-4 + -^ ] + sin (-5 + - J + sin Tc + -^ J + 1 



, A-B B^O C^A 

= 4 cos — - — cos — - — cos — -, — . 
4 4 4 

86. If cos'-4 +cos*-B + cos'C7=l, cos*a + cos')8 + cos*y =^1, 

and cos -4 cos a + cos -ff cos )8 + cos C cos y = ; 

shew that 

sin a sin 2a sinj3sin2j3 sinysin2y 2 cos a cos )S cos y 
cosul cos-B cos (7 cos A cos i^ cos C ~~ 

87. Shew that sin ^ = ^ (1 + ^2 - ^3) J2^^. 

88. If taaA = li^tan^, 

and tang+|)=l±£taai(?+|), 

2 
then either sin ^ = - or else cos ^ = 0. 



« 

89. Find cos x from the equation cos 2x + 5 cos a; + c = 0. 
Investigate the conditions which must hold in order that there 

majr be at least one adnuasible value of cos ouy suppotdng h positlTe. 
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TT 



90. If y is not greater than 2 sliew that sin ^ {1 + sin (y- 0)} 
oontinuallj increases as increases from to y. 

91. Shew that there are eleven, and only eleven, pairs of 
regular polygons which are such that the number of degrees in 
an angle of one of them is equal to the number of grades in an 
angle of the other ; and that there are only four pairs when these 
angles are expressed as integers. 

92. If sec a sec j3 + tan a tan fi = tan y, shew that cos 2y cannot 
be positive. 

93. Find the general value of an angle sucli that its cosine 
is to its tangent as 3 is to 2. 

94. If X and y vary so that their sum is constant^ find 
^ between what limits sin a; + sin y ranges, and its greatest value. 

95. Solve the equation cos ^ - sin tf = J2. 

96. Express in four factors 

sin* A + sin* B + sin* C - 2 sin -4 sin -S sin (7 - 1. 

97. Shew that cos ^ = J (-1 + ^2 + J3)j2TZ2. 

98. Eliminate between 

a8inr^+ 2)+&sinr^~2) *="*/o > 

and a cos (0 - J j -^^ h cos (0 + 2) "^ ^^{^^ '*' 1) * 

99. If il, ^, C7 bo any quantities, and a, fi, y angles such 
Uiat 

il cot a + -5 cot jS + C cot y = (il + -5 + C7) cot a cot ^ cot y, 
and 

(5 + C) cot j3 cot y + (C + il) cot y cot a + (4 + J5) cot a cot )8 = ; 

Khew that jl sin 2a + B sin 2^ + C7 sin 2y = 0. 
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100. If cas^ = cosacos)3 — sin a sin )S ^(1 — 0*8111*^), 
and cos ^ = cos a cos p-\- sin a sin j3 ^(1 — c' sin* ^) ; 
shew that 

^ , 2 cos a cos )9 ,- ^ , COB* O + 008*5 

^ 1— crsm'asin'p ^ 1 — c'sm'asin'p 

Hence £nd sin sin ^ and tan -^ tan ^ . 

101. Shevthat cos 11-4 + 3 cos 9-4 + 3 cos 7-4 + cos 5-4 

= 16 cos* -4 cos (4-4 + j j cos (4-4 - j\ . 

102. Eind approximately the distance at which a coin an inch 
in diameter must be held from the eye looking towards the moon 
so as just to conceal it, the apparent angnlar diameter of the moon 

being balf a degree. 

3 

103. Solve the equation cos* ^ sin 30 + sin' cos 30 = 2 • 

104. Eliminate $ and ^ from 

osui0 = asin(0 + ^)y asin^s^sin^, 

cos — cos ^ = 277k 

105. In any triangle 

a sin ( 5 - (7) + 6 sin ((7 - ul) + c sin (ii - 5) = 0. 

106. Shew that 

cos* 18" sin* 36' - cos 36' sin 18* = ^ . 

107. The perpendiculars from the angles of a triangle on the 
opposite sides meet at 0; and OA^x, OB=y, 00 =z; shew that 

a b c ohc 

-+- +-= — . 
X y z xyz 

108. The top of a pole placed against a wall at an angle A 
with the horizontal plane just touches the coping; and when its 

foot 28 moved a yardsfforUier from, the wall and its angle of indi- 
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I 

nation is B, it reeis on the sill of a window : shew that the per- 
pendicular distance between the coping and the sill is 

a cot — = — . 

i09. AB is the diameter of a circle, C its centre^ a straight 
line AF is drawn dividing the semicircle into two equal parts ; 
IS the circular measure of the complement of the angle FCB: 
shew that coa = 6. 

1 10. The sides of a r^ular pentagon and of a regular decagon 
inscribed in a cirde of radius JR are a and of, and the radii of the 
circles inscribed in them are r and / respectiy elj : shew that 

a'-af'^Br, and -+ -;= --^, 

r r r 

111. If^ + 5 + (7 = (2n + l)ir, shewthat 

M aB 4(7 o/ ^A ,5 ,5 ,C fi .A\ 
COS* ^ + cos* 5- +COS* 2-2 ( cos' -^cos* o +^^ o 2 "*" ^^2 2 J 

. ^A , J5 mC rv 

+ i cos' -g COS* -^ cos" 2 ** "• 

112. If tan'^ is less than unity, shew that 
tan*tf-^tan*^ + |taa*^ = sin* fl + i sin* ^ + i sin* tf + 



113. Solye the equation cos - cos 20 = sin Z$, 

114. In any triangle 

a*sin(^-g) ^ 5*sin(g-^) ^ c'sin(^--^) ^.Q 
sin^ ein.B sinC 

115. SoIto the equation cos 30 + sin 30 = cos + sin 0. 

116. If tan*a; = taii(a+aj)taii(a-a;) then ^sin 2aj = ^^2 . sin a 

117. If 
tan'^tanil'==tan*Btan^»tan*CtanC^»tan^tan^taxiC| 

and co6ec2^4-cosec2jS + oo6ec2C7 = 0, 

shew that tasi{A-'A') = iBJi(B^Br)^taxi{G'^Cr). 
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118. If cos 60''= sin 36^ cos A, cos 3G°= sin 60^ cos jB, and 
cos C = cos il cos ^, then one value of -4 + -B + (7 is 90^ 

119. Two rows of houses of equal height stand at an angle 
to each other. On a sunshiny day the distance of the comer of 
the shadow from the comer where the rows meet is observed twice 
and found to be a and h respectively. Shew that if A be the 
height of the houses and a the difference between the altitudes of 
the sun on the two occasions 

A* + A (6 - a) cot a + a5 = 0. . 

120. P is any point in the arc of a semicircle AFJB; two 
circles are described touching the semicircle and also touching AF, 
BP at their middle points: shew that the rectangle contained 
by the radii of these circles is one eighth of the square described 
on the radius of the circle which is inscribed in the triangle AFB, 

121. Shew that 

sin a siu (j8 - y) cos (j8 + y - a) + sin ^ sin (y - a) cos (y + a — j8) 
+ sin y siu (a — ^ cos (a + ^ — y)= 0. 

122. Shew that 

log cot e = cosS^ + 2 (cos 2^)' + ^ (cos 2^)' + 

123. If ^ + J? + C=(2/i+l)w, shew that 

cot ^ + cot ^ + cot (7- 2 (cot 2A + cot 2B + cot 2C) 

f A B C\ 

= (cot — + cot-s + cot -^ j (sec -4-1) (sec-B- 1) (sec C - 1). 

124. Shew that 

sin .4 sin-B sin (^ - J5) -I- sin^ sin (7 sin (^- (7) + sin (7 sin ^ sin (C-i) 

= \ {sin {2A - 2B) + sin {2B - 2(7) + sin (2C7 - 2^)}. 

125. In any triangle 

1 ,^1 ,B I ,G (a + 6 + c)* 
- cos' o + 1 cos'-^ + - cos' -^ " ^ . J, — -. 
a 2 b 2 2 %abc 
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126. Find x from the equation 

sec (j + a5J +sec f J - ajj = 2^2. 

127. Shew that 

sin(g-a) sin(^-j8) 

sin (a- j8) sin (a- y) sin (j8 - a) sin ()8 - y) 

I sin(^-y) ^^ 

sin (y — a) sin (y — jS) 

128. From each of two stations on a horizontal plane, at a 
distance c from each other, a pillar on a distant hill, in the vertical 
plane passing through the stations, is seen under the same visual 
angle, and the angles of elevation of the top of the pillar at the 
stationa are a and ^. Shew that the length of the pillar is equal to 

c cos (jS + a) 
sin ()8 — a) * 

129. If in a right-angled triangle twice the distance between 
' the centres of the inscribed . and circumscribed circles is a mean 

proportional between the hypotenuse and the excess of the sum of 
the sides over the hypotenuse, shew that the radius of the in- 
scribed circle is equal to one sixth of the hypotenuse. 

130. In any triangle shew that 

1 1 1 r 

cos'j^A +COS* ^j8+cos*^(7=2 + 5^. 

,^- -^ sin (a; + -4) /sin2ii ._ , .. « 

131. If -;— 7 '= /-:— s-fi> wien tiin'a: = taniltanjB. 

sm(a; + J5) \/ sm25 

132. JfA+B + C = (2n+l)7r, shew that 

an" 2-4 + sin" 2B + sin" 2C + 2 cos 2A cos 25 cos 2(7= 2. 

* 

133. Sum the infinite series 

(1 + 2) log 2 + li^ (log 2)' +i^' (log 2)' + .... 
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134. Shew that 
sin {A - J5) cos {G - B) cos (^ - (7) + sin (^ - (7) cos (A~C)coa{B^A) 

•^ Bm {G - A) cos {£- A) COS {G~B) 
= i {sin {2B - 2^) + sin (2(7- 2B) + sin (2^ - 2C)}. 



135. In any triangle . ) . — ^ = — =— . 
•^ ° sin (A + 5) c" 



{A-^B) 

136. The diagonals of a quadrilateral figure are in length 
h and k respectiyely, and inclined at an angle A : shew that 
the area of the greatest rectangle which can be drawn with its 
four sides passing through the four comers of this quadrilateral is 

^ M (1 + sin A). 

137. A person standing at the door of a house obserres 
that he can just see the top of a church spire over the intervening 
wall at an angle a; he then ascends to the roof, whence he is 
just able to get a view of the entire building, and he observes 
that the elevation of the spire top is p. Having given the height 
of the house, that of the observer beiug neglected, determine 
the heights of the spire and the wall. 

138. In any triangle shew that 

1 1 IS 

acos'-^A +bcos*-^B + ocoa'^G==^S'h^. 

139. Ay Bf G are three points on a plane inclined to the 
horizon, G being the lowest ; it is found that CA is inclined to 
the' horizon at an angle a, and GB at an angle fi ; and the angle 
AGB is y: if ^ be tiie inclination of the plane to the horizon 
shew that 

sin' 6 sin'y = sin' a+ sin* )8 - 2 sin a sin j3 cos y. 

14:0. If a', 6', c' are the sides of the triangle formed by 
joining the points of contact of the inscribed circle with the sides 
of a triangle, shew that 

abc " 2R' • 
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141. Find tan from the equation tan 36 + tan 20 + tan 0= 0. 
U2. Shew that 



/ irV / SttV / 5ir\' / 7ir\« 17 



8>/"16* 



143. If acos<^ = 6costf then cot^ (<^ + ^) cot 2(<^-^ = -3/ . 

144. If ^, ^, C7 be the angles of a triangle^ shew that 
cos v> COS -;r <J08 "5 cannot be greater than — ^- . 

145. In any triangle 

A ^Ji ^C a + 6 + c ^A 

cot -7 + cot -r + cot rr = y COt rr . 

:j :2 2 6 + c-a 2 

146. The diagonals of a four-sided £guro are h and k, and 
the area is C : shew that the area of the cii'cumscribing square is 

h'h? - 4C 

147. Shew tliat as, y, z can bo so taken that for all values 
of the following expression shall have a given constant value, 

2B sin (^ -/?) sin(^ - -y) + y sin {0 - -y) sin (^- a)+ « sin(^-a)sin(5-j8). 

148. If from the extremities of a side of a regular pentagon 
inscribed in a circle stiuight lines be drawn to the middle of 
the arc subtended by the adjacent side, their difference is equal 
to the radius of the circle, their product is equal to the square on 
the radius, and the sum of their squares is equal to three times the 
square on the radius. 

149. If a flag-staff at the top of a tower of height a subtend^ 

a imall angle B at the eye of an observer when at the distance ^ 

a' 4- i* 
from the tower, shew that the length of the flag-staff is — ^r — 9 

nearly. 

T. T. 'iS^ 



806 HISOELLANEOUS EXAMPLES. 

150. In any triangle 
(«-a)*8inil + («-6)'sinj8+ (5-c)*sin(7 

= 4r(2jB-r)cos-5-cos-5COS-5. 

^ A Z 

151. Shew iihat 

2 sin 7-4 cos -4 + 1 6 Bin -4 oos' -4 = sin 6-4 + 4 sin 2-4 (1 + 2 cos* 2-4). 

152. Eind the logarithm of 32 to the base ^^4, and the 
logarithm of 81 ^3 to the base 4/9. 

153. If tan (il+ -8) = 3 tan -4, shew that 

sin (2^ + 2j8) + sin 2^ = 2sin 2j5. 

154. In any triangle 

-sm»^-4+-^sin*^-B + -sm"^(7 = j-r . 

a 2 6 2 c 2 4aoc 

155. The sides of a quadrilateral figure are divided in order 
in the ratio of m to n, and a new quadrilateral is formed by joining 
the points of division : shew that the area of this quadrilateral is 
to the area of the original quadrilateral as m' + n' is to (m + n)'. 

156. Shew that cosd = — ^ is a solution of the equation 
cos d + cos 3d = ^; and find the other values of cos d. 

157. Shew that 

cos )8 cos y sin (y - ^) + cos y cos a sin (a— y) + cos o cos j8 sin (j8-o) 

= sin (a --^) sin 03 — y) sin (y — a). 

158. Iful+J? + (7==180^ shew that 
«in-4fiin(il--5)sin(^-(7) + sin5sin(-B-C7)sin(B-il) 

+ sin (7 sin (C7 -.4)sin (C— jS) 
BBiniisinjSsinC'{l-8cos.4cosj8cosC}. 
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159. A person with his eye on the leyel of the ground close 

to a pole, observed that he mw the top of a distant wiadow 

oyer an intervening wall at an elevation a. He then climbed 

up the pole c feet, when he saw the whole window, and the 

elevations of the tops of the window and wall were then fi and y. 

Shew that the height of the lowest part of the window above 

. , - c (tan a - tan B + tan y) 

the ground was -^ — 7 r— -?» -^ . 

^ tana — tanp 

160. ABC is a triangle; straight lines bisecting the angles 
A and £ meet the opposite sides at jD and B respectively : shew 
that the area of the triangle OED is 

^ Sin -^ em ^ 

— m — TTTB' 

<50S -^ COS — g— 

161. If^ = 2cos-4-5 cos* A + 4: cos* A^ 
and g = 2 sin -4 -5 sin' -4 + 4 sin* -4; 
shew that p cos 3-4 + g sin 3-4 = cos 2-4, 

and 1? sin 3-4 - g cos 3-4 =^ sin 2-4. 

. . . / a\®®*'S 

162. Find the limit of ( cos ~ j when n is infinite. 

163. Sum the infinite series 

- 1 + 2 1+2 + 2* 1+2 + 2'+ 2* 

"T"""!?— " — 11 — " 

164. "Find cos (x — y) and cos (oj + y) from the equations 
BecacoB(aj + y) = l + tanajtany, sec/?cos(aj-y) = 1 -tanatany. 

165. In any triangle 

heo(m-^{3+C) eaooB^{C+A) €ibcoel(A+S) **** 
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166. is any point in the interior of a quadrilateral ABCD; 
OP, OQ, OE, OS are perpendiculars on the sides AB, BC, CD, DA 
respectively: shew that the area of PQRS is 

\ ABCD - 1 {OA* sin 2A + OB" sin 25 + OC" sin 2C + 02>* sin 22)). 

1G7. In any triangle 

. B^C A . . 0-A B . A'-B ^ 
a sin — ^ — cosec — + 6 sin — jr — cosec -^ + c sin — jr — cosec « = 0. 
J J Jt A Jt Jt 

1 08. Shew by the aid of Trigonometry that if a: + y + « = xyz, 

1 - 3a;» ■** 1 - 3/ ■*■ 1 - S** (1 - Sa^ (1 -3y)(l-3«») ' 

169. If Z, m, 91 be the perpendiculars from the centre of the 
circumscribed ciixjle on the sides of a triangle, shew that 



. (a h c\ aba 



170. If A, B, and C are the angles of a triangle, shew that 
sin* j: + sin' 7^ + sin*- cannot be less than j . 

171. Find the limit when is indefinitely diminished of 

sino^ J ^ vers ad 

-,— Y^ and ol 7^ . 

sm od vers bO 

172. Shew that 

173. If ^ + J? + (7 = 180*, shew that 

A ABC B B C A 

tan - + cos ^ sec 2 sec ^ ~ **"^ q + cos 5 sec -5 see -x 

, C CAB 

= tan -(T + cos ^ sec ^ sec -^ . 
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174. If sin (ir cot ^) = cos (tt tan 0) shew that either cosec 20 or 

cot 2$ is of the form m + j , where m is an integer positive or nega- 
tive. 

175. In any triangle 
''sin A + sin B + sinCX* a cos A + b cos J5 + c cos C 



(sin -4 + sin jB + smC/y _ 



2abc 



176. A cii*cle of radius r is inscribed in a sector of a circle of 
radius a, and 2c is the chord of the sector : shew that 

111 

- =- +-. 
r a c 

177. If tan 07+ tan 2a; + tan So? + tan 4a; sO, shew that either 
5x = mr, or 2x = (2m+l)v, or 8cos2a;=l ±,^17. 

178. Shew that 

sin(^-^)sin(^-y) sin (^ - y) sin (^ - a) 
sin(a-)8)sin(a-y) sin (j8 - y) sin (/3 - a) 

sin(^-a)sin(^-i6) _^ 
sin (y — a) sin (y - )3) 

179. ABG is a triangle; straight Hnes are drawn bisecting 
the angles A, B, and meeting the opposite sides at D, B, F 
respectively : shew that the area of the triangle DBF 

g.fy , A , B , U 

2osm-^sm -^ sin ^ 

" T^ 7m THi' 

cos 5 COS ^ — COS — s — 

180. From the top of a mountain the angles of depression of 
two stations in the plane at its foot are observed to be a and 13, 
and the difference of their bearings is observed to be y : shew that 
if e be the distance between the two stations the height of the 
mountain will be 

esinasinj? . ... sin 2a sin 2)9 .v 

-V— 7 o\ J 9 where sm' d> « . , . ^r- cos'^ . 

Bm(a + )3)cos^ 8m"(a + /8) 2 
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181. Find approximately the angle subtended by a target 
two feet wide at the distance of 450 yards. 

182. Sum the following infinite series : 

2 4 9 16 

183. If 2 sec ^ = sec (^ + 2a) + sec (^ - 2a), shi&w that 

cos* 6=2 cos' a. 

184. Solve the equations 

2(sin2^ + sin2^)= 1 = 2 sin (^ + <^). 

185. In any triangle 

(sin-4 + sin -B + sin (7) f tan -^ + tan ^ + taiL-^ j 

. . .i A . B . C 

= 4+4sin^sin-^sm^. 

186. Ay B, C, Dy JS,.., BTQ the angular' points of a polygon 
inscribed in a circle ; from the centre of the circle perpendiculars 
are drawn to ihe sides, and a second polygon is formed by joining 
the feet of the perpendiculars : shew that if the area of the first 
polygon is double that of the second, 

sin 2il + sin.2^ + sin2C + sia>22)+sin2^+ ... = 0. 

187. In any tiiangle 

. J5-C7 A . . a-A B . A-^B G ^ 
a sin — jr — sec — + 6 sm — s*— sec -^ + c«in — jr— sec 77 = 0. 
2 2 2 2 2 2 

188. In any triangle 

a'sin(^-(7) ^ 5'sin(g~^) c«sin(^~^) ^ 
sini? + sin(7 sinC + siuul sin^l + sinJ? 

189: If a be the side of a- regular polygon' iflsoiibed' in a 
circle of radius r, and h the side of another regulap^lygion of twice 
the number of sides iuscribed in the same circle, shew thai 



&=y^^)-yr(r^|). 
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190. Iful+j? + (7sl80^8hevthat 



+ (l-Bm^)(l-8inD 008^=008^ 



COS^COB^. 



191. A person walks in a straight lineitawBcrds a yesj distant 
oljecty and observes that at three points .i; JB, C, the eleYttHons 
of the object are a, 2ay 3a respectiyely : shew that AB^Z.BG 
nearly. 

192. If as is less than nnitj so also IS' 

1 1 

- + 



OS. log.(l^a})* 

193! HaTiug^ghren 

Gsinj? 38in2jS 2sin3^ 



cos(il + i^ cos {A + 2B) cos (J. + 3j5) ' 

shew that it is impossible that any yalue can be assigned to B 
other than nn*. 

194. If = , and — r-+— Z5- = ri — 3i ™d * 

general expression for the yalue of $. 

195. If J., jS, (7 are the angles of a triangle, and sin A, mnB, 
sin (7 are in Harmonical Progression, then 1— cosJ., 1 — cosj?, 
1 — cos are in Harmonical Progression. 

196. If J? be the radius of a circle described about a regular 
pentagon whose side is a, shew that - "» oa n^^^J* 

197. In a triangle -; — = = - , and j. ='^ : shew that 

^ sinjB w' cosjff q 

cosC/= -^ -. 

np — mq 
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198. If be the centre of the circle inscribed in a triangle 
ABC, and D, E, F the points of contact with BC, CA, AB 
respectively, shew that 

OA . OB. OC{AF-hBjD + GIT) ^iR.AF.BD. CE. 

199. In the semicircle ABO^ whose centre is 0, and radius p, 
the straight line OB is drawn at an angle 2a to OC, Circles 
are inscribed in the triangles OAB, 0GB. Shew that the distance. 
betw:een their centres is 

p ^(2 - sin 2a) 



^(1 + sin a) (1 + cos a) 

200. A man walking along a straight road observes the 
directions with respect to the road of two objects when the angle 
which they subtend is greatest, and then measures the distance 
from the point of observation to the point whence they appear 
in the same straight Hne : find the distance between them. 

201. Shew that r,+r, + r3-r = 4i2. 

1 IT 

202. Shew that sin"* -,^ + cot"' 3 = ~ . 

203. ABG is a triangle ; a second triangle is formed by the 
external bisectors of the angles of ABG ; then a third triangle is 
in like manner formed from the second, and so on : deteimine 
the angles of the n^ ti'ianglo. 

204. Eind in terms of a the value of cos 4 (tan"* a). 

205. Find the genend term in the expansion of e^ cos (fix + c) 
in powers of x. 

206. A circle touches the sides AB and AG of a triangle 
produced, and touches the side BG at 1) : shew that 

a{8'-AD')=.^8{8'-b){8^c). 
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< _ 

207. If coa"^ {a -^ P J~^) ^ -h <f> J^, where the letters 
denote real quantities, shew that 

.^._^.l and "' , ^ ^ 

208. Shew that log sec $ 
-2|sin"tf-.isin«2^4.isin"3^-lsin«4^ + ... |. 

209. Shew that the sum of n terms of the series 

sec a sec (a + j3) + sec (a + fi) sec (a + 2^) + sec (a + 2^) sec (a + Zfi) 

+ 

= cosec P {tan (a + n^) — tan a}. 

210. In a regular hexagon, one of whose sides is equal to a, 
a circle is inscribed ; and in this circle another regular hexagon, 
and so on imtil . there are in all n hexagons : shew that the sum 
of the areas of the hexagons is 



6 V3{l -(!)"}«•. 



211. Adapt the expression acosul + 6cosjS + ecosC to 
logarithmic computation^ the letters denoting the sides and the 
angles of a triangle. 

212. A, By Bxe telegraph posts at equal intervals by the 
ride of a rail-road ; t and tf are the tangents of the angles which 
AB sisid^BO subtend at any point P; jT is the tangent of the 
angle which the road makes with PB : shew that 

2^1 1 

213. Shew that 
^ = 4 tan-* I - 2 tan-» -tL + tan-* 



4 5 408 1393 ' 

214. If P denote the point of intersection of the. perpen- 
diculars from the angles of a triangle on the opposite rides, 
■hew that PA* = 4i?« - a*. 
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216. If a = 15^ find the value of 

(cos g -f J^ sin a) (cos 2a +J^ sin ^a) ' 
cos3a — ,y-l sin 3a 

216. ABC is a triangle; a new triangle is formed by the 
eictemal bisectors of the angles: shew that' the sides of the 

new triangle are 4J? cos ^ -4, 4jB.cos -x Bj and iB^coa ^ C re- 
spectively. 

217. Shew that the sum of the squares on the sides of the 
triangle formed as in the preceding Example = SB {iB + r). 

218. Beduoe to its simplest form 

cos 60 + 6 cos 4:0 -f 15 cos 20 + 10 
cos 50 + 5 cos 3^ + 10 cos 0^ 

219. If ^ be a positive angle less'ihan^^r shew that Joaikd is 
less than cos —.^ . 

220. K any point be taken within a regular polygon of 
an even number of sides from which perpendiculars are drawn 
to the sides taken in order, then the sum of one set of alternate 
perpendiculars is equal to the sum of the other set. 

221. Shew that »Jrr^ r, r, = 8. 

222. Shew that ^ = 5 tan"* ^ + 2 tan"* — . 

223. Assuming the expression for tan vJO in terms of tan 0, 
shew that if 9i be an odd integer the following two series are 
numerically equal, 

n{n-l) w(n-l)(n--2)(n-.3) 

n{n^l){n^2) 7t(yi-l)(n-2)(n-3)(ii-4) 
"* [3 "*■ |5 "•••' 

and if n he an even integer one of the two series is zero. 



mSCEXXANEOUS EXAMPLES. 315 

224. Shew that sin^ cos'' 

1 1 "3 

(cos 9^ + COS 7^) - ^ (cos 5$ + cos Z6) + y^ cos 0. 



256V - ^^>^.^, g^v-— ^v^w«^v,^^28 
225. Shew that sin' x 



226. If <^ = ^ shew that 

cos ^ + COS 3^ + cos 9<^ = — ^ — , 

1 — */r3 

and cos 5^ + cos 7^ + cos 11<^ = — ^ — . 

227. A point is taken inside a regular polygon and per- 
pendiculars are drawn from it to the sides of the polygon; a 
new polygon is formed by joining the successive feet of the- per- 
pendiculars : find the sum of the squares on the sides of the new 
polygon. 

228. Shew that if j8 = ^ then cos 6tf + 8in6tf 

«- 2*Bin (^- 3^) sin {O-hfi) cos {0 + 3/3) cos (0-^) (cos d + sin^). 

229. Given sin ^ {1 + tan* a tan* )8}* + 006^(1 -tan* a tan* /8} J 

= tan a + tan fi, 

shew how to determine 6 by formulae suitable to logarithmic 
computation. 

230. If A, By G are angles of a triangle, shew that 

ainil + siiLj? + ^C is never less than sin 2ul + sin 2jS 4-8m 2(7. 

231. A regular polygon of n sides is inscribed in a circl^ 
and firom any point in the circumference chords are drawn to the 
angular points ; if these chords be denoted by c^ <^«v^«» beginning 
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ivith the chord drawn to the nearest angular point, and taking the 
rest in order, shew that the quantity 

is independent of the position of the point from which the chords 
are drawn. 

232. Two circular sectors have a common chord and equal 
areas, and their angles are as 2 is to 1 : shew that one of the 
sectors must be a semicircle and the other a quadrant. 

233. If ^ = tan"* ."^ , and = tan"* —^--i^ , shew that one 
value of <^ - ^ is p . 

234. If — ^ = ^^ , shew that contains very nearly 5*. 

235. ABC is a triangle, and DEF is another triangle formed 
by joining the centres of the escribed circles of ABO : shew that 
the circle described round ABC is the nine points circle of DJSF, 

236. From the expansion of sin*"** in terms of the sines 
of the multiples of 6, shew that zero is the sum of 9i + 1 terms of 
the followiug series : 

1 /9« ix^M2n-3) 2n(2n-l)(2n~5) 

237. If cos (^ + <^ ^ — 1) = cos a + ^y— 1 sin a, where the letters 
denote real quantities, shew that sin' = ifa sin a. 

238. Shew that 

sinaj — sin3a5 + sin5a?- ...to n terms . / w-1 



cos X — cos 3x + cos 5a; - ...to 71 terms 



= tan lnx+ — ^— ir j • 



239. ABOr and DBFQ are two concentric circles, ABC 
and DBF being any two equilateral triangles inscribed in them. 
If F and Q are any two points on the circumferences of the 
circles, shew that 

QA'-^QB' + QC^FD'+FB' + FF'. 
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tt sin CjB 

240. If tan B = ■= and r* = 1 - 2a cos ex + a*, shew that 

1— acoscsc 

1 — -. a cos ex + \^ — ^a* cos 2cx —... + (- 1)" a* cos ncjc = r" cos n^. 

1 \z 

241. Eliminate between 

sin* —p sin ^ + 1 = and cos* ^-9' cos ^+1 = 0. 

242. Shew that the area of a triangle 

(a+b +c)* 

4 ( cot-^ + cot -3 + cot -5- j 

J 1 IT 

243. If tan"' ax-^-j: sec"* hx=i-r, then one solution is 

46 4 

«* 



2a6-.a*' 



244. If is the centre of the circle described round ai 
triangle, and P the point of intersection of the perpendiculars 
from the angles on the opposite sides, shew that 

^ + C0S2J[+C08 2^+C0S 



r^ + cos 2J[ + cos 2B+C0S 2C\ . 



245. If Oy P,y are the lengths of the straight Hnes joining 
the centres of the escribed circles of a triangle with the centre 
of the inscribed circle, and x, y, z the lengths of the straight 
lines joining the centres of the escribed circles, shew that 

Pz-^yy _^yX'¥az ay •\- fix 
X y " z ' 

246. li ir-O denote the angle opposite to the side 6 of a 
triangle, and $ be very small, shew that approximately 

/I xfi «^ /» 3a* 3a*\^) 
c = (6.a){l+3g.(^^.^--^jjj|. 

247. Express sin' tfcos* in terms of sines of mtdtiples of 6. 
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248. If taii(^ + <^^-l) = cosa + ^-lsma,whereihe letters 
denote real quantities, shew that ^ = ninfa j where n is an integer. 

249. Shew that 

1 1. TT 1^ TT 1. IT 

250. Shew that the coefficient of o:^ in the product 

(1 + a) n + ^j n + ^,j ... ad infinitum is ^^^ . 



251. Shew how to eliminate between " 

sin*^— ^sin^ + m = 0, and cos'^-5'cos^ + w = 0. 

252. The internal bisectors of the angles of a triangle are 
produced to meet the circumference of the circumscribing circle: 
shew that the area of the triangle formed by joining the three 

points thus obtained = -^r . 

253. If sin-> - + sin"* | = sin'^ ^ , then 

.a o ao 

5 V + 2x1/ {a'b' - c*)* + ay = c\ 

254. From a point F each of twO'6tndght> lines CA and GB, 
which are at right angles, subtends an angle ^. If CA = a, and 
CB=h, shew that 

^p^ «^ cos 2y 

sin y J (a' + 6* — 2ab sin 2y) ' 

255. Shew that the roots of the equation ic*-a:* + «'-»+l=0 
are cos 36' * J^ sin SG'^ and cos 108' * J^ sin 108^. 

256. If an angle of a triangle be 30^, one of the adjaoent 
sides 1 foot, and the opposite side 250 feet, find approximately 
iJie number of . minutes in the other, acute aq;^e. 
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267. Shew that the area of the triangle formed bj joiniug 
the poiirts/of. contact of the inscribed circle, or an escribed cirde, 

of a triangle is ^ , where p is the radius of the circle. 

258. If tan (^ + <^ ^-1) = cos a + J - 1 sin a, where the 
letters denote real quantities, shew that e'^ = *b tan (-x + '^ ) • 

a* Si* 

259. If « = l+«cos^+r^cos2^+r^cos3^+..., 

If l£ 

and <r=«Mn^ + r^sin2^ + r5 sin 3^+ ..., 

If l£ 

then «sintf =stan"*-, and «costf = ^ log(«' + o^). 

!Find the values of 8 and <r when = q- 

260. Through a given point straight lines are drawn parallel 
to the sides of a regular polgyon ; and from another given point 
perpendiculars are drawn to the straight lines : find the sum of the 
squares on the perpendiculars. 

^261. tShew how to eliminate between 

a tan + 5 sec » ^ and acotO + h coaO = k. 

262. Perpendiculars are drawn from the angles of an acute- 
angled triangle on the opposite sides, and the feet of the perpendi- 
culars joined: shew that the perimeter of the triangle tiius 

formed '^'p* • 

263. The internal bisectors of the angles of a triangle are pro- 
duced to meet the circumscribing circle : shew that the area of the 
triangle formed by joining the points of intersection is never less 
than the area of the original triangle. 

264. SWthat4iJ = <!l±I^^i!i±I^^i!i±I«-). 
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265. The sliadows of two vertical walls wMch are inclined to 
each other at an angle y, and are a and a feet in height, are ob- 
served when the Sun is due South to be 5 and l> feet in breadtL 
Shew that if a be the. Sun's altitude above the horizon, and P the 
inclination of the first wall to the meridian, 

^, /&• h'\ . 256' , 
cor o = ( "1 + -» I cosec' y + — j cot y cosec y, 

^ oft' 
cot p = -TT cosec y + cot y. 

ao ' ' 

. 266. Shew that (a + 5 7^)*"*"^^^^ ^^1 ^ ^^0% ^^^ ^ 

R h ir 

j: log (a* + 6") + a tan""* - is zero or an even multiple of ^ . 

267. Apply the exponential values of the sine and cosine to 
shew that 

log._-_^_-,-^ = 4fcsin'tf-ic^8in«2^ + ic»sin«3d-...) 
®a*cos*^ + o'sm'^ ( 2 3 . J 

- a-h 
when « SB -, 

268. A triangle is fonned by joining the centre of the in- 
scribed circle of a triangle with the centres of the escribed circles 
which are opposite to the angles A and B : shew that the area of 

this triangle is -jp cot ^ . 

269. K be the centre of the circle inscribed in a triangle 
ABG^ and r«, r^, r, the radii of the circles inscribed in the tri- 
angles OBG, OGAy OAB, shew that 

a h e ^f ^A ^ .B^ .C\ 

.- + - 4- - = 2 ( cot -r- + cot T + cot T ) • 
Ta r^ r* \ ^ * *' 

270. Sum the scries 

11 1 

tan"* 75 + tan"** ^ + ... + tan"* ;:-,. 
■ 2 8 2n 
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271. If a series of triangles be described of the same area, 
shew that the sum of the cotangents of the angles varies as the 
sum of the squares on the sides. 

272. Let I denote the centre of the cii*cle inscribed in a 
triangle, the centre of the circumscribed circle, D, E^ F the 
centres of the escribed circles : then shew that 

or + OD* + OE* + 0F*= 125'. 

273. Shew that 2 tan- f . 7*^ tan ^V cos"' ^±£f^l5 . 

\ V a + 6 2/ a + 6 cos 0? 

274. A chord is drawn cutting two concentric circles whose 
radii are as 1 to n, so that the intercepted portions subtend angles 
2a and 2^ at the centi*e : shew that the chord is divided at either 
point of intersection with the inner circle in the ratio of 

n" — 2n cos (a - j3) + 1 to n* — 1. 

275. Shew that (a + ^7-^)*"*"^^^ ^^^ ^ wholly imaginary 
if ^ log (a* + 6*) + a tan"* - is an odd multiple of ^ . 

276. Shew that the area of the triangle formed by joining the 
centres of the escribed circles of a tiiangle is 

T(U^V^2n6''c)''^2+(o-^a)*^2}- 

277. Sum the following series to n terms : 

log(l +2 cos^) + log(l + 2 cos 3^) + log(l + 2cos3*^) + ... 

278. A regular polygon of n sides is placed with one of its 
sides in contact with a fixed straight line, and is turned about one 
extremity of this side until the next side is in contact with the 
straighc line, and so on for a complete revolution : shew that the 
length of the path described by any one of the angular points of 

the polygon is cot =- , where R is the radius of the circle cir- 
cumscribing the polygon. 

T. T. ^V 
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279. Shew that the sum of the areas of the sectors of the 
circles which correspond to the path in the preceding Example 
= 27r72». 

280. Sum the following series to 2n terms : 

sin 2$ sin iO sin 6^ 



sin sin 3d sin 3d sin 5d sin5dsin7d 

281. In an acute-angled triangle let F denote the point of in- 
tersection of the perpendiculars from the angles on the opposite 
sides; and let AF^a, BF=^p, CF = y: then 

S= j{aa + bp + cy), 
2ahc = a'a cosec A + 6*j8 cosec B + c*y cosec C 

282. Let E denote the radius of the circle circumscribing a 
triangle ; and let r , r", /" denote the radii of the greatest circles 
which touch the former circle and the sides of the triangle^ being 
outside the triangle : then shew that 



\a + 6 + c/ 



283. Shew that one value of 

J(ci> -<y) ««/(» -c) > x{a-c) 

284. If the lengths of the three straight lines drawn from the 
angles of a triangle to bisect the opposite sides be denoted by 
h, k, I, shew that 

16 (A«^» + m' + Ph') = 9 {a'b' + 6V + cV), 
16 (A* + A;* + Z*) = 9 (c^-^bUc*). 

285. The area of any triangle is to the area of the triangle 
whose sides are respectively equal to the straight lines joining its 
angular points with the middle points of the opposite sides, as 4 is 
to 3. 
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286. Shew that one value of 

{a (cos + ^-1 sin ^) - ft (cos ^-a + V-la^^- °)Y 

18 «"< COS + V - 1 Sin > 

I w n ) 

when ifc* = a* + 6* — 2a5 cos a, and tan B = i; . 

' '^ a — Dcosa 

287. Any point is taken within a triangle ABC; its distances 
from A, B, G are h, k, I respectively, and its perpendicular dis- 
tances from £C, CAy AB are a, )3, y respectively : shew that 

h'amiA + It^fi aiaB •[■ I'y sin = aPy + bya •{■ cafi. 

288. If D, £, F he the feet of the perpendiculars drawn from 
the point in the preceding Example on the sides of the triangle, 
shew that a^y + bya + cap = 45 x area of BEF. 

289. Sum the following series to n terms : 

sin $ sin 3$ sim 50 

<;o?^ ■*" cos" 2d cos'tf ■*■ cos* 3^ cos* 2^"^ •" 

290. Find the general value of 6 which satisfies the equation 
(cos 0+*/^ sin 0) (cos 26 + V^ sin 2d)...(co8 wd+\/^ minO)^!. 

291. D, F, F are the centres of the escribed circles of a 
triangle opposite to A, B, C respectively : if /, r\ ¥" denote the 
radii of the circles described round BBQ^ FCA^ FAB, shew that 
rVV''=2i?*r. 

292. If two sides a, &, and the included angle (7 of a triangle 
are given, and a small error y exist in C, the corresponding error 

in the radius of the circumscribed circle is ^-- cot^ cot B» 

2g 

293. A quadrilateral is formed by connecting two points in 
the produced sides of a right-angled isosceles triangle, equidistant 
from the vertex, by a straight line whose length is n times that of 
the base : shew that the angle between the diagonals of the quadri- 
lateral is 2 tan"* =■ . 

n + l 
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294. In the equation 6 = cos 6, shew that there must be a 

IT 

solution^ and only one ; and that the value of ^ is less than - . 

4 

295. If j9 is an approximate value of in the equation 

R __ cos B 

COS = 9. and too large, shew that 3 - ~ ^ is a closer value, 

' ^ ' '^ 1 + cos j3 ^ 

and also too large. 

296. If tan (^ + ^ <y — 1) = tan a + ^ - 1 sec ci, where the let- 
ters denote real quantities, shew that e^^ = >is cot ^ . 

297. A regular pentagon and a regular hexagon are inscribed 

in a circle of radius r, so as to have an angular point in common ; 

and the other adjacent angular points are joined : shew that the 

. ^ .^, . - ,. 4r sin 18^ sin 15^ 
perimeter of the figure so formed is ; — ^ . 

298. Sum the following series to n terms : 

cos cos" - 6 cosec" -^ + cos 3^ cos" -^ cosec" -^r- 

o«/» 9 3 ^ »o 6 
+ cos 3'^ cos" -^ cosec' -s" **" ••• 

299. A series of radii divide the circumference of a circle 
into 271 equal parts : shew that the product of the perpendiculars 
let fall from any point of the cii-cumference on n successive radii 

= jp;z:i sin rujiy where r is the radius, and ^ the angle between the 
radius to the given point and one of the extreme radii. 

300. There are n stones arranged at equal intervals round 
the circumference of a circle : compare the labour of carrying them 
all to the centre with that of heaping them all round one of the 
stones ; and shew that when the number of stones is indefinitely 
increased the ratio is that of ir to 4. 
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ANSWERS. 

I. II, III. IV. 

I. page 6. 1. IS% 27'. 2. 15^ 45^ 3. 30^ 15\ 

4. -00945. 5. 5^', ^, 6. 2^. 7. 3'. 

8. One polygon has 8 sides, and the other 12 sides ; so that an 
angle of the first is | of a right angle, and an angle of the second 
j of a right angle. 10. The ratio is that of 5 to 162. 

1 1. Express the given angle in degrees and decimals of a degree, 
and then transform it to grades: thus we get 39' 7^ 60\ 

12. 62' 18' 9". 

n. pages 13, 14. 2. :^x— . 3.^. 4. irx-00505. 

5. 27^ 9^ 18'. 6. ||, 28*-12'5, 31»-25. 7. 40*, 60*, 80'. 
8. 30^60^90^ 9. (Jll3l, 10. 82i^91|», ^. 

III. pages 22, 23. 5. Bring the left-hand side to a common 

denominator : it will thus be found to be - — ; — 7: ;—- . 

sin^cos^ 

TT 

7. ^ = Q • Observe that by the definitions of the sine and cosine 

they cannot be greater than unity. 8. cos ^ = 1 - sin ^ ; square, 
thus cos' = (1 ~ sin $)*, that is, 1 — sin' = (1 — sin 0)' : hence 

find sin 0. "We get ^ = or ^ ; see Art 66. 9. ^ = ^ or ^ ; 



see Art. 57. 10. 6 = %. 11. = Zot^. 12. tf=^. 

O 4 4 

13. A==i5';B=l5\ 14. ^1 = 52^^ J?=r7i*. 

lY. page 41. 1. The same as for an angle of 225*. 
2. The same as for an angle of 330^ 3. The same as for an 

angle of 210^ 4. The same as for an angle of 300*. 

5. 45^, 225", 405^ 585^ 765^ 
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6. 45^ 135^ 225^ 315^ 405*, 495^ 585^ 675^ 765^ 865^ 

7 1 ^ 11+^ 2 8 ^ ^^ 1 .n/5 ' 

72' ' 72' 2' 2 ' ~2' 2 ' 

9. We have sin ^ = — cos ^ ; therefore = 135°, &c. 

10. cos ^ = - J ; therefore ^ = 120°, <fec. 1 4. No. 

V. page 49. I. mr + j. 2. (2n + ^) tt. 3. 2w?r, 
4. 2w7r =*=-«-. 5. Wtt ± a. 6. TITT ± "5 . 7. nir * o. 

8. 7l7r±T. 9. mr^a. 10. TOTrs*-^;. 12. 2wir+— , . 

4 '6 o 

VI. page 62. 34. The right-hand side 
s= cos* A + sin"3-4 - 2 cos -4 sin 3A sin 2A 

=s cos -4 (cos <4 — sin 3-4 sin 2-4) + sin 3-4 (sin ZA — cos A sin 2-4) 
= cos A cos 3-4 cos 2-4 + sin 3-4 sin A cos 2-4 = cos 2 A cos 2-4. 

36. sin 5^ = 5 sin ^ - 20 sin' ^ + 1 6 sin* 0, 

**P9 /\ "^ rtrt 5v 3^ / ,x 

37. B^mr^-z. 38. — = mrov-^=in^^v. 

2 2^* 

39. 3^ = n7r or 4^ = 2w7r±^. 40. tf-T = 2w7r*^. 

6 4 o 

41. tf = 7Wr or 7Mr±^. 42. 2^ = (n + ^) ir or ^ = 2w7r «•■ -=- . 

43. 2^ = wir or tf = 27i7r±~. 44. 2i9 = nir + (- 1)" ^ . 

46. tf = (n + i)7r or 4^ = «7r+(-l)"^. 46. ^ + j=wir*^. 

VII. pages 70, 71. 2. 2 cos 4 = V(l + sin^)-^(l - sin^). 

3. 2sin'| = -^(l+sinil)V(l-sinil). 

4. 2nir + -7- and 2nir+-7-. 5. 2nir + -r- and 2nT + -r . 

4 4 4 4 

6. 2n7r-jand2nir + j. 10. ~. 11. -^5^' 
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12. sm-4 = ±^ , cosil = ±- : or sin-i = ±-rr, cos il = sFi; . 

13. V3-2. 26. *1. 27. 4. 28. -i. 

VIIL pages 78... 80. Example 20 may be deduced from 
Example 16 by changing A into J (180' — -4) and making similar 
changes for B and G ; Example 21 may be deduced from Example 
17 in the same way. 

QQ cos a; -cos a sin* a cos )3 

oo. >r = . a J ; 

cos X — cos p sin p cos a 

^, - sin* i8 cos* a — sin* a cos* j3 cosa + cosj3 

therefore cosa?= . g^, .-^ s^=i ^> 

sin j3 cos a — sin a cos ^ 1 + cos a cos p 

., >; jl-cosoj „^ tan*^ tan*a . , . . 

then find .{ . 39. t — ^ttv =t— »-/] ^'^^ ^3 

1 + cos 05 tan' ^ tan* a ' 

cos i3 — cos a cos iS — cos a' tan* a ^- - 

— ?- J L- = - — -— • therefore 

cos a cos a tajor a 



cos iS — cos a sin* a cos a' ^ sin* a' cos* a — sin* a cos* a' 

L. , ^ • COS O ^ ' ; 

COS )3 — COS a sin' a cos a' ^ sin* a cos a — sin* a cos a^ 



cos' a — cos a' cos a + cos a' 



cos a — cos a' — cos a cos* a' + cos a cos* a 1 + cos a cos a' * 

1 — COB 3 

then find = ^ . 41. We have to shew that 

1 +cosj3 

cot )3 -cot (a + ^) = cot ^ + cot (a- j3), 

ihatis 8in(a + g-i3) ^ 8in(a-i3-f^) ^ 

sin ^ sin (a + 6^) sin ^ sin (a - j3) * 

43. Find cosd from the first equation and substitute in the 

second : thus we shall get co6'<^ = — j-, ; Ac, 

® ^ cos*a 

48. Put :; f^ for tan^; then solve the quadratic; thus 

1 — tan ^ 9 

1 « 1. t X 1 . - (cos ^ + sin^ih(l + 8in^oos^ 
the apper sign gives the required result. The lower ago. gires 
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52. By Example 23, page 78, ¥re get cosilcos2?co6C^ = 0, so 
that one of the three angles is a right angle. 

59. cos5^=16cos*^-20cos'^+5cobA 
IX. pages 91... 93. 

^ ^^ l+wtan'<^ { 7(n tan <^)-^cot </.}• + 2 ^n'* 
the greatest value of this is when the first term of the denomi- 
nator vanishes. ^ « . /, . , ^ + <^ 

6. 2 Bin ^ sin' ^ . 

8. The height in yards = 1760 x tan V - joTp-wx nearly. 

3 1" 3 ir 

9. Let X inches be the distance, - = tan -p ; thus - = 



X 4 ' a; 180 X 4 

nearly. 10. We get sin ^i = * | ^(3 - n). 12. 6. 

13. 2 cos'il =1 + cos 2-4 ; therefore 4 cos*il = 1 + 2 cos 2il + cos*2ii ; 
but 2 cos* 2-4 =■ 1 + cos 4-4 ; therefore, by substitution, we have 
8 coB^ il = 3 + 4 cos 2-4 + cos 4-4 ; square again and reduce. Simi- 
larly proceed with 2 sin'il = 1 — cos 2-4. 1 6. 8. 

17. ^-^«2nir. 18. tf + %2n^db~. 19. ^-2^-2wir*^. 
4 o 4 2i 

20. Y = wr or 2 -o= 2wir«fc . 21. e' = wir+-j-or 

2^=rMr+(-l)-|. 22. tf ^n^r + ^ or 8in2^ = 2(^2- 1). 
23. ^ = (2n + l)^ornff*j. 24. tf = (2»i+l)j. 

25. ^ = wir«fc^ or n^* yrr. 26. 5 = wir or 2/Mr*^. 

27. e = '^. 28. tf = nir*7 or riTTdbf/ 29. tf=nird=^. 

O 4 4 

30. ^ = wir orn7r + -j- . 31. sin-^=0, or costf=0, or coe-«0. 

4 J ^ 

32. costf + sin3^ = 0, that is, cos d = oo» ^3^ + 1 j . 
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IT $ 

33. 2tf = wir * - „ . 34. sin ^ - - 1, or sin ^ = 0, or tan « = 2, 

35. 2^ = (2n + l)^, or 7^ -w^ + (-!)" ^• 

It should be remarked that answers maj be given under 
apparently difforent forms ; thus, for example, suppose we have to 
solve the equation sin 26 -cos 6, or 2 sin ^ cos a cos 0, this gives 

mmm mm 

$ ss 2nir tfc - and ^ ■■ nir + (— I)* ^ ; but we may write the equation 
^ o 



cos 



^|-2^^ = cos^; therefore ^ - 2^ = 2n7r * ft 



X. pages 104.. .107. 1. ^. 2. 243y9 = (73)«. 3. 7;-4;-J. 

4. 106. 6. 3;^1. 10. 1-1 + 1-1+ ... =«->. 

[2 I? [^ [5 

12. 2a;-a-2wirtfc-. 13. a; = aco8(a-)8) or -acos(a + /8). 



3 

5 



14. x = 2mr^^ or2rMrtfc--, 15. co8(a5 + l)a = cosf ^ -s)« 



16. a5=secf a-^j or -2cos^seca. 17. We can ge** 

sin 2'a = sin 3a. 18. sin -^= (-j sin ^ ; this gives tan = . 

19. ^ = mir + |or (n-1) ^ = 2mirrf=|. 

20. costf = 0, orBinv; = 0, oroos4-=0. 22.:^. 23. n = 2. 

2 2 lo 

24. sin* —^ sin — o"""^' ^^* ^nte for as successively 

--ajandy + aj. 34. By Art 114, tan* -4 + tan* J? + tan* C 

4 4 

-l + J(tanil-tan2?)* + J(tan-B-tan(7)* + i(tan(7-tanil)'. 

36. cot ^ + cot (7 - ooseo il 

8in(Jg+C) 1 si n* ii-sini? sin g 

^sin^sinC sinil" sinil sin^ ain^ ' 
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37. If J -+ 5 + (7 = 180^ we have 

cos*-4 + cos*J? + cos"C = l-2cosw4cos-BcosC7. (1). 

Thus, if A, B, C, are all dcute, the sum of the squares of the 
cosines is less than unity. Hence if we require the sum of the 
squares of the cosines to be eqfial to unity, one or more of the 
acute angles must be diminished, so that their sum will then be 
less than 180^ 

38. From the value of sin (il + J? + C), given in Art. 113, 
it will follow that sin -4 + sin j5 + sin (7 - sin (-4 + -5 + C) 
= sin<4(l— cos J?cos(7) + sinjB(l— cos-4 cos(7)+sinC(l— cosil cosB) 
+ sin -4 sin 5 sin C ; and every term of this expression is positive. 



a* 



39. e '. 40. Zero. 41. It depends on (1 - cos tf)» (1 + 2 cos ^ 
being greater than zero. 42. Take the logarithm of the given 

expression. 

XI. page 122. 14. Denote it by u; then logw = ^5 log 5 
= 2 ^5 log ,^5 ; therefore log (log u) = log 2 + log J5 + log (log ^5) 

= -301030 + -349485 + r-543428 = -193943 ; therefore log u 

= 1-562944; (fee. ' 

XII. pages 143.. .147. 3. tang » '"^°"*'^^ , 4. 1 : i. 
"^ ** cosa COS/8 ' ^ 

1 — 

5. cotH-cottf = -T— 7j. 6. 1 or tb /^ — ^, 7. a*=b\ 
2 Bm6 



A-1 



11 sc* v* 

13. cotc=--Y- 14- -5 + Ti=l- 15. 6'=a*-2accos2«4+c*. 

17. Find x and y from the given equations ; hence we shall see 
that » + y = a(sin^ + cos^)', a;~y = a(sui^ — cos <fi)% &c, 

18. From the last equation we get 

sin' 6 sin' <^ = (sin j3 sin y - cos cos ^)'. 
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£liiuinate and 4> ^7 ^^^ ^I'^t two equations, and we get 
sin* a — sin* P — sin* y = (sin* a — 2) sin* fi sin* y ; 
therefore sin* a (1 — sin* j8 sin* y) = sin* /3 cos' y + cos* j3 sin* y. 
Hence find cos* a, and then hj division tan* a. 

19. (mn)J{ml + w?} = l* 20. ^+?^ = 1. 

22. Wehave»* + 3^ + (y*-a;*)cos2^ = 26*sip.'a; therefore 
a* + 6* + cos 20 {(a* + 6*)* - 4a*6* sin* a}* = 26* sin* a ; &c 

OA • /I . J • • /> xt. r >! • a^ J • 4^ sin*asin*j8 

29. sin^ sin <4 = sina sin^S, therefore 4 sin* ^r- 4 sm*7r = — . , . 

T ' 2 2 Bin'<^ 

. ^ i«4^i-«^-ii sin* a sin* 5 

therefore 4 sin* 7;- 4 sin' ^ + 1 = 1 . , , "^ : 

2 2 sm'<^ ' 

cot'l 
and sin* ^ = .^—11—^— • therefore 

cot* ^ + cos* 13 

2sin*|-l = -b^|l-4sin*^(cot*^+cos*i3)sin*/8|; 

this reduces to 2 sin* 2-l=*n-2 sin* ^ sin* /8 j . 

30. n must lie between — 2 and — 1 or between 1 and 2. 

31. By Art. 114 we may suppose x = tan A, f/ = tan B, z = tan (7, 
where A +B'+G= 180\ Therefore 2A + 2B + 2G^ 360® ; and 

tan 2.4 + tan 2J? + tan 2(7 = tan 2il tan 2j5 tan 2(7. 
This gives the required result. 

32. V sin c = sin « = — sin x cos y — cos x sin j^ 

cs — v sin a cos ^ — v sin 6 cos a;, or sinaoos^s — sine — sin&cosas; 

and sin a sin y=: sin 6 sin a;; square and add, thus 

sin* a s sin* h + sin' c + 2 sin 6 sin c cos as; therefore 

sin* a — sin* 6 — sin* c 

cosa;= o ' 1 . • •' 

2smosmo 

Similarly cos y and cos z may be found* 
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a> 



9 



33. e"^ . 37. We have universally 

8in*(il+-B)-sm*ii + 8in'J? + 2smilsm5cos(il+J?) (1); 

also in the present case sin' A + sin' B = cos' C (2). 

IfA+Bla greater than 90°, then a fortiori A+B + isBO also. 
If A + B ia less than dO^, then sin' {A +B) is greater than 
sin' A + sin* B by (1), that is, greater than cos' G by (2) ; 
therefore A+Bia greater than 90® - G. 

XIII. pages 154.. .157. 

5. Let Yj = a so that the angles of the triangle are 2a, 4a and 8a. 

Then the ratio of the greatest side to the perimeter 

sin 8a sin 8a 



sin 2a -f sin 4a + sin da sin. 2a + sin 4a + sin 6a 

2 sin 4a cos 4a sin 4a 

2 sin 3a cos a + 2 sin 3a cos 3a ~ cos a + cos 3a 
2 sin 2a cos 2a 



2 cos 2a cos a 



= 2 sin a. 



o sin 2^ + sin 4^ a + c ., - « >, a + c 

8. ; — W7i = — r— I therefore 2 cos ^ = —j— . 

sin 3d 6 6 

31. sintf + sin^ = 2sin(tf + ^); therefore cos— j^=2cos — ^ 
therefore cos ^ cos ^ = 3 sin ^ sin ^ ; 



t^ = 9sin'|sin'|; 



therefore (l - sin' |) (l - sin'|) = 9 

therefore 8 sin' -^ sin' ? = 1 - ^"^* o "" ^*? * 
therefore IGsin'^ sin'^ = 2-2 sin'^-2sin'^=cosd+cos^ 

Or thus, coaO= — s-^ and o =— s— ; 

' 2ab 2 

^, - ^ a-c h 5a- 3c 

therefore cos = + /^ = 



similarly cos <^ = 



a 2a 4a 
5c— 3a 
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37. This will follow from Examples 20 and 21 of Chapter yiii. 

40. We have to shew that (6 + c - a) (c + a — 5) (a + 6 — c) is less 
than ahc except when a = b=^c. By squaring, this amounts to 
shewing that {a*-(c— 6)*}{6*-(a-c)*}{c*-(a-5)*} is less than 
aVc*; and each factor on the left-hand side is less than the coiS 
responding factor on the right-hand side except when a=b = e, 

XIY. pages 168.. .171. 1. A = 30» or 150^ 2. 30», 90% 
3. i5\ 60% 75^ 4. The triangle is impossible. 

5. B= 90', (7 = 72^ c = 4 ^(5 + 2 J5). 6. B = 45« 6r 135\ 

7. From Art. 235 we have c + </ = 2bcosA and cc'^b'-- a*. 

8. 6* sin A cos A, 1 1. No ; the triangle is right-angled. 

12. We get sin ^ = M^^ sin JC; and see Art. 230. 

13. c' = a* + 6'-2a6cos(7=(a-6)* + 4a6sin»iC; &c. 

14. 9-6733937. 15. 132* 34' 32". 16. 55M6'16". 
17. 78" 27' 47". 18. 119^26' 51"; 5" 33' 9". 

19. 69" 10' 10"; 46" 37' 50". 20. 116" 33' 54"; 26" 33' 54". 

21. 82" 10' 50" ; 50" 24' 10". 22. 124" 48' 59" ; 33" 11' 1". 

24. 48" 11' 23" ; 58" 24' 43" ; 73" 23' 54". 

26. 70" 53' 36"; 49" 6' 24". 27. 38" 12' 48"; 21" 47' 12". 

28. 26'' 33' 54". 29. 69" 49' 35"; 50" 10' 25". 30. 30" or 160*. 

XV. pages 17 7... 183. In order to solve some of these ex- 
amples the student must be acquainted with the Mariner's Com- 
pass. In the Maiiner's Compass the circumference of a cii'cle is 
divided into thirty-two equal parts, so that each part subtends 

at the centre of the circle an angle of -^ degrees, that is, an 
angle of 11^". The following names are assigned to the points 



i 
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of division of the circumference, North, Noi-th by East, North 
North East, North East by North, North East, North East by 
East, East North East, East by North, East, East by South, East 
South East, South East by East, South East, South East by South, 
South South East, South by East, South, South by West, South 
South West, South West by South, South West, South West by 
West, West South West, West by South, West, West by North, 
West North West, North West by West, North West, North 
West by North, North North West, North by West. 

1. 20^3; 20. 2. 880 (3 V3). 3. ^ yards. 5. rcosec^sin/8. 

8. The distance of the eye from the foot of the tower 

'a + h- 2A\* 



-»(^^f^)'- 



10. Let X denote the required height; then eliminate 6 between 

x = b tan 6, a + x^b tan {6 + y). 

11. 10^(115) feet; neglecting the height of the observer's eye 
from the ground. 12. 40,^3 feet, 

13. Height 40 ^6 feet ; distance 40 {^/(14) + ^2} feet. 

15. Let h be the height of the tower in yards ; r the radius of 
the circular arc which the observer walks over, also in yards: 

then Y = 100, - = tan 15^ 18. 8 + 4 ^2 miles per hour. 

22. Let hf be the height of the higher hill, h of the lower ; then 

T _ (c+ 1) sing sin/? y _ //cota^-c 

^~ sinOS-a) ' ^"^"^ h' hcotp+l' 

23. 180 JB feet ; tangent of the altitude = i^ . 

25. j?= 60* or 120®; approximate error 6". 
j,p 2e sin a sin )8 sin (a + j3) 

^O, — ; — s — ; — = — — — : 1 x 



flm'a+flin* p-2 sin a sin j3 cos (a + j3) * 
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27. Let A B denote a side of the fort, C the position due South 
of ^ ; let i> be the second position, so that CD = a, and the angle 
AGD = 90® ; let J^ be the third position, so that J^ is on Ci> 
produced, DE=ih, and the angle BED = 90^ Let ^ be the angle 
between AB produced through B and CE produced through E, 
Then a + 6 = ^-5 cos^; BE=EGtaaBCE and =EDiasiBDE; and 
BDE = BAG, for a circle would go round A, B, D, and C, so that 

(a + 6) tan (90® - a) = 6 tan (90° - <^). 

29. J(a* + 2ah cos P + 6*), where ^ = a or ir - a. 30. Suppose 
both straight lines 00 and OV to fall within the angle AOB. Let 
AO = a, AOO = ^ ; then from the triangles AGO and BOO we get 

^^ a sin (<^ + a) a cos (^ — )8) 
Sin a sin p 

Hence tan ^ is known and then sin ^ and cos ^. Thus we 

1. 11 X r^rti a'cos*(a + )8) 

shall get OG' = -^r-i — . . ,^ — o""?^^ * o - i . m * 

** sin" a + sin )8 — 2 sin a sin p sin (a + /8) 

A similar expression can be found for O'G^ in terms of a' and jS'. 
Then (7(7* ^OG'^d^. This finds a and then AB = aV2. 

Or thus : find as above tan ^ = -^^ — - — ^ . 

^ tan p (1 — tan a) 

Simikrly tail ^C(y = ^|.^^^^j = tail ^ say. 

Then 0C(?' = ^' - ^, and (?C = (i cot OCO' = (i cot (<^' - <^). 
Thus 00 is found ; and then a can be determined. 

31. 63® 26' 6". 32. 10493 feet. 33. 30® 40' 37". 

34. 269-40031 feet. 

XVL pages 194.. .201. L 216. 2. ^^^^f"^\ 3. 6. 

7. The area is proportional to ^7*^ (A^+^^(A^^^). 8. 7to 3; 120*. 
49. See Art. 230. 82® 24' 39"; 22® 24' 39"; 75® 10' 4r. 
54.... 59 follow from 53. 
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XVn. pages 205.. .207. 1. 2, ^3 - 1, - ^3 - 1. 

4. -2, 2V2cos9^ 2^2cos63^ 2^2qob8V, 2^2cob15Z\ 

7. Let X be the height of the balloon, and a, h, c the sides of 
the triangle ABC ; then 4cV - 36a»6 V + 9a'6 V = 0. 

9. About 1| inches. 12. Suppose h the height of the 
tower, r the radius, x the distance of the first place of obser- 
vation from the centr6 : then - = cosec ^ , = cosec ^ , 

r 2^ r 2 ' 

h = x tan a, h = {X''a) tan a'. From these four equations we 
may eliminate x^ and find h and r, and also the required 
relation between a, a', fi, ^'. 13. From the pi-eceding 

question - = cosec ^ — cosec ^ . If we suppose that an error 

8 of the same sign is made in jS and fi^ these erroi-s tend to 
compensate each other; the greatest possible error in r will be 
determined by supposing that errors of opposite signs are made 
in P and ^^ Suppose then that instead of fi we ought bo have 
)3-8, and instead of ^ we ought to have ^ + B, Then by 
Ai-t. 194 we shall find 




cos 7^ cos ^ 



2 "" 2 \ 8 



(cos I + 008 1)^1 -COS 2 COS 2) 






Divide by the value of - and the required result is obtained. 



14. If FQ = a and QE = 6, it may be shewn that 

then the change in SQ arising from a small change in P can be 
calculated. 
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XVIIL pages 209. ..211. 2. 1. 7. -^ . 18.aj«=^(5-2V2). 
19. «=-rrTr- 20. a; = or -fe^. 21. a; = or *|. 

22. « = -^. 23. a; = *l or *(1*^2). 

24. « = a or a'-a+l. 28. x = 2. 30. «=l,y=2; aj = 2,y= 7. 

34. n7r + (-l)'"*"^, or (m+«)ir + (-l)"g. 85. (2w + m)ir*^. 

36. n^ + (-l)'"j. 

XIX. page 222. 6. The expression on the left-hand side is 
sin^cosd + cos^sinS; then put for sin ^ and 1 - ^r- for cos ^. 

J ' 

10. A- ^^C^-^ -y-^"^) :b- si^(^+y"2a) 

4cos(a — i3) COS (a- y)' 4cos(a-j3) cos(a-'y)* 

XXII. pages 248... 251. 

1. Use sin* a = ^ (1 - cos 2a). 2. Use sin'a = ^ (3 sin a - sin 3a). 

„ n cos (2^ + na) sin na ,. ,. _. «.*, 1 

5. ^cosa + — ^ ^ . ^ . 10. i(cos2fl-oos2"*'(9). 

2 2sma * ^ ' 

11. e«>*'« cos (^ + cos tf sin tf). 13. i(6^« + «-*>•) cos (cos tf). 

16. ^eooB» cos (^ + sin* 0). 20. See Art 129. 

21. 2"-* sin „,_, - 7 sin 2d. 22. tantf-tan^. 

2 4 2 



►•-I 



23. a— T- .^ra - ■ « o«-i /i * 24. oosecd{cot0-oot(n+l)dk 

2 sin* Jd sin' z ^ 6 * \ / i 



25. cosec 



26 



(tf + ^)[tan(n4-l)(d + 0-tan(d + |)}. 



16. -T-tan"* 7. 27. tan"* na^ 28. nfcosT^-.j -cos 4a ). 

4 7t+l 2\2' / 

29. \ cosec {tan (n + 1) 0- tand}. 

T. T. *i^ 
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30. 2 ^''^^ 9 ) ^®^ — 9 — ^ - sec ^ > . 31. j < cot ^ - 3 cot -^ > . 
32. eot-*^-cot"'^?^a. 33. cos ^ - sin tf cot 2" ^. 



o>i 1 o • o/i log 2 sin 2"*^ tf 
34. log 2 sm 2^ ^ — ^r^; 



2' 



«^ sin^r ^ ^ ^^) 

35. -^|cot2;^,-cot.2J. 

XXIII pages 266... 269. 1. '^-. 2. |g. 3. ^. 4. ^. 
The four preceding results are obtained by expanding the values 
of log ^ and log cos B, which are given in Arts. 274 and 320, 
in powers of ^, and equating the coefficients of like powers. 

14 -^ 
^ • 120" 

XXIV. pages 286... 289. 4. We have 

(tan X + cot a:)' — 3 (tan x + cot a?) = m' - 3m ; <fec. 

15. TT-^ {1 - l^a^ + 15»* - A 
(1 + aj')* * ' 



2- lO""!^)' K^~iio)- ^- «°'^- ^- ^- 



Miscellaneous Examples. Pages 290... 324. 1. 20*; 4^. 

66 
65 

10. a'tan|=^6 + ctan|y^c + 6tan|V 11. 22i*, 67J*. 

18. V?±V3, ^^ a:=(2,.+ l)^or|(2n.^2;), 

21. 20^30^ 22. sinaj = ^^!^^. 23. a; = w^±^. 

2 4 

25. 1. 27. tf=(2w+l)ir or ^ = ?|77wr+(-l)'"||. 

59. aj=»^±g. 31. 60^ 45^ 135M20^ 33. ^ = WTorwfl-*|. 
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36. The other values are to be found from cos' x + cos x sin a = cos* a. 

, . Aa-Ba-O . B^C-A . C^-A-B . A-^B-~C 

39. —4 sin T-x sin ^ sin jr sin ^ • 

A A A M 

41. 150 degrees, 166i grades,^. 47. !B'(J-a) = 6'(2c-a-5X 



48. cosg-f)or-_^. 51. 

2cos^j-ej 



54. tf = (2» + 1) ^ or ? |2»Mr* ^^ + tf)| . 

55. (nsin^+mcos^)*=2m(m + n). 56. 3tf + ^ = nir + (-l)"y . 

57. ^ = ^ + T • 61. In the first polygon 3, 4, or 5 ; and in 

2 4 

the second 4, 8, or 20 respectively. 62. 2a; = nir + (- 1)"- . 

63. j9 (n* - 2m") = 5'mn. 64. ^ + ^ = 2n7r±ra+ ^j. 

1 coBa-cos ff ^, ?5'?±^_ ^QQP •*- y 

^"' 2"" 'i tf* 60x90 loo X 100' 

cos 2-,- cos 2^ 

72. a; = (2m + 1) j or (2m + 1)^ . 74. a; = nir or l|n7r +(-l)-g| . 

1 ^- 1 v 2(957i-10/wi) 

81. ma; and nx respectively where a; = - - ' ^^-v . 

'^ • mn \^q - lOp) 

82. a;=(2n+l)gOrg|2n7r±^j. 83. «* + 4a;y = 2«(a; + y)cas2i8. 

84. The value of sin a; sin y ranges between - cos* 5 and sin* ^ , 
where A is the constant sum. 93. nir + (— 1)" x . 
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A 
94. Tho value of sin pc + sin y ranged between — ^ sin -^ and 

, A . IT 

2sin-^, where -4 is the constant sum. 95. 0-\'-T=i2nv4 

9e. - 4 cos /s - j\ cos ^2-^ + j) cos (%--B + j^ cos ^2- C+ 1) , 

where2 = ^(il+J5 + (7). 98. c"=:a" + 6«. 

,^^ . /» . 1 cos* a- cos* i3 . ^. <f» fcosa-cosfi 

100. smflsmA=*z j-r-j — r^-a, tail^tan^ = A ^. 

^ 1 — c sin*asm p 2 2 cosa+cosp 

102. 114-6 inches. 103. ^ = (47i+l)g. 

104. (a*-6')(a + 5)=(a-6)c"-4a6<w». 

113. ^ = 7»7r, or^-| = 2w^=b^|. 115. 3^-^ = 2nir*(^-jy 

126. 2a; = 2nv*aj. 133. 4. 141. or ±^3 or a -75. 

152. Y, y. 156. i^. 162. «"$. 163. e*-tf. 

-^. , V 2cosa^cosi3 , . 2cosj3Vcosa 

164. cos(a? + y) = -^ ^ ^ cos(a?-y)= ^ _ . 

^cosa+^cos/J j^cosa+^cosp 

a* 
"^^^^ A' ^* "^^^^ 5 minutes. 182. « — 1. 

184. d + «/» = n7r + (-l)"|, and tf-^ = 2mir*|. 

194. ».»r-.^, Or.,-.|. 203. ^* (j-|) (- >)'," 

i*(-i)(rn*(''-i)(-r' -• iw-'-, 

II 

205. - ^^— ^ ' cos (ntf + c) where ^ is such that tan tf - - . 
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211. The given expression = 2a sin J? sin (7. 21 5, ^— 1. 

218. 2cos^. 227. Let n be the number of sides in 

the polygon, r the radius of the inscribed circle, e the distance 

of the assumed point from the centre of this circle, P= — : 



n 



. B 

then the required sum is 4nr* sin* ^ + nc* sin' ^. 

241. 5J(p* + q'-G)'P^{q'-2.) + q^(p'-3). 

247. ^{aaU$ + an96-5{mi7e+sai5e) + lO{smZ0 + ane)}. 

IT 

256. Nearly 7. 259. If = ^ we have «-cos« and <r = sin«. 

260. K n be the number of sides of the polygon, and c the 
distance between the two points, the required sum is -^ . 

270. tan-'-Aj. 277. log sin ^- log am?. 

n+ 1 ° 2 " 2 

''"• 2^4^^- sin (4^^1)4 - 289. oo^Oi^'nS. 

290. ?Li^)<?=2«.,. 298. U^-J-^- , \..) . 

2 4 (1-cos^ 1 -COB o^j 
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